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The approach of an average student to the study of this fascina¬ 
ting subject is, somehow, one of unreasoning dread. An attempt has 
been made in this book to present the principles as simply as possible 
and to illustrate them with a variety of worked-out examples. A 
student who goes through the text and takes the trouble of solving 
the exercises at the end of each chapter will, it is hoped, be better 
equipped to study with profit the many excellent standard works on 
the subject. 

T am particularly grateful to Mr. R. S. Dighe, B.E.,A.M.I.E., 
oi' the Faculty of Technology, for undertaking the arduous and 
monotonous task of checking up all numerical work, which he has 
done cheerfully. My thanks are due to Mr. T. N. Joshi, B.Sc. (Eng.), 
of the Faculty of Technology for making all the sketches required 
for the blocks which were made by IVIr. N. B. Joglekar of the Faculty 
ol Fine Arts, to whom T am grateful. 

1 am specially indebted to Mr. R. C. Patel of* the Charotar Book 
Stall, Anand, and to Mr. V. B. Priyani, B.E.,A.M.I.E., of the Birla 
Vishvakarina Mahavidyalaya. who spared no efforts in the 
tedious task of correcting the proofs, and to Mr. K. A. Damle, B.Sc., 
Librarian of the Faculty of Technology, who checked the final proofs. 
My thanks are due to Mr. B. Cl. Marathe, also of the Faculty of 
Technology, who took considerable pains in preparing the typescript 
of ihe text. 

I am indebted to the Syndics oi the Universities of Cambridge. 
London and Bombay, for their kind permission to make use of a 
fevs' pro])lems set at their University I^xaminations. 

1 should like to express my sincere appreciation of the great 
('are and trouble which have been taken by the Anand Press, Anand, 
in the printing and get-up of this book. 

Inspite of all the pains taken by Mr. R. S. Dighe, it is possible 
lhai some errors have escaped our attention. T shall be grateful if 
they arc brought to my notice. 

Faculty of Technology 

including E?iginecring, S. B. JUNNARKAR 

Baroda. 

May, 1952 
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All the diagrams have been replaced by new ones made by the 
Prabhat Process Studio, Ahmedabad, to drawings prepared by Mr. 
N. D. Bhatt, D. M. E. of the Birla Vishvakarma Mahavidyalaya. 

Mistakes and misprints, in so far as they were noticed, have 
been corrected. 

Birla Vishvakarma Mahavidyalaya^ S. B. JUNNARKAR 

Vallabh Vidyanagar^ AN AND. 

July, 1953 


llllRD IMPRESSION 

The author is gratified that the third impression of this book 
was necessary within a very short space of time. The steady demand 
for the book from students all over the country seems to justify tlie 
object with which it was written. The author has had no time to 
undertake any revision but has to be content with arranging the 
matter in a more presentable form. 

Birla Vishvakarma Mahavidyalaya. S. 1>. JUNNARKAR 

Vallabh Vidyanagar, AN AND, 

February, 1955 


SECOND EDrnoN 

In this edition, about eighty problems ha\'e been added foi’ 
practice to the exercises given at the ends of chapters. The question.s 
selected from Bom])ay, Cambridge, and London University exa¬ 
minations have now been marked (B. U.), fC. U) and (L. U.^ 

respectively. 

I am grateful to Mr. M. A. Chitale, B.E, for checking th(‘ 
answers to the additional problems. 


POONA, 
February, 1957 


S. B. JUNNARKAR 
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CHAPTER I 

SIMPLE STRESSES AND STRAINS 


!• Stress: Every material is elastic so that when an 
external system of forces acts on a body, it is deformed. As 
it undergoes deformation, it sets up resistance to deformation. 
This resistance increases as the deformation increases and 
when full resistance to the external forces is put up, the process 
of deformation stops. If the body is unable to put up the full 
resistance, the process of deformation continues until failure 
takes place. The deformation is called and the accom¬ 

panying resistance to deformation is called Stress^ \ 



Fig. 1 


2* Simple Stresses and Strains: Consider a bar 
of uniform section a and length /, which is subjected to two 
axial pulls P. 
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Imagine the bar to be divided into two portions A and 
B by 2 L section XX. On A, there is the external force P and 
unless B comes to its assistance at the section XX, it must move. 
The resistance to the external force P acting on A is supplied 
by B while A stretches. When this reaches the full value R 
required to overcome P, the deformation of A ceases. Like¬ 
wise, the external force P acting on B is resisted by A coming 
to its assistance and supplying it with the necessary resistance 
R, when the deformation of B also stops. 

When the section XX — and, for that matter, every sec¬ 
tion — has put up full resistance to the external pulls P, the 
length I of the bar will have finally altered to / + S/. The 
resistance R is the stress and the deformation 8/ is the strain. 
The intensity of stress per unit area of resisting section is ob- 

R P 

viously p — — = —, since i? — P if the axial pull P is gradually 
a a " ' 

applied. Strain is usually measured by the deformation per 

8 / 

unit length. The strain e therefore is equal to —. 

There are three simple states of stress set up by a resist¬ 
ing section. 

(1) Tensile stress: When the section is subjected to 
axial pulls P acting normally across the section. The corres¬ 
ponding strain is called tensile strain. If / is the length of 

P 

the bar and A its sectional area, the tensile stress p — — and 
S/ 

tensile strain e = where 8/ is the elongation. 

(2) Compressive stress: When the section is subjected 
to axial pushes P acting normally across the section. The 
corresponding strain is called compressive strain. Compre- 

P 

ssive stress p = —. In this case the original length I will 


shorten by SI and the compressive strain e = —. 

(3) Shear stress: When the section is subjected to two 
equal and opposite forces P acting tangentially across the 
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resisting section as in the case of the section of a rivet holding 
together two plates in tension. The intensity of shear stress 

q ^ — where R is the resistance to P set up by section XX 
A 

and A is its area of cross-section. If P is gradually applied 
P 

R = P and q = —. 







The corresponding deformation or shear strain 4> is measur¬ 
ed by the angular deformation accompanying the shear stress. 



Fig. 3 

CC, or DD, 


' Consider a cube of side / sub¬ 
jected to equal and opposite forces 
P across the top and bottom faces. 
If the bottom face AB be fixed, the 
face ABCD will be distorted to ABC^D^, 
through angle 4^. 

By definition, strain is deforma¬ 
tion per unit length. Shear strain is, 

CC^ or ^ looked 


therefore , ~ ^ 

I BC or AD 

upon as an elementary arc of a circle with centre B and 
radius 5C, subtending the angle <)> at the centre B, 4>5 the 
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angular deformation accompanying a shear stress q is thus the 
measure of the shear strain. 

It will be noted that the intensity of stress being resis¬ 
tance per unit area, its units will be lb. or ton per sq. inch or, 
lb. or ton per sq. foot, depending on the units of force and area 
used. 

The corresponding strain, whether tensile, compressive 
or shear is always a number. The shear strain <|>, being in 
radians, is a number. 

3. Elastic Limit: A material is said to be perfectly 
elastic if the deformation due to external loading entirely dis¬ 
appears on removal of the load. That the resistance or stress 
should disappear on removal of the external action is obvious; 
but the deformation undergone need not entirely disappear. 
For every material, a limiting value of load for a given resist¬ 
ing section is found, upto and within which, the resulting strain 
entirely disappears when the load is removed. The value of 
the intensity of stress corresponding to this limiting load is 
known as the Elastic Limit. If loading beyond the elastic 
limit takes place, the structure of the materials is damaged 
and so there is a residual strain on removal of the stress. Such 
residual strain is called a permanent set. Beyond the elastic 
limit the material gets into the plastic stage but within it, it 
behaves like a perfect spring, regaining its original dimensions 
on removal of the loading. 

4. Hooke’s Law: It is found that when a material is 
loaded within its elastic limit, the stress or resistance set up is 
proportional to the strain or deformation produced. Express- 

_ . stress 

ed as an equation, -r- = a constant. 

strain 

Referring to the fundamental stresses viz., tension, com¬ 
pression or shear, within the elastic limit, 

(1) - = £, a constant which is called the modulus of 

e 

Elasticity for tensile and compressive stresses. It is also 
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known as Young’s modulus after Young who first determined 
its magnitude. 


(2) ^ = .Y, a constant which is called the modulus of 

Rigidity or Shear modulus, for shear stresses. It is usually 
also denoted by letters C and G, 


The values of E and Y are naturally not the same for a 
given material, because the nature of stress and strain is 
different. For a given material, there is, however, a definite 
relation between the two constants which will be studied later. 
The units for these constants are the same as stress units. 


Example 1, 

A steel rod, 7" diameter and 10 ft, long is subjected to an axial 
pull of 5\ tons. If E ~ 13000 tonslin^,, calculate the elongation 
of the bar, i > ^ - 

Area of resisting section 




7854 


in^ 


Intensity of stress p — ^ 

A 


5-5 

•7854 


— 7 tons/in*. 


Strain 


e 

81 


E 13000 


13000 


120 = -0646 inch. 


Example 2. 

The steam pressure in a locomotive boiler is 200 Ibjin^. The 
stay bolts which connect the sides of the firebox with the end plate of 
the boiler are placed 4" centre to centre vertically and horizontally. 
Calculate the pull on a stay bolt and the necessary diameter if the permis¬ 
sible stress in the material is 14000 Ibjin^. 

Each bolt is in charge of 4" x 4" plate area. 

The pull on each bolt P — 200 x 4 x 4 = 3200 Ib-wt. 

The necessary area of bolt-section, 

P _ 3200 _ 8 _ 7t 
~ p ~ 14000 “35 “ 4^^ 
d^ = -291. 
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The minimum diameter d of each stay bolt — •54", 
say, I". 

5. Loading beyond the Elastic Limit: If a piece 
of ductile material is subjected to a gradually increasing pull, 
it is found that the resulting strain increases proportionally 
to the corresponding stress, as expected, upto the elastic limit. 
When the clastic limit is passed, the straight line relation bet¬ 
ween stress and strain ceases, the strain increasing more quickly 
as the stress increases. In some metals like wrought iron and 
steel, there is a marked breakdown at a stress a little above the 



0 STRAIN e 

Fig. 4 


elastic limit. This is known as the Yield Point. Figure 4 
shows a typical stress-strain diagram for a ductile material in 
a tensile test carried to destruction. At the maximum stress 
represented by the point C in the diagram, local yielding takes 
place and the specimen begins to form a ‘‘waist”. When this 
happens, the load necessary to break the specimen is less than 
the maximum load. The stress is therefore reduced until fra¬ 
cture takes place at the stress represented by the point D. This 
is the breaking stress. 
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6* Ultimate stress. Working stress: The maxi¬ 
mum or ultimate stress is measured by the maximum load 
reached divided by the area of the original cross-section of 
the test piece. 

The greatest resistance or stress which a material is call¬ 
ed upon to put up—in other words, the stress which a material 
will be worked to—is called its working stress. It is naturally 
much less than the ultimate stress and is actually well within 
the elastic limit. 

The ratio of the ultimate stress and the working stress is 
called the Factor of Safety. These definitions apply to compres¬ 
sive and shear stresses also. 

Example 3, 

A hollow cast iron column 8'' external diameter^ thickness of 
metal 7" is subjected to an axial load. If the ultimate crushing stress 
for the material is 36 tonsjin^.y calculate the safe load for the column^ 
using a factor of safety of 6, 

Area of section A = ^ (8^—6^) = ^ ^ 14 v 2 = 22 in^. 

4 4 

Crushing load for the column — 36 22 = 792 tons. 

Safe load ^ = 132 tons. 


Example 4, 

If the ultimate shear stress for mild steel is 20 tonsjin^.^ find the 
force required to punch a hole in a mild steel plate f" thick. Calcu¬ 
late the compressive stress on the punch. 


To punch a hole of diameter d^ in a plate of thickness 
the necessary force on the punch P = izd.tfs where izd.t is the 
plate-area resisting shear and fs is the ultimate shear stress for 
the plate-material. 

P Tz X J X f X 20 = 1T78 tons. 

P 

The compressive stress on the punch ~ ~ , where A is the 

A 


area of cross-section of the punch. 


P 11-78 
■ ■ A - 1 ^ 


= 60 tons/in®. 
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7* LatersU strain, Poisson^s Ratio: Any direct 
stress is accompanied by a strain in its own direction and an 
opposite kind of strain in every direction at right angles to it. 
All axial strain, tensile or compressive, is accompanied by lateral 
strain. Thus the length of a tie-bar will increase under an 
axial pull but its cross-section will decrease. A column under 
an axial load will shorten but its section will slightly increase. 
This lateral strain or strain of the sides, is a fraction of the linear 
strain and, within the elastic limit, bears a constant relation 
to the linear strain. 

lateral strain . , . , , . . 

Ihus, -r- " constant, within the clastic limit. 

linear strain 

This constant is known as Poisson’s Ratio and is usually de¬ 
noted by -• The value of m lies between 3 and 4 for most 
m 

metals. In other words, Poisson’s Ratio for most metals is of 
the order of -25 to *34. 

Wc may now work out the changes in all the dimensions 
of a bar subjected to a simple pull or push. If the linear strain 

of the bar is the lateral strain will be - e. If the cross- 

m 

section of the bar is rectangular— b wide t thick—the changes 
in the width and thickness will be given by: 

Si S/ , , . 1 

— _ — — lateral strain ^ e. 

b t m 

If the bar is round in section, of diameter rf, the change 
in diameter is given by: 

Srf , , . 1 

— = lateral strain — — A e. 

a m 

Since all the dimensions are slightly altered under the axial 
loading, the volume of the bar will also alter. 

For a rectangular bar, the volume, 

V = l.b.t. 

.-. 8V = b.t.Sl + t.LSb + Lb.m. 
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, ^ SF S/ Si St 

And — - T + y + —. 

The ratio of the change of the volume and the original 
volume is thus equal to the algebraic sum of the strains of the 
three sides. 

ST 1 1 2, 

Thus — = e - ye - y e e(l -) 

V m m m 

remembering that the lateral strain is of the opposite sign to 

the linear strain. 

If the bar is round, of diameter the volume 
V - 

4 


SV 

SV 


^d^.Sl 4 2 ^d.l.Sd 
4 4 


S/ 28^ 2 

and— -- “T -t -y — e -y c 

V I d m 


(1-), as before. 

m 


The slight alteration in volume that takes place can thus 
be easily calculated. 

When a bar is subjected to a gradually applied axial pull 
or push, work is being done on it and, within the elastic limit, 
is stored by it. The work done or stored is given by the pro¬ 
duct of the average force and the change of length i.e. by 
IP 8/. 


Example 5. 


A steel flat 8" wide, f" thick and 20 feet long carries a pull of 22 
tons. Find the extension in length and the contraction in width and 
thickness under the pull. Take Poisson s Ratio as 0-3 and E — 13500 
tonsjin^. Calculate also the change in volume. 


P 



e ~ 


A 

E 


22 

8 X I 

7-33 

13500 


7'33 tons/in ’. 
•000543. 


The stretch of the bar SI -= e.l -000543 v 240 = -13". 


Lateral strain — —. e 
m 


• 000163 . 
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8^ = 8 X -000163 = -001304" 

Si = I X -000163 = -000061" 

SF 2 

_ = e (1-) ^ -000543 (1 - -3 x 2) = -000543 x^ -4 

V m 

= -000217 

SF = -000217 8 X I X 240 - -156 cub. inch. 


Example 6. 

A steel bar in diameter 10 feet long is subjected to an axial 
pull of 6 tons. If E = 13000 tonslin^., and m ■— 4, calculate the 
alteration in (i) the length (ii) diameter (Hi) volume. Calculate also 
the work done in stretching the bar. 


p 10 1 

^ ~ T ” 13000 “ 1300' 

The stretch of the bar S/ — e.l = - 

1300 

Lateral strain = — x e = 4 X = 

m * 1300 

Contraction of diameter M = < 


' 120 - -0923". 
1 

5200’ 

I -- -000168". 


F = ^d^.l = -6 X 120 — 72 cub. inches. 
4 

wi 2 1 ri 1 

F m' 1300 ^ 2600 

5^" = - 72 = -0277 cub. inch. 

4oUU 


The work done in stretching the bar 

= -^ X 8/ = i X 6 X -0923 -- -2769 in-ton. 

2 ^ 


8* Bars of varying section: If a bar is made up of 
different lengths of different sectional areas, the stress in each 
section and the deformation of each length under an axial load 
can be worked out as usual. The total change of length will 
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be the sum of the changes of different lengths. 

Consider a bar of length I made up of /j, /g and /g with 
sectional areas of and ^ 3 , under an axial pull P. 





u 


‘2 
Fig. 5 


4—ij-H 


The stresses and in the respective sections are 

given by: 


P P P 

Pi p 2 - p 3 or P ==- piA^ — /? 2^2 ^ Ps^^- 

I'he strains of different lengths are: 


e 


1 


, £2, _ 

E' 2 E' ~ E 


The changes in the lengths are: 

^1^1’ ^^2 ^2^2’ ^^3 ^3^3* 

The total change of length S/ S/o - < 5 / 3 . 


Example 7. 

A wrouglit-iron bai, 24 feet long is 1^" in diametei for 6 feet 
of its length, 1" in diametej for 12 feet and 1^' in diameter for the 
lemaining length. It is subjected to an axial compressive load of 10000 
Ib’Wt, IJ E — 28 10^ Ibjin^,, calculate the change in the length 

of the bar and the amount of energy stored in it. 



M252 0*994 sq.inch; - 72" 

1 - 0*7854 sq.inch; /g - 144" 
1*252 - 1*227 sq.inch; /g - 72" 


10000 

0*994 


- 10060 lb/in2. 
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e 


1 


Pi 10060 

E “ 28 X 10« 


•00036 



10000 

0-7854 


= 12740 lb/in2. 



12740 

28x10* 


= -000455 


_ P _ 10000 


= 81501b/in2. 


/»3 8150 

^ 28 X 10* 


- -- -00029 


Ml = eJi =- -00036 x 72 = -026" 

8/2 = eg/g = -000455 x 144 = -066" 

S/3 = <.3/3 = -00029 X 72 = -021". 

The change in length 81 = S/j -+- S/g + S /3 

= -026 + -066 + *021 
= 0*113". 


The energy stored in the bar = X 81 

= I X 10000 ' *113 
= 565 inch-lbs. 

= 47*1 ft-lbs. 


9. Bar of uniformly tapering section: Let P be 

the axial pull on a bar of length / whose diameter varies uni¬ 
formly from at one end to at the other. 

Consider an element 8x of the bar at a distance x from the 
larger end. Let dx be the diameter at distance x from the lar¬ 
ger end. 

Then dx — d^~ [d^ ~ ^ 2 ) 7 — where k 

I \ I 

7T TT ^ 

The area Ax of section is = — . -- — (rfj— kx) . 


The intensity of stress set up by the section 


The 


P 



strain ex 


4P 

TC {di-kx)^ 

Px 4P 

E ' -xEidi-kx)^ 
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The elongation of the element 8x due to px which is 
sensibly uniform if is sufficiently small, then, is given by, 
8-Sx 4P 

IT “ “ TzE{di- kx)^ 

^ ^ 4P.Sa: 

~ nE{d^-kx)^‘ 


T 


iysx 


1 



.i 



1 



- 1 - A 


Fig 6 

Summing up the stretches of all these 
from one end to the other, wc get, 


/ 

8 . 


AP.dx 

TzE{d^-kx)^ 


elementary lengths 


The elongation 


8/ 


4P 

■xEk 

AP 

TzEk 

AP 

■nEk 


ii — kxj c 


kl 


-I---} 

Ek\d^ rfj 
API 


AP \ I X {d^-d^) 
tzE ^ 2 ) ^ 1^2 


izE.d^d^ 

If the bar had been of uniform diameter d throughout, 


and 


A - -d^- 

^ - A^ ’ ^ A~' -xd^' 


M = e.l 


API 


p _ AP 
E ~ xE.(P 


If the bar uniformly tapers from d^ to d^^ the <P in this 
expression changes to d^d^^ 

Example 8, 

A brass rod, circular in section, tapers from I'* diameter to ^ 
diameter in a length of 10 inches. How much will this length 
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increase under an axial pull of 1200 Ib-wt, if E ~ 14 x 10^ 
lblin\ 


API 4 X 1200 X 10 24 

nEJ^d^ " f X 14 X 106 X 1 X 1 1100 


• 0022 ". 


10. Bars of composite section: When the cross- 
section of the bar is made up of different materials—say 
two — whose sectional areas arc and A 2 and moduli of 
Elasticity arc E^^ and E 2 respectively, let and po be the 
stresses set up in the respective materials under an axial load 
P on the composite bar. If 8/ is the deformation in a length 
I of the bar, 


. -E- tL^h 

“ I £2. 

Also P - P^ ^2 ~ PiAx P 2 A 2 


( 1 ) 

( 2 ) 


With the help of these two equations, we can solve for 
p^ and p 2 y and the portion of the load resisted by each material. 


Example 9, 

A mild steel bar 1" in diameter and IT long is enclosed in a brass 
tube whose external diameter is and internal diameter is 7". 

The composite bar is then subjected to an axial pull of 5 tons. If E 
for steel is 30 < 10^ Ibjin^, and for brass 14 > 10^ Ibjin^,, 
find the stresses in the bar and tube^ the extension of the bar and the 
work done in stretching. 

The area of steel section A^ ~ *7854 in^. 


The area of brass section .4b — ^ fl-5- 

4 ' 

P^ .E, 30 - 106 

E, £b ’ * 14 1()6 

Also Ps ^ Ph ~ P 

or 7?s + Ph^h P 

•7854 p^ + -9815 p\y ^ 5. 
Substituting 2-14 p\^ for we get 
p^, (1-68 + *9815) - 5 
2-66 /?b ~ 5 


-1) 

Ph 


•9815 in2 


2-1 


or 
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pi, — 1*88 tons/in*, 
and ps = 4-03 tons/in®. 


The load resisted by the brass tube =/>b^b = 
T88 X "9815 = T845 tons, the balance of 3-155 tons being 
resisted by the steel section. 


T-u _ • fib Ai 

The strain e = — or — 

Eb Es 


4-03 X 2240 
30 X 10« 


- -0003. 


The extension of the bar -- e.l = -0003 v 12 = -0036". 


Work done in stretching = \P.U = \x 5 X *0036 

— -009 inch-ton. 


Example 10. 


A reinforced concrete column of square section^ 12" sides, has 
four reinforcing bars 1\" diameter, one in each corner, with its centre 
3" from the edges. Find the safe central load on the column if concrete 
can be stressed to 600 Ibjin^. What is the corresponding stress 
in the steel reinforcement and what portion of the load is borne by it? 


Take the modular latio of steel and concrete ~ 

Ec 


= 18. 


Js - 4 -994 - 4 in2. 

- 12 12 - ^ = 144 - 4 - 140 in2. 


tL 

£s 



pc — 18/?c — 10800 Ib/in^., when 


Pc -= 600 lb/in2. 

Safe central load — pcAc p^A^ 

- 600 140 -f 10800 X 4 

- 84000 + 43200 

- 127200 Ib-wt. 

Of this, the reinforcing bars carry 
43200 Ib-wt. 

Fig. 7 

'jkxample 11. 

Two vertical rods — one of steel and the other of bronze — are 
each rigidly fastened at the upper end at a horizontal distance of 30" 
apart. Each rod is 8 feet long and diameter. A horizontal cross- 
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piece connects the lower ends of the bars. Where should a load of 2000 
Ib-wt. be placed on the cross-piece so that it remains horizontal after 
being loaded? Estimate the stress in each rod. — 30 >< 10^ 
Ibjin^. Eh — 16 x 10^ Ibjin^. 


Let the distance of the load P of 2000 Ib-wt. on the 
cross-piece be x" from the centre of the steel rod and let 
Ps and Pb be the loads borne by the respective rods. 


Then P - Ps - 1 - Pb 

— psAs + phAh, A Ph being the stresses 

and A^ and Ah being the areas of sectidVis of the rods. 

In this case A^ — Ah -- *1963 in-. 


•1963 (A + ph) == 2000. 

Also, since the cross-piece is to remain horizontal after 
loading, the strain of each rod must be the same. 

A ph . E, 30 X 10® 15 


^ or p, \ p 

Es Eh Eh 


16 X 10® 


Ph - Y Ph^ 


Eliminating A 


23 

•1963 < 

o 


Ph - 2000 


ph = 3544 lb/in2. 
and A 6645 Ib/in^. 

Pb - *1963 ( 3544 - 695-8 Ib-wt. 
and Ps = -1963 x 6645 - 1304-2 Ib-wt. 


As the cross-piece is in equilibrium under the load P 
and the pulls Ps and Pb of the rods, taking moments about 
the lower end of the steel rod, 

Pb X 30 P X 


or X 


30 X 695-8 

2000 


= 10-44 inches. 


11. Stresses due to changes of temperature: When 
a material undergoes natural expansion or contraction as a 
result of a rise or drop in temperature, there is no strain and 
therefore no resistance or stress. It is only when the natural 
expansion or contraction due to a change in temperature is 
prevented, that external forces will be called into play and 
stresses and strains will be set up. For instance, if a bar of 
length / and sectional area A is heated through a range of t 
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degrees but is prevented by end-grips from expanding, 
external forces P will be exerted by the end-grips causing 
compressive strain and the bar will have to offer compressive 
stresses to resist the forces P. 


The natural length of the bar after heating should be 
— J (1 -f- a^) where a is the co-efficient of expansion of the 
material. Since the end-grips prevent the expansion 8/ 
which is (/j 1) or /.a./, the compressive strain imposed by 


1 . • 

the gnps is ^ ~ ~ ~ 


The compressive stress set up 


will, therefore, be = E,e — P.a.^ and the push P exerted by 
the grips will be P — p,A ^ E.A.olJ. If the grips yield by 
an amount the expansion prevented is {LolA — S) and 

{LclJ 


the im])oscd strain e = 


/ 


{olJ 


7 > 


and the induced 


stress p ^ E (a./ 



Similarly, if a bar is heated and then its ends are held 
firmly by grips so as to prevent its return to its original length 
on cooling, tensile strain will have been imposed on it by the 
pulls exerted by the end-grips and tensile stresses will be in¬ 
duced in the bar. 


Example 12, 

A steel bar in diameter and 15 feet long is heated through 
l()(fF above the atmospheric temperature when the ends are clamped. 
On cooling back to atmospheric temperature^ it is found that ,the 
clamps have yielded by -02'^ Find the pull exerted on the 'bar 
by the end clamps. E = 13000 tonslin^, a = *0000062 per °P. 

Tensile strain imposed by the end-grips, 

^ *02 

f --0000062 100 

/ 180 

= -00062 - -000] 1 

- -00051 

p = E.e - 13000 X -00051 - 6-63 tons/in^. 

P ==p.A 6-63 \ -44 - 2-92 tons. 
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Example 13. 

A mild steel bar 1" in diameter and 12" long is encased in 
a brass tube whose external diameter is and internal diameter 

is 1". The composite bar is heated through lOO^F. Calculate the 
stresses induced in each metal, a for steel -0000062; cufor brass 
= -000010 per ^F. E for steel = 30 X 10^ Ib.jin^ and Efor brass 
^ 14 X 10^ Ib.jin^. 

Consider a unit length of the composite bar and let e be 
its elongation under the rise of temperature. The steel bar 
will be pulled by the brass casing and will stretch more than its 
natural expansion, thus suffering a tensile strain. The brass 
tube will not be able to undergo its full natural expansion 
being restrained by the steel rod with its lesser coefficient of' 
expansion. The brass tube will therefore be under compres¬ 
sive strain. Let Cs be the tensile strain of the steel rod and eh 
the compressive strain of the brass tube. 

Then ~ e — cL^.t 

and e\y = ab.^ — e 

adding, e\i = t (ab ” as) 

or 17 ^ 

Substituting, 

j = 100 (-000010 •- -0000062) 

30 X 10« M4 X 10« ^ ‘ 

= 100 X -0000038 
- -00038. 

30 

= .00038 X 30 / 106 


-= 11400 

or + 2-14/>b - 11400.(1) 

Also, Pull on steel = Push on brass 

ps^fi — ph^h 

or />, X ^ y 1 =/.b X ^ (1-52-]2) 

/’s = l-25/»b.(2) 
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Substituting in (1), 

ply X 3*39 = 11400 

Ply = 3360 lb./in2. 
and ps = 4200 Ib./in^. 


12. Shrinking-on: When a thin tyre is shrunk on 
to a wheel of diameter Z), its internal diameter is a little 
less than the wheel diameter D. When the tyre is heated 
through the necessary range, its circumference nd will 
increase to nD. In this condition, it will be slipped on 
to the wheel. When it cools, it wants to return to its 
original length nd but the wheel, if it is assumed to be 
rigid, prevents it from doing so. The tensile strain e 
tzD — nd D — d 

thus imposed on it is- - -or- - —. This is known as 

nd d 

circumferential or hoop strain. The accompanying circum- 

r . 1 u T, E{D^d) 

Icrential or hoop stress p ==• E.e == - - -. 

d 

Example 14. 

A thin tyre is shrunk on to a wheel of 4 feet diameter. If 
the wheel is assumed to be rigid^ calculate what the internal diameter 
of the tyre should be, if after shrinking on^ the hoop stress in the tyre is 
6 tonsjin^. ol for the tyre = *0000062 per ^F; and E — 13000 
tonsjin^. Find the least temperature to which the tyre must be heated 
above that of the wheel before it could be slipped on. 

^ E{D~^d) 

Hoop stress p ™ j - 


6 - 


13000 {D-d) 


or 


D-d 

6 


d ~ 

13000 


D 

d ~ 

(- 

6 

13000 

d 


6 ' 

D ~ 

13000, 


r 
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"" ^ ~ 13^’ approximately 

</ = 48 - -022 = 47-978". 

Also tzD = Tzd (1 + a/) 

D-d 6 
d ~ 13000 
^ 6x10^ ^ 

13000 X 62 


13. Stresses on inclined sections of a bar under 
tension or compression: Consider a bar of uniform sec¬ 
tional area A under an axial pull P, The intensity of stress on 



P 



Fig. 8 


the normal cross-section AB is P ~ intensity of stress 

set up by the section CD inclined at 0^ to the normal cross- 
section AB is obviously P divided by the area of the resisting 


section which is ^sec0. The intensity of stress 
P 

= - COS0 = /^.COS0. 


p 

Asced 


This is naturally less than p because the resisting section 
has a bigger area. But it is neither normal nor tangential to 
the section CD, As failure can occur either (i) by tension or 
compression or (ii) by shear, it is very necessary to know the 
normal and tangential stresses put up by any resisting section. 
Resolving the pull P, normally and tangentially to the section 
CD, we get Pn = P.cos0 and Pt — P.sin0. The normal and 
tangential stress intensities of the section are therefore given by; 
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Pn Pcosd 

^.sec6 ^.sec0 
Pt Psin0 

A,seed J.sec0 


— p.cos^O and 

— /?.sin0.cos0. 


This could have been obtained also by considering a unit 
area of the section CD. The stress on it is j&.cos0 in the direc¬ 
tion of P. Resolving it normally and tangentially 
= fi,cosd.cosd = pcos^O 
p^ — p,cosd >' sin0 or /?sin0.cos0, as before. 

^As failure will occur either by the bar being pulled to pieces 
(or being crushed if there is compression) or by shearing off, 
it is important to locate the plane or planes carrying the largest 
direct stress and those carrying the largest shear.- For maxi¬ 
mum direct stress, pn must be a maximum. This is obviously 
p when cos^0 -- 1 i.c. 0=0. Thus, the normal cross-section 
carries the largest direct stress. On any other section, pn is 
less than p. 

For planes of maximum shear, pt — p sin0.cos0 must be 
a maximum, pt may be expressed as ^/?.sin20. The maximum 
value of pi is \p^ when sin20 = 1 i.e. when 20 = 90° or 270°. 
The planes offering the maximum shear stress are thus two, 
inclined at 45° and 135° to the normal section. 


It may be noted that they are at right angles to each other 
and inclined at 45° to the plane carrying the maximum direct 
stress. 


Example 15. 

The normal stress intensity on the cross-section of a tie bar is 8 
lonslin^. Calculate the normal^ tangential and resultant stress inten¬ 
sities on a section inclined at 35^ to the normal section. 

Resultant stress intensity = p.cosd 

= 8 X *8192 =6*55 tons/in^. 

pn ^ /^cos^O = 6-55 X -8192 = 5-37 tons/in^. 

pt = /?.cos0sin0 = 6-55 x -5736 = 3-76 tons/in^. 

The max imum possible shear on any p la ne is ^ X = 4 
tons/in^; and these planes are inclined at 45^ to the normal 
section. 
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14. Simple Shear: Next, let us consider a section which 
is subjected to forces P tangentially or across the section which 

P 

puts up a shear stress of intensity q — —y ^ being the area of 

A 

resisting section. 



Fig. 9 


Consider an elementary rectangular block ABCD of thick¬ 
ness I with forces P acting across the faces AB and CD which 
will offer shear stress q given by P = q.ABJ or q.CDJ, These 
forces being equal and opposite cannot balance but constitute 
a couple whose moment is P,BC or q.AB,BC,L Now a couple 
cannot be balanced except by a couple of the same magnitude 
and opposite in direction. On the faces BC and AD of the block, 
there must therefore be opposite forces P' inducing a stress inten¬ 
sity q' given by P' = q\BC.l or q',AD,L They constitute the 
balancing couple whose moment is P\AB or q\AB,BC.L 
Equating the two couples, 
q,AB,BC,l - q\AB,BCJ 
or q = q\ 

Thus, we get the important result that a state of shear 
across a plane cannot exist unless it is accompanied by a balanc¬ 
ing shear of the same intensity across a plane 



at right angles to it. This is called the com¬ 
plementary shear and the two together constitute 
a state of simple shear. ^ 

As soon as we note a shear stress y at a 
point in a strained material, we must, at the 
same time, mark the complementary shear 


Fig. 10 stress q at right angles as in fig. 10. 
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15. State of simple shear: Stresses on inclined 
sections: Consider an elementary rectangular block ABCD 
of thickness /, having shear intensities q across the faces AB^ 
CD and AD^ BC. Let us find the normal and tangential stress 



intensities on a plane CE inclined at 6° to the face CD. The force 
on the face CD is q.CD.l ^ . The force on ED is q.ED.l 
Resolving these forces normally and tangentially to CE^ we get, 
sinO -}- P^ COS0 
- q.CD.l sinO q.ED.lco^^ 
and Pt — Pi cosG — P^ sinO 

^.CZ)./cosO — q.ED.hinQ. 

The normal and tangential intensities of stress are there¬ 
fore given by: 

Pti q.CD.l sinO + q.ED.lcos^ 

^cKr ceI 


and 


-- 2q sinOcosO 
5^.sin20 

Pt q.CD.l cosO — q.ED.l. sinO 
— q (cos^O — sin^O) = g.cos20. 


For the planes carrying the maximum direct stress, pn 
must be a maximum. The maximum value of pn is obvi¬ 
ously ±:q when sin20 = ±1 or 20 = 90° or — 90° i.e. when 
0 = ±45°. The planes are thus mutually at right angles and 
inclined at 45° to the planes of simple shear, both having the 
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maximum direct stress q which, however, is tensile for one plane 
and compressive for the other. It will be noted that these planes 
carry no shear stress since pi ^ q cos20 is zero when 0 —- ±45^. 



Fig. 12 


As for the planes of maximum shear, the maximum value 
of pt = y.cos20 is q when cos20 1 i.e. 20 O'" or 180'', or, 

when 0 = 0° or 90^, The planes of simple shear are thus the 
planes carrying the maximum shear stress. On any other plane 
the tangential or shear stress pi is less than q. 

It will be noted that these planes are mutually at right 
angles and inclined at 45'' to the planes carrying direct stress 
only. 

We thus get the important deduction that a state of simple 
shear produces tensile and compressive direct stresses across 
mutually perpendicular planes inclined at 45'' to those of pure 
shear and that the intensity of either of the direct stresses is 
the same as the intensity of the pure shear stress. 

This could have been derived simply by studying a square 
block ABCD of thickness I, instead of the rectangular one, its 
faces carrying a shear stress of intensity q. Consider the diagonal 
plane AC, The force on the face CD is q,CD.l. . The force 
Pg on the face AD is q,AD,l,-^. = P^ since AD -- CD, the 

block being square in section. Resolving normally to the 
plane AC, Pn - P^ 00845" + P2sin45" - 2PiCos45" - V2P^ 
and Pt " Pisin45"— P20os45" = 0. 
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■ AC.l 

, Pt 
- AC.l 


V2.q.CD.l 
~ V 2 .CD.I 

-- 0 . 


q 


and is tensile. 



1 he diagonal plane AC is subjected to a direct tensile stress 
of intensity q. Similarly it can be proved that the diagonal 
plane BD carries a direct compressive stress of the same intensity. 


16. Linear strain of the diagonal BD: Let <\> be the 

shear strain accompanying the state of simple shear q. The 
section ABCD will be distorted to AB^^C^D through the 
angle 4? assuming AD to be fixed. 





BB^ 

AB 


\/2.AB 
or half the shear strain 
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and is tensile. Similarly the linear strain of the diagonal AC is 
also but is compressive. 


17. Relation between the Moduli of Elasticity and 
Rigidity for a given material: The linear strain of the 

diagonal BD is seen to be | v cfj or | We could have 

derived its strain differently from considerations of the direct 
tensile stress q across the plane AC, accompanied by the direct 
compressive stress q across the plane BD, The effect of the 

q 

former is a tensile strain - on all lengths perpendicular to the 

h 

plane AC. The diagonal BD will therefore undergo a tensile 
strain of ^ due to this stress. The effect of the compressive 


stress q on the plane BD will be a compressive strain ~ in its 

K 

own direction and a lateral tensile strain of - ^ on all lengths 

m E 

at right angles. The effect of this stress on the diagonal BD will 

1 ? r . 

therefore be - x The combined effect of the two direct 
m E 

stresses on the diagonal will, therefore, be a tensile strain of 

^ — - 7 , or - (1 1 -). But this linear strain has already 

It m E m m 

been found to be 

2 JSf 

Equaling, ^ ^ d ■ ^) 


or 


i? - 2 jV (1 J —) 

m 


18. Bulk Modulus: When a body is subjected to three 
mutually perpendicular like direct stresses of the same intensity, 
the ratio of this direct stress and the corresponding volumetric 
strain of the body is defined as the Bulk Modulus of the body. 
It is usually denoted by the letter K. 
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Consider a cube ABCDA^B^C^D^ of side I with its faces 
subjected to direct stresses of intensity p. Consider the deforma¬ 
tion of one of the edges, say BC^ due to these three pairs of 
stresses. 



Fig. 15 

Due to the stresses p on the faces CC^D^^D and BB^A^A^ 
BC suffers a tensile strain of due to the pair of stresses p on 
the faces BB^ C^C and AA^D-J)^ there will be a tensile strain 
of in its own direction but a compressive lateral strain of 

XL 

_1- \ in all directions at right angles. BC therefore suffers a 
m h 

compressive strain of — X —r- Similarly, due to the third pair 
m h 

of stresses p on the faces ABCD^ and BC suffers a 

. 1 P 

compressive strain of — x —. 

m E 

The total tensile strain of BC due to the three pairs of stresses 
is given by: 


1 P 
m E 


^x4=4(i-4). 
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The original volume of the cube 

. SF „ 8/ t „ 2, 


, SF „ 8/ 
and — — 3.— — 

By definition, 

P 

volumetric strain 
■■■ 


3^(1 


or E -- 3K (1 - —) 

m 

The relation E = 2jV (1 f —) ^ 3A' (1 —) between 

m ^ m 

the three moduli for a given material is thus established. 
Example 16. 

A bar of steel l\" in diameter was subjected to a tensile load of 
6 tons and the measured extension on an 8" gauge length was -0036" 
and the change in diameter was -00015". Calculate Poiuon’i Ratio 
and the values of the three moduli. 

Area of section — "994 in^. 


6 tons/in^. 

— -00045 

— 13300 tons/in^. 
150 

— -000133. 

^ linear strain 
/ -00045 


Strain e 


p 

6 

T " 


8/ 

-0036 

1 ~~ 

8 

P _ 

6 


Lateral strain —- 
d 

But lateral strain 


-00045 

U -000150 
~d ■ 1-125 

1 


-000133 
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Poisson’s ratio — = -2955. 
m 

Also E - 2N (1 + —) = (1 - —) 

m m 

- 2J< y 1-2955 y -4090 

13300 


JV - 
and K — 


2-591 

13300 


5145 tons/in^. 
10860 tons/in^. 


1-227 _ 

Example 17. 

The modulus oj Rigidity for a material is 2640 tonsjin^. A f" 
diameter rod of the material was subjected to an axial pull of \ ton and 
the change in diameter was observed to be 0-000078". Calculate Poisson’s 
ratio and the modulus of Elasticity for the material. 

Area of section = -1104 in^. 

P 5 

Stress p = —r = .: „ . = 4-56 tons/in^. 




Lateral strain — = 
d 


A -1104 
000078 


-375 


-000208. 


But lateral strain = — ^ 

m E 


and 

Also 

or 

and 


mE 

mE 


^ -000208 
4-56 

~ -000208 


21930. 


E - 2JV (1 J —) 
m 

mE — 2JV («z -f 1) 

21930 = 2 V 2640 (m t 1) 
m + 1 4-153 

m = 3-153 
21930 


Poisson’s ratio — 
m 


E = 

1 


3-153 

1 

3-153 


6950 ton/in*-^. 
317. 
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EXAMPLES T 

(1) A wooden lie 20 feet long, 3^ wide and 4" thick is subjected 

to an axial pull of 10000 Ib-wt. and the stretch is *154". Calculate the 
value of E for the timber. (1*3 X 10® Ib./in^.) 

(2) The rod of a hydraulic lift is 40 feet long and 1 1" in diameter. 

11 is attached to a plunger 4^ in diameter working under a pressure 
of 1200 Ib/in^. If E~30x 10® Ib/in^., find the alteration in the length 
of the rod. (•249''.) 

(3) A tie-bar 1" in diameter carries a load which causes a stress 

of 16000 Ib/in^. It is attached to a cast iron bracket by means of four 
bolts which can be stressed to 12000 Ib/in^. Find the diameter of the 
bolts. (-577" say |".) 

(4) A steel punch can be worked to a compressive stress of 
50 tons/in^. Find the least diameter of hole which can be punched 
through a steel plate thick if its ultimate shear strength is 20 tons/in-. 

(-8".) 

(5) A short strut is made up of two lengths of standard Tee- 
sections 6"x3''x|'' riveted back to back. If it carries a load of 50 
tons, find the compressive stress. If the ultimate crushing stress for the 
material is 30 tons/in^., what is the factor of safety ? (5*9 tons/in^.; 5* 1.) 

(6) The ultimate tensile stress of mild steel is 30 tons/in‘^. A 

tie-bar of equal-angle section has to carry an axial pull of 18 tons. 
Give suitable dimensions for the section if its mean thickness is 
Use a factor of safety of 4. (3^" X 3|" x i".) 

(7) A steel bar 2" x2'' in section, 10 feet long, is subjected to an 

axial pull of 20 tons. Taking £=13000 tons/in^. and Poisson’s ratio 
as *3, calculate the alterations in length, side and volume of the bar. 
Calculate also the amount of energy stored in the bar during the 
extension. ( 0468"; -00024"; *075 cub-inch; -468 inch-ton.) 

^^(8) A mild steel flat 6" wide by thick, 20 feet long, carries an 
axial pull of 30 tons. If £=13000 tons/in^., and ^=-26, calculate the 

change in length, width, thickness and volume of the flat. 

(•122"; -0008"; -0001"; -265 cub. inch.) 

(p) A bar of steel 10 feet long is subjected to a pull of 8 tons. 
It is 1J'" in diameter for 3 feet of its length, 1^" in diameter for 4 feet 
and 1" in diameter for the remaining 3 feet. Find the total elongation 
of the bar and the energy stored in it. £=13000 tons/in^. 

(•076"; -3 inch-ton.) 

(10) A bar of steel is 20" long. The two ends arc respectively 
I and 1in diameter and each is 5" long, the middle portion being 
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1" in diameter. Determine the contraction in length if the bar carries 
an axial thrust which produces a stress of 6 tons/in^., in the smallest 
section. E = 13500 tons/in^. (•00762''.) 

(11) A straight bar of steel is 10 feet long and has a rectangular 
section which varies uniformly from 4'" X i" at one end to K X i" at 
the other. What change will occur in its length when subjected to an 
axial load of 5000 lb.? E = 30 X lO® Ib./in^. (-0185''.) 

vj(12) A steel rod circular in section tapers uniformly from 1" 
diameter at one end to I" diameter at the other in a length of 30 
inches. How much will it stretch under an axial pull of ^ ton? 
E= 13000 tons/in2. (-0059".) 

'(J/d) A reinforced concrete column of square section has to be 
designed to carry an axial load of 35 tons, the reinforcement consist¬ 
ing of vertical rods, one at each corner. The sectional area of rein¬ 
forcement may be 3^o of the sectional area of the column. If the per¬ 
missible compressive stress in concrete is 600 Ib/in^., and the modulai 
latio of steel and concrete is 15, determine the dimensions of the 
column and the diameter of the reinforcing rods. (10" X 10"; 1".) 

(14) A copper bar IJ" in diameter is rigidly attached at both 
ends to the inside of a steel tube which is 2" in external diameter, 
thickness of metal J". The composite section is then subjected to an 
axial pull of 10 tons. Find the stress induced in each metal and the 
extension on a length of 4 feet. Ec = 7000 tons/in^. Es — 13000 tons/in^. 

(2*3 tons/in^.; 4*3 tons/in^.; *016".) 

(15) Thiec vertical rods, equal in length, each Y in diameter, 
are cquispaced in a vertical plane and jointly support a load of 1 • 18 
tons, the rods being so adjusted as to share the load equally. If a 
further load of 1*32 tons is added, find the stress in each rod, the 
middle one being copper and the two outer ones being steel. 

Ec = 7000 tons/in^.; Es — 13000 tons/in^. 

(3*43 tons/in^. for copper; 4-66 tons/in^. for steel.; 

^(16) A steel tube 3|" internal diameter and J" thick has an 
inner and an outer brass liner of the same length and thickness. The 
c(jmposite section carries an axial thrust of 15 tons. Calculate the 
load carried by each tube and the amount it shortens. Length 6". 
Es - 30 X 10® lb/in2.; = 14 X 10« Ib/in^. 

(Inner tube 3*13 tons; central 7*77 tons; outer 4‘\ tons.) 

(17) A rolled steel joist is 20 feet long at 60°F. Calculate its 

elongation when the temperature is 110°F. If this elongation is 
prevented, calculate the stress induced in the section and the thrust 
exerted if the area of section is 9*45 in‘^. a for steel — *0000062 per 
'T and E! = 13000 tons/in^. (4*03 tons/in^.; 38*1 tons.) 

(18) Two walls, 20 feet apart arc stayed together by a steel rod 
1J" in diameter by metal plates and nuts screwed at each end The 
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nuts are screwed when the bar is heated to a temperature of260''F. 
Calculate the pull exerted by the bar on cooling to atmospheric 
temperature of 60''F if the ends do not yield, also if they yield by 
J inch, a for steel — -0000062 per °F and E = 13000 tons/in^. 

(19-83 tons; 11-52 tons.') 

v(19) A copper rod 1|" diameter is enclosed within a steel tube 
1|" internal diameter and Y thick, the ends being rigidly connected 
together. The combination is then heated through 80°F. Find the 
intensity of stress in each metal, a for steel — -0000062 per °F and 
for copper -00001 per °F. Es — 13000 tons/in^. a,nd Ec — 7000 tons/in^. 

{pc — -93 tons/in^.; pj, =r 2-23 tons/in^.) 

(20) In the above example, if a pin in diameter is driven 
transversely to the axis of the bar at each end to secure the ends 
rigidly, calculate the intensity of shear stress that would be induced in 
the section of the pin foi the 80° rise of temperature. (4-19 tons/in^.b 

(21) In a tensile test on a steel tube of external diameter f", 
l)ore, an axial load of -2 ton produced an elongation of *00018" in a 
length of 3", while the outer diameter suflfered a compression ol 
-000013". Calculate the values of Poisson’s ratio, JV and K. 

(-2883; 13600 tons/in^.; 5280 tons/in^.; 10700 tons/in^.). 

(22) A load of 2-5 tons rests on three vertical short struts, each J" 
in diameter and equispaced in a vertical plane. The central pillar 
is copper and the two outer ones arc steel. The pillars are so adjusted 
that at atmospheric temperature, each carries one-third the total load. 
The temperature is then raised through 50°F. Calculate the stress in 
each pillar before and after the rise of temperature. £’^=7000 tons/in“.; 
Ei = 13000 tons/in^; occ = -00001 per °F; as = -0000062 per °F. 

(4-24 tons/in^.; 5-28 tons/in^. in copper, 3-72 tons/in^. in steel.) 

(23) A 2" diameter round bar, 20 feet long, carries a load of 
22 tons and stretches -13" under the load. Estimate the value of £ 
and the maximum shear stress induced in the bar. 

(12900 tons/in‘^; 3-5 tons/in^.) 

(24j In the above example, calculate the normal and tangential 
stress intensities across a plane inclined at 25° to the normal section of 
the bar. (^>*75; 2-68 tons/in‘^.j 

(25) A 6" A f" mild steel flat carries an axial pull of 30 tons. 
Calculate the normal and tangential stress-intensities across planes 
making angles of 30°, 45° and 60° with the axis of the flat. 

1 30°; pn - 1*67 tons/in-^., pt — 2-89 lons/in^. \ 

45°; pn — 3-33 tons/in^., pt — 3-33 tons/in^. i 

60°; pn — 5, tons/in^., pi -- 2*89 tons/in-. J 
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(26) ^ A compound bar consists of a central steel strip r wide 

X thick placed between two strips of brass each K wide and t 
inch thick. The strips are firmly fixed toi^ether, to form a compound 
bai' of rectangular section 1 wide and (J + 2f) inch thick. Deter¬ 
mine (a) the thickness t of the brass strips which will make the 
apparent modulus of elasticity of the compound bar 10000 tons/in^. 
and (b) the maximum axial pull the bar can then carry if the stress 
is not to exceed 10 tons/in^, In either the brass or the steel. Take 
the values of E for steel and brass as 13200 tons/in^. and 7260 
tons/in^. respectively. (L. U.) 

(/-0-146"; 4-106 tons.) 

(27) A round steel bar, l|" diameter and 15" long, is placed 

concentrically within a brass tube which has an outside diameter 
of 1|" and inside diameter of IJ"; the length of the tube exceeds 
that of the l)ar by 0 005 inch. Rigid plates are placed on the ends 
of the tube through which an axial compressive force is applied to 
the compound bar. Determine the compressive stresses in the bar 
and tul)c due to a force of 6 tons. E for steel = 13200 tons/in^. 
E for brass = 6500 tons/in^. (L. U.) 

— 2-96 tons/in^.; pb = 3-63 tons/in^.) 

(26j A mild steel rod ABC of circular section transmits an 
axial pull. The total length is 54", AB being 30" long and BC 24" 
long. AB is I" diameter (sectional area 0-6 in^.) and BC is |" dia¬ 
meter (sectional area 0-44 in^.). If the total change in length is 
0*0282 inch, determine for the separate parts AB and BC the changes 
in (a) length, (b) diameter and (c) volume. Take Poisson’s ratio=0-3. 

(L. U.) 

r (a) -Oiaiy'; -01471"; (b) - 000110 "; -000138"; ' 

I (c) -00323 cub. ill.; 00257 cub. in. 



CHAPTER II 


PRINCIPAL PLANES AND PRINCIPAL STRESSES 


!• Introductory: We have studied in detail a state of 
direct stress—tension or compression—and the state of simple 
shear. In each case, we can work out the normal and tangential 
intensities of stress on any plane. But the planes to pick out 
are necessarily the planes carrying the maximum direct stress 
and those carrying the maximum s hear, because failure will 
occur either by a section (i) tearing off, (ii) being crushed, 
or (iii) shearing off. 

In the simple cases studied so far we have noted that the 
planes of maximum direct stress have no tangential stress across 
them. We have also noted that planes of maximum shear 
are mutually at right angles and inclined at 45° to those carry¬ 
ing direct stress only. 

2. Principal planes: It may be stated, in general, that 
at any point in a strained material, there are three mutually 
perpendicular planes which carry direct stresses only and no 
tangential stress whatever. Of these three direct stresses, one 
is a maximum and one a minimum. 'Tliese particular planes 
which have no shear stress on them are known as Principa l 
Plan^ and the direct stresses across them are known as Principa l 
'^tresses. In the study of stresses and strains at any point in a 
strained material, it is very necessary to locate the principal 
planes, because one of them carries the largest direct stress— 
tensile or compressive. It is necessary for another reason also 
because planes of maximum shear stress are inclined at 4-5^ to 
the principal planes. Once the principal planes, and the prin¬ 
cipal stresses have been picked out, the critical planes carrying 
the largest direct stress and those carrying the maximum ^ear 
have been located. In most of the problems that we have to 
deal with, one of the principal stresses is zero. We are therefore 
left with two principal stresses, one of which will be a maximum 
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and the other a minimum. The direct stress pn across any 
other plane will have some intermediate value between the 
maximum and p^ the minimum principal stress. 

3. Two Principal Stresses: To prove the statement 
made above, let p^ and ^_be the principal stre sses, both like, 
across the principaTplanes AB and BC in fig. 16. Let us con¬ 
sider a plane AC inclined at 0° to the principal plane AB and 
find the normal and tangential stress intensities across it. 



The force on the plane AB (supposed vertical) is equal 
to p^,AB,l where I is the thickness of the piece ABC, The force 
Pg on tho face BC is p^^BC.l, Resolving P^ and Pg normally 
and tangentially to AC^ we get, 

P„ = Pjcos0 + P2sin0 - pj.^P./cos0 p2-BC,hin% 
and P/ = P 2 sin 0 — P 2 COS 0 = p^.^P./.sinO — p^-BCAco^Q, 

The normal and tangential stress intensities set up by AC 
are therefore given by, 

Pn pi.i4P./cosO p^,BC,h\n% 

"" AC.I ^ lai 


f' = 


— p^cos^Q + /?2sin^0 

p^.AB.lsinQ — p2-BC,lcosb 
^ ACl 


= (j^i — P 2 ) sin0.cos6. 

We could have obtained this result, simply, by considering 
a unit area of the inclined plane AC, The effect of p^ on this 
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area is /»* =/>jCos0 in the direction of/jj and that o{ on this 
area is py = p^ sin0 in the direction of p^- Resolving normally 
and tangentially to the unit area, we get, 
p„ — /»j_.cos0.cos0 + /» 2 sin 0 .sin 0 = /»j;COS^0 + 
pi =/>j.cos0.sin0 — /» 2 sin 0 .cos 0 = {Pi —P^- sin0.cos0. 

The resultant intensity of stress p on AC may be looked 
upon as the vector sum of px and py or of pn and pt. 

Thus, p = V /»* + = V />« + t>\'= V j&icos20 -)- />isin*0. 


Its inclination a to the horizontal is given by, 

,a„e. 

px p^cosQ p^ 


tan a 


tan eji = 


Its inclination ^ to the normal is given by 
pt __ {pi — P2) sinO COS0 

pn p^cos^Q + />2sin“0 

Let us now pick out the plane of maximum direct stress and 
the planes of maximum shear. 


For maximum direct stress, pn must be a maximum. 
Now pn = /?iCos20 + />2sin20 

= \Pi (1 -1- Cos20) + i /'2 (1 -- cos20) 

= COS20. 


This is a maximum when cos20 ~ + 1 i.e. when 0 ~ 0 

Pi'^ P% 


and maximum pn = + ( 


) or p^, i.e. the plane 


2 / . V 2 

AB carries the maximum direct stress, its value being p^. 

For the minimum value of pn^ cos20 ~ — 1 i.e. 20 — 
180° or 0 = 90°. Therefore the plane -BC, the second princi¬ 
pal plane, carries the minimum direct stress and its value is 




(4^2) . 


- '^The proposition is thus proved that one of the principal 
planes carries the maximum direct stress and the other the 
minimum. These planes being principal planes, of course carry 
no shear stress. 
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Now, for planes of maximum shear, pt must be a maximum. 
The expression for pt is {px — p^ sin6.cos0 or \{pi — p^ sin26. 
The maximum value of pt is thus \{px^ P^^ when sin20 — 1 
i.e. when 20 = 90° or 270°; i.e. 0 = 

There are thus two planes offering the maximum shear 
Stress. They are at right angles to each other and inclined at 
to the principal planes. Across any other plane, pt will 

bi less than 

If the principal stress p^ and p^ are unlike, the normal and 
taiigential stress intensities pn and pt on a plane inclined at 
0 °l;o the plane p^ will be given by the same expressions with 
the sign of the unlike stress changed. 

Example /. 


The principal stresses at a point in the section of a boiler shell are 
5 tomlin^.^ and 2\ tonsjin^.^ both tensile. Find the normal^ tangential 
and lesultant stress intensities across a plane through the point inclined 
at 50"'" to the pla?ie having the 5-ton stress. 

Pn - /?icos20 ^ ^2sin20 = 5 X (-6428)2 + 2-5(-7660)2 
- 5 X -413+2-5 X -5868=2-065 +1-467=3-53 tons/in2. 
pt ~= [Pi- P 2 ) sin0cos0 — 2*5 ^ -6428 > -7660 
1 -23 tons/in2. 

/;2 (/;^cos0)2 4 . (p2sin0)2 ^ (3-214)2 + (1-915)2 

-- 10-33 I 3-67 - 14 


p = 3-74 tons/in2. 
j&gsin 0 1-915 


tana = 


Pxco^ 0 
a = 30°46'. 


3-214 


-5958 


4. Graphical method: In the preceding article, we 
worked out the normal and tangential stress intensities across 
any plane inclined at 0 ° to the plane of the major principal 
stress p.^. These can also be obtained very neatly by a graphical 
construction as under: 
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Let and p 2 be the principal stresses at any point 0 in the 
strained material. With centre 0, draw two concentric circles 
of radii OA and OB representing the stresses p^ and p 2 to some 
scale. Set off the plane CD at an angle 6° with the plane of p^. 
Draw the normal OEF to .the plane at 0, cutting the concentric 
circles at E and F respectively. Draw EG perpendicular to 
OA and EP perpendicular to EG. Join OP, which represents 
the resultant intensity of stress p across the plane CD. From P 
drop PQ^ perpendicular to OF. Then OQ, and QP respectively 
represent pn and pi. 



Proof: 

From E drop EH perpendicular to OA. 

Now, OG — OPcos0 ==/?jCosO or px of article 3. 
GP = EH = OPsinO —j&gsinG or py of article 3. 
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OP which is the vector sum of OG and GP therefore 
represents p. 

OP = V0G2 4. GP2 _ a//»? cos^e + p\ sin^e. 


Its inclination a to OA is given by 
GP 

Px 


tan a = = 




OG 0 

/ POQ^ is obviously ^ and is given by tan c|> 


iL 

Pn 


In the above construction, p-^ and p^ are supposed to be 
like stresses. However, if they are unlike, the two components 
of the resultant intensity will be OG and GP\ GP' being equal 
to GP but opposite in sign. Produce PG to P' making GP' — GP. 
Join OP'. Then OP' will represent the resultant intensity of 
stress on the given plane CD when p.^ and p^ are unlike stresses. 

The co-ordinates of P referred to OA and OB as axes of 
reference arc 

^ OG -= /?jCOS0 
y ^ GP ' /^gsinO. 

The locus of P as 0 varies, is given by 

9 o 

^ cos^G -t- sin^G = 1, which is an ellipse having 

pi and p 2 for its semi-major and semi-minor axes. This is 
Known as the Ellipse of Stress. 


5. Two equal and like Principal Stresses : The 

case of the two principal stresses being like and equal is inte¬ 
resting. If ™ p^^ repeating the graphical construction stated 
above, the two concentric circles will be congruent since 
OB = OA and proceeding with the construction, the points 
F and P all fall on F. OP the resultant intensity of stress 
on the plane CD is thus wholly normal to the plane and is equal 
to OF or p^. The locus of P, which was an ellipse when 
and p 2 were unequal, now becomes a '‘Circle of Stress”. In 
this case, every plane is a principal plane and every stress a 
principal stress of the same intensity as p^. This is evident if 
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we use the formula pn = p^cos^d + /> 2 sin 20 and pt = (/>i — 
sin0. COS0. 

Since p^ == p^, pt is zero and/?„ -= p^ (cos20 -f sin20) — 

6. Two equal and unlike Principal Stresses: 

Repeat the graphical construction and obtain P' the mirror 
image of P, OP' represents the intensity of stress on the plane 



OO. It is numerically equal to OP or but inclined at angl(^ 
20 to be normal. 


7. More graphical methods: Another neat graphical 
method to obtain the resultant intensity of stresses p on the 
plane CD due to two unequal but like principal stresses p^ 
and suggests itself. 

VVe can express p^ and p^ as h ( (y 

( ^ ~ ( respectively. 


The principal stresses p-^ and p^ can thus be split up into 


two pairs, one pair being ( 


Pi I P2. 


both equal and like and 


the other pair being — ) bo-th equal but unlike. The 
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effect of the first pair on the plane CD will be a wholly normal 
stress equal to while, that of the second will be a 

stress 2 ' ^^ ) inclined at an angle 20 to the normal. The 

total effect of the stresses and on the plane will be the vector 

sum of a stress ( ^ along the normal and a stress ( 

at 26 with the normal. The construction is therefore evident. 
Along the normal to the plane CD at 0, set off OR to represent 

At an angle 20 with 0/?, set off RP to scale, to 

represent ( ^ Then OP represents the resultant inten¬ 

sity of stress. If PQ^ is drawn perpendicular to 0/?, OQ^ and 
OP represent pn and pt respectively. 



Fig. 19 

This construction could have suggested itself also by consi¬ 
deration of the expressions for pn and pt- 

/>„—/»icos2e I I 


P> — {P\~ Pt) sinO.cose = sin20. 
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In figure 19, 

00 - OR -I /?0-= -I cos2e, which is p„ 

and OP - /?ftin26 — ^ si’^26, which is /»/. 

The graphical construction known as “Mohr’s Circle” 
is self-evident. Along the axis OX^ set off OA and OB to scale 
to represent and respectively. Bisect BA at (7 and with 
C as centre and AB as diameter describe a circle. Set off CP 
at 20 with OX to meet the circle at P. Join OP, which repre¬ 
sents the resultant intensity of stress on a plane inclined at / 0 
to the plane of the principal stress p^. 



In figure 20, 

CA --- CB = and OC ^ 

2 2 

From P draw PQ^ perpendicular to 0/1. 

Then OQ, = OC + CCi--OC f- CP cos2e 

H^’') c«2e=/.. 

and Of = CPsin29 = ,i„ 2 e - p,. 

OQ^ and QP respectively represent and pi and there¬ 
fore OP represents the resultant intensity of stress p. 
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Example 2, 

If at a point in a strained material^ the principal stresses are p^ 
and p 2 > locate the plane for which the resultant intensity of stress has 
maximum obliquity. 

Referring to the Mohr’s Circle, the locus of P is a circle 

with C as centre and radius equal to to some scale. 

For the maximum value of POC\ OP must be a tangent to the 
circle as in fig. 21. If <J) is the maximum angle of obliquity, 



Fig. 21 


The position of the plane is given by 


20 


i.e. 



2 * 


This result is useful in the study of Rankine’s theory of 
Earth pressure. 

8. Principal stresses and Principal planes: We 

shall now study a few cases of stresses and strains, locate the 
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principal planes and work out the principal stresses. Ordi¬ 
narily, every plane sets up normal and tangential resistances 
and often the values of these stresses are easily calculated. It 
is, however, not enough merely to know the p„ and pt for a given 
plane, but it is necessary to locate the critical planes, viz., those 
carrying the maximum direct stress and those carrying the maxi¬ 
mum shear. In other words, the principal planes and their 
stresses must be found. The planes of maximum shear and the 
value of maximum shear are then known. 

Case I: At a point in a strained material, the normal 
intensity of stress p across a plane is accompanied by a state of 
simple shear q. To find the principal planes and principal 
stresses. 

It is convenient to study a rectangular block ABCD of 
thickness 1. Let the intensity of direct stress on faces AD and 
BC be p accompanied by a shear stress of intensity q. The faces 
AB and CD will only have a shear stress of intensity q. 



Consider the normal and tangential intensities of stress 
set up by any plane CE inclined at an angle 0 to the plane BC. 
The forces acting on the face BC are: 

Pj = p.BC.l-^ 
and P 2 = q.BC.l 4 , 

On the face BE the force is, 

Pg — q.BE.l—^ 
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Resolving the three forces Rj, and P 3 normally and 
tangentially to the plane CE, we get 
Pn = (^1 + ^3) COS0 + Rgsine 
and Pt = [Pi + P^ sin 6 — RgCosO. 

The normal and tangential intensities of stress across 
the face CE are therefore given by, 

P„ {p.BC.l + q.BE.l) cos 6 + q.BC.l.sin^ 


—/>cos^0 4- 25 'sin 6 .cos 0 ~ ^ (1 1 cos20) + 9 -sin 20 . 

And, 

Pt {p.BC.l I q.BE.l) sin0 — 5 '.RC'./cos0 

— /^.sin0cos0 + ^.sin^0 9 x 08^0 

— |/?.sin20— 3 ^.cos 20 . 

As expected, the plane CE offers both normal and tan¬ 
gential stresses. The principal planes, however, have no 
tangential stress across them. To locate them, equate pt to zero. 
|^/^.sin20 — 5^.00820 = 0 

or tan20 = —. 

P 

There arc two values of 0 which will satisfy this relation, 
viz., 0j and 02; the latter will be (90° + 0j). There are thus 
two principal planes which arc at right angles to each other, 
their inclination to the plane of p being given by Oj and 02 such 
that 


sin20i - 


+ 2g 

V /»** + 4^2 


and cos20j 


+ P 


and sin 202 


- 2 ? 


and cos 202 


V + 4y2 


To find the values of the principal stresses, substitute for 
0, Oj and 02 in the expression for pn. If pi and p^ arc the princi¬ 
pal stresses. 




/I I _n A\ 


sin20 
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2 ^ 2V/)2 + 4y2 ^p^ + 4y2 

= I + i VT^TV 


-1+y (|) 


Similarly, 


^ _ 1 _ j. 

2 2^/,2 4^2 V + 4^2 


=l-^vp2+492=.|_y(|)'+?2 

These are the principal stresses, is obviously the maxi¬ 
mum and is of the same sign as p\ is of the opposite sign, the 

expression + being greater than 

If Pi is tensile, must be compressive and vice versa. 
These planes are shown in figure 23. 


) +?' 



Fig. 23 


Once these planes have been located, the planes of ma.\i- 
mum shear are easily found. They are mutually at right 
angles and inclined at 45° to the principal planes. The value 
of max imum s hear is of course | (pj — pg) or 


+ q\ in 


The strain in the direction of p^ will be given by 

e = ^ _ -£2_ 

^ E mE 
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P2 

i.c. Ee^ ^ -The stress which, acting alone, will 

produce the same maximum strain is thus equal to — — 

m 

and is more than p^ since p^ is negative, being of the opposite 
sign to p^. 

Example 3, 

^ f" diameter bolt is subjected to a pull of 2 tons and a shear force 
of ^ ton. Calculate the maxifnum direct and shear stresses induced in 
the section and specify the position of the planes carrying these stresses 
with reference to the axis of the holt. Calculate also the stress which 
acting alone will produce the same maximum strain. Take m — 4. 




2 TONS 


Consider the normal section AB of the bolt. The direct 
stress p set up by the section against the pull of 2 tons is given 
2 

by ^ 4*56 tons/in‘^. 


The intensity of shear resistance 


q 


•44 


1-14 


tons/in‘^. 


If 0 is the inclination of a principal plane to AB^ 


^ 2q 2 X M4 

tan 26 ^ - 

p 4-56 

20 = 26^34' 

0i - 13°17' 

02 - 103°17'. 


•5000 


and 
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The inclination of these planes to the axis of the bolt will 
be 76^43' and 13^17' respectively. The planes of maximum 
shear will be inclined at 31^43' and 58°17' to the axis. 

The principal stresses are given by 

/>! = I + _ 2-28 I V(2-28)2 + (1-14)2 

= 2-28 + 2-55 == 4-83 tons/in2., tensile. 

/,2 = |- + 2-28 - 2-55 = - -27 tons/in2. 

or *27 tons/in^.j compressive. 

Maximum shear stress — — 2-55 tons/in^. 

The stress which acting alone will produce the same maxi¬ 
mum strain is given by, 

p h = 4-83 + - 4-90 tons/in2. 

^ m 4 


Case II: At a point in a strained material, the normal 
and tangential intensities of stress across two planes at right 
angles to each other are given. To locate the principal planes 
and evaluate the principal stresses. 

Consider a rectangular block ABCD of thickness /. Let 
the intensity of direct stress across the faces AD and BC be 
p accompanied by a shear intensity q. Let p' be the intensity 
of normal stress across the face AB and CD, The shear 
intensity across these planes must necessarily be < 7 , the same 
as that across the planes AD and BC, 

To find the normal and tangential stresses offered by a 
plane CE inclined at 0 to the face BC, The forces acting on 
the /ace BC are, 

Pj == p, BC,l^ 

= q. BC.ll 

On the face BE, they arc 

P 3 = q. BE.l-^ 
and =p'. BE.l].. 
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Resolving these forces normally and tangentially to the 
plane CE we get, 

Pn = {P\ + ^ 3 ) cos 0 1 - (^2 + -^ 4 ) sin 0 
Pt = {Pi + P 3 ) sin 6 — (jPg + Pi) cos 0. 

The normal and tangential stress intensities on the plane 
(.E are therefore given by, 

P„ {p.BC.l + q.BE.l) cos6 + [q.BC.l + p'.BE.l) sin0 

p cos^0 -t ysin0 COS0 | 9sin0 cos0 + sin^0 
^ ^ (1 f cos20) + -y (1 — cos20) + 9.sin20 



P' 



Fig. 25 


And, 

Pt {p.BCd -f sin0- [q,BCd + p\BEd) cos0 

“ CEd ~~ CEd 

~ /?.sin0.cosO f- ^.sin20 -- f7.cos^0 —- /?'sin0cos0 
2" {P P') sin20 — <7 .cos 20. 

For a principal plane, pi must be zero. 

Equating pt to zero, we get, 

tP~P' 

(— 2 —) sin20 §'.cos20 
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or 


tan 20 = 


2 ? 


P-P'' 

There are two values of 0 which will satisfy this relation, 
viz., 0 j and 02 , 02 being 90° + 0j. There are therefore 
two principal planes which will be at right angles to each 
other, their inclination to the plane of p being given by 0 j 
and 02 such that, 

- and COS20, - ^ ~ 

-ip-p') 


sin 26 T ^ - 

V ip—p + 


Also, sin 2 G 2 


- 2 ? 


cind cos20o 


+ V ' V{p-pT ! V 

To evaluate the principal stresses and substitute 
the values of 0^ and O 2 for 6 in the expression for 

{p-pv if 


(^') i 


A> 4 P' 




) ! {p-p')^ 4 V 


And, 


(^') I 




s' 2 




2 

[p-pr 


2r 


2 2V(/,-/,')2 4 V V(/>-/-')‘M V 


,P 'rp' 


- ( - ) — (p — /»')2 I 4^2 




\\ 


P~P'f^ . 

—T-) 4- r- 


These are the principal stresses. They need not be un¬ 
like as in case I. They may be like or unlike, depending on 
the values of />, p' and q. The planes of maximum shear will 
be inclined at 45° to the principal planes, the value of the maxi¬ 
mum shear being ( — ^ or ^ { — ^ ) f 

The principal strains and are given by, 
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«i = ^ ^ and ^2 

^ E mE ^ 


tL 

E mE 


Efdmple 4. 

At a certain point in a strained material, the intensities of normal 
stress across two planes at right angles to each other are Sand 2 tonsjin^., 
both tensile and there is a shear of 2 tonsjin^. across the planes. Locate 
the principal planes and evaluate the principal stresses. Also calculate 
the maximum intensity of shear stress and specify its planes. 

If 6 is the inclination of a principal plane to the plane carry¬ 
ing the normal intensity of stress of 5 tons/in^., 


tan 26 = 


2 ? 


2x2 


= 1-333 


P-P' ^ 

20 = 53°8' 

Oj = 26°34' and 02 - 116°34' 


Pi = ( 


P+P' 


) + [/( 




P-P 


) 


— 3‘5+ \/(1*5)2+4=3*5+2-5=6 tons/in^., tensile. 
= 3’5— 2’5 = 1 ton/in^., tensile. 


The maximum shear stress is 2*5 tons/in^., the planes offer¬ 
ing it being inclined at 71°34' and 161^34' to the plane having 
the normal stress intensity of 5 tons/in^. 


Example 5. 

In a material subjected to strain, the resultant intensity of stress 
across a certain plane is 6 tonsjin^. {tensile) inclined at 30° to its normal. 
The normal intensity of stress across the plane at right angles to this 
one is 4 tonsjin^., tensile. Find the principal stresses and principal 
planes. 

Across the first plane, the normal intensity of stress 
— 6 cos30° = 3\/3 = 5-2 tons/in^., with a shear intensity 
? = 6 sin30° = 3 tons/in^. 

Across the second plane, the normal intensity p' is 4 tons/in^., 
and the shear intensity must be 3 tons/in^. 
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For the principal planes, 

tan26 = ;-r = tt. - 7 — 5 

{p-p') 5-2-4 

26 = 78°42' 

01 - 39°21 and 02 = 129°2r 

Px = (^4^) + I- 9^ ^-6 + V{WT9 

~ 4*6 + 3*06 — 7*66 tons/in^., tensile 
p 2 — 4*6— 3*06 — 1*54 tons/in^., tensile. 

The maximum shear intensity will be 3*06 tons/in‘‘^. across 
the planes of maximum shear. 


V(-6)24' 


9. Principal Strains: In the most general case, there 
will be three principal stresses p 2 and p^ across the three 

principal planes. The total strain in the direction of p^ due 
to all the three stresses will be given by: 


Similarly, ^2 - 
and ^3 


Pi __ ^_ P2 ^ 

E mE mE E mE 

. in the direction of 

E mE 

__ lYi the direction of p^. 

E mE 


These relations are based on the assumption that p-^^ p^ 
and p 2 are all like. If some of them are unlike, the same ex¬ 
pressions may be used with the sign of the unlike stresses changed. 

Example 6, 

A rectangular block of steel is subjected to stresses of 7 tonsjin^, 
tensile^ 4 tonslin^. compressive^ and 3 tonsjin^, tensile across the three 
pairs of faces. If m — 4 and E — 13000 tonsjin^,, calculate the 
strain in each of the three directions. 

7 4 3 ^ (7 ] ^) ^‘25 

E^ mE mE~~ E^' 4^ "" 13000 

= *000558, tensile. 



7 3 1^73, 

^ mE ~ E ^ 4^ 
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6-5 

-- =- -0005, compressive. 

3 7 4 1 7 , 

~^E~ mE ^ mE ~ 4 ^ ^ “ 


2-25 

13000 


^ -000173, tensile. 

Example^, 7. 

A mild steel bar 2" square in section and 6" long is subjected to 
an axial thrust of 20 tons. Half the lateral strain is prevented by the 
application of uniform external pressure of suitable intensity. If 

E ~ 13000 tonslin^., and — - -5, calculate the alteration in the length 

m 

of the bar. 



P3 



Fig. 26 


p^ the axial stress on the normal 
cross-section of the bar will be given 

L 20 ^ . 

by ~ ^ tons/in'^. 


Let p 2 and p^ be the stresses 
along the sides. By symmetry p 2 =Ps- 

The strain along the axis of the 
bar is 


— P 2 +P 3 

1 E mE 


-i(5--3x2/»2) 


The stretch of either side is 


— _L ^3 — tl. 

2 mE ' mE E' ' 

This is one-half of what it would 
have been if there had been no side 
pressure p^ and p^, 

. Pz + Px P '2 ^ 1 .. Px 

mE E ^ mE 

••• {Pz + Pi) - ^P% = \Pi 

or Pz{m-\)==\Pi 
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p, 5x3 15 , 

i.e. /»o = TT = r-z = — tons/in^. 

2(m — 1) 2x7 14 ' 

and ,, = i(5-.6/»2) ==1(5-^) 

61 61 
~ UE “ 14 X 13000 
= -000335. 


The contraction of length 8/ = = -000335 x 6 

= -00201 


E^mple 8. 

A metal specimen is subjected to an axial compressive stress of p^. 

No constraint is exerted on one pair of sides but on the other, external 

pressures restrict the lateral strain to one-third of that on the first pair. 

Work out an expression for the axial strain in terms of /»j and Poisson’s 

. 1 
ratio —. 
m 


Let the external pressures on one pair of sides be p^- On 
the other pair, the pressure j&g is zero because no constraint is 
exerted. 


The axial strain 



mE' 


* The stretch in the direction of /(g ^2 ~ 


h. 

mE 


h 

E' 


The stretch in the direction of p^ is 
e^ has been given as J of 


Pi I Pi 

mE mE 


Pi Pi _ 1 ( Pi A- P2 s 

” mE E ^ ^ mE ’ 

or 3/>i--3ffi/»2=/'i +/’2 

.-. + 1 ) = 2 /»i 

p — 

■ ■ (3^ 1 ) 

The axial strain 


, P2_Plly 2 1 

^ E mE £'1 m (3ot + l)j 
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pAZrn^m — 2\ (m + 1) (3 ot—2) 

~ m (3m + 1) J m (3m + 1) ^ E' 

EXAMPLES II 

(1) In a boiler plate, the principal stresses across two perpendi¬ 
cular planes are 6 and 3 tons/in^., both tensile. Find the intensity of 
stress, which, acting alone, would produce the same maximum strain. 

i. = -3. (5*1 tons/in*.) 

m y 

(2y At a point in a strained material, the principal stresses are 
7 and 3J tons/in®., both tensile. Find the resultant stress intensity on a 
plane inclined at 60® to the axis of the major principal stress. 

(6*31 tons/in*, at 16®6' with the axis of 7-ton stress.) 

(3) The principal stresses at a point in the section of a member 
are 8 and 3 tons/in*., both tensile. Locate the plane across which 
the resultant stress has maximum obliquity. 

(4) = 27®; 0 = 58®30'with the plane of the 8-ton stress.) 

(4) A bar of steel is under a tensile stress of 8000 Ib/in*., at the 
same time, under a shear stress of 3000 Ib/in^. Find the principal 
planes and principal stresses. If m = 4, find the stress which, acting 
alone, would produce the same maximum strain. 

Principal planes inclined at 18®26' and 108®26' 1 
to the plane of 8000-lb. stress; pi = 9000 Ib/in^., i 
tensile. p 2 — 1000 Ib/in*., compressive; 9250 Ib/in*. j 

(5) Determine the maximum and minimum intensities of direct 
stress and maximum shear stress at a point in the cross-section of a 
beam with a normal intensity of stress of 5 tons/in^., compressive, 
and a shear intensity of 3J tons/in^. 

fpi = 6-8 tons/in^,, compressive; p 2 = 1’8 tons/in^., tensile. ] 
I max. shear = 4-3 tons/in^; 6^ = 27®14', Oj = 117®14'. J 

(6) A material is subjected to a shear stress g = 3 tons/in*., and 
a tensile stress p = 4 tons/in*, across a plane through a point and a 
compressive stress p' = 2i tons/in*, across a plane through the point 
at right angles to the first one. What is the shear stress on the second 
plane? Determine the magnitudes of the greatest and least intensities 
of direct stress in the material and the position of their planes; also 
the position of the planes carrying the m^imum shear and its value, 
f q = 3 tons/in*.; = 2r2r; 02 = lir21'; p^ = 5*17 tons/in^., | 
[ tensile; p^ = 3-67 tons/in*, compr; max. shear = 4*42 tons/in*. J 

(7) At a certain point in a strained material, the resultant in¬ 
tensity of stress across a plane is 5-66 tons/in*., (tensile) inclined at 
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45® to its normal. The normal component of the intensity of stress 
across the plane at right angles is 2*5 tons/in^., tensile. Find the 
position of principal planes and stresses across them. Find also the 
value of the maximum shear at the point. 

r 01 == 39®42; = 129®42'; = 7-32 tons/in^., tensile; 1 

\ p 2 = 0*82 tons/in^., compressive; max. pt = 4*07 tons/in^. J 


(8) A bar of elastic material is subjected to a direct compressive 
stress of p^ in a longitudinal direction. The lateral strain in the two 
directions at right angles is entirely prevented by the application of 
external pressures of suitable intensity. Evaluate the pressuie and 
calculate the ratio of p-^ and the strain in its own direction. 

Pi . Pi _ — : 




(m — 1) ’ 


m 


x£. j 


(9) A circle 1" in diameter is marked on a steel plate before it is 
stressed as shown in fig. 27. As a result of the stresses, the circle deforms 
to an ellipse. Calculate the lengths of the major and minor axes oi‘ 
the ellipse and their directions Take E^=13000 tons/in^. and m—A. 



Fig. 27 

( 38® and 52® to the 4-ton stress i 
< Major axis = 1*0004" !■ 

I Minor axis = 1*000004". J 


(10) A rectangular block of material is subjected to a direct 
compressive stress of p^ in a longitudinal direction. The lateral strains 
in the two directions at right angles are reduced to one-half and one- 
fourth respectively of those which normally would have occured, by 
the application of external pressures on the sides of intensity p^dmdp^ 
respectively. Evaluate p^ and p^ in terms of p^ and calculate the ratio 
of and the strain in its own direction. 

- (2w+3) ^ _ (3>» + 2) . . £i. = x£' I 

■ 4 (m*—1) ^Pi’ P^- 4: {rn^—\) ^ 4 m*— 4 m —5 ^ J 
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( 11 ) At a point in a piece of elastic material, there are three 
mutually perpendicular planes on which the stresses are as follows: 
A normal tensile stress of 5 tons/in^. and a shearing stress of 4 tons/in^. 
on one plane, a normal compressive stress of 3| tons/in^. and the 
complementary shearing stress of 4 tons/in^. on a second plane and 
no stress on the third plane. Determine (a) the principal stresses 
at the point and the position of the planes on which they act and 

(b) the positions of the planes on which there is no normal stress. 

Make diagrams to illustrate your answers, showing the planes 
and stresses which have been found and their positions relative to 
the given planes and stresses. (L.U.) 

(a) = 6*59 tons/in^., tensile; — 5-09 tons/in^., compr. 
21° 38' and 111° 38' with the first plane. 

(b) 66 ° 38' and 156° 38' with the first plane. 

(12) An axial compressive load of 50 tons is applied to a metal 
bar of square section 2" X 2". The contraction on an 8 " gauge 
length is found to be 0 * 022 " and the increase in thickness 0*';|i|0018". 
Find the values of Young’s modulus and Poisson’s ratio. 

If in addition to the axial load of 50 tons, a uniform lateral press¬ 
ure of 5 tons/in^. is applied to the two opposite sides of the bar in 
])oth directions, find the contraction on the 8 " gauge length and the 
change in thickness. (L.U.) 

{E -- 4545 tons/iu^.; i == -327; Bl - •01625"; Bb •0003212".) 

(13) A right angled triangle ABC with the right angle at C 
represents planes in an elastic material. There are shearing stresses 
of 3 tons/in'*, acting along the planes AC and CB towards C and 
normal tensile stresses on AC and CB of 5 tons/in^. and 4 tons/in^. 
respectively. There is no stress on the plane perpendicular to the 
planes AC and CB. 

Determine the positions of the plane AB when the resultant 
stress on AB has (a) the greatest magnitude (b) the least magnitude 

(c) the greatest component normal to AB (d) the greatest tangential 
component along AB (e) the least inclination to AB. 

State for each plane found its angular position relative to AC 
and the magnitude of the stress referred to. (L.U.) 

(a) = 7*54 tons/in^. ; 0^ = 40° 18'. 

(b) p 2 = 1*46 tons/in^.; 82 = 130° 18'; (c) same as (a). 

(d) 3*04 tons/in2.; 0 =. 85° 18' or 175° 18'; (e) 106° 33'. 

(14) Describe the Mohr circular diagram of stress as applied 
to two-dimensional stress, indicating clearly what the principal 
dimensions and angles on the diagram represent. 
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At a point in a material subjected to two-dimensional stress, 
the stresses on a certain plane are 7*5 tons/in*., tension, and 5 tons/in*, 
shear, and on another plane the stresses are 4*5 tons/in^. tension and 
4 tons/in*, shear as shown in fig. 21 [a). Find the principal stresses 
and their directions relative to the given planes. (L.U.) 



Fig. 21 {a) 

f px = 12*5 tons/in2. tension; jA2=2*5 tons/in^. tension; planes XT, 
XZ inclined at 45° and 116° 34' to the major principal plane. 

(15) In the sketch shown in fig. 27(A) PQ^and RS are two planes 
inclined to one another at 60°. On the plane PQ, there is a compres¬ 
sive stress of 4 tons/in^. and a shearing stress of 2 tons/in^. while on RS 
there is a tensile stress of 1 ton/in^. and a shearing stress. Determine 
the value of this shearing stress, the principal stresses and the posi¬ 
tions of the principal planes. (L.U.) 



Fig. 27(A) - 

q — 4*89 tons/in^.; pi = 4*43 tons/in*., compressive, 

= 5*405 tons/in*., tensile; PQ^ inclined at 12° to principal 
plane. 



CHAPTER III 


IMPACT OR SHOCK LOADING: STRAIN-ENERGY 


1. Introductory: Within the elastic limit, stress is 
proportional to strain and we are now fairly familiar with the 
use of this relation. In the problems worked out so far, the 
loading was supposed to be gradual. It may, however, be 
sudden or may come on a structural member with impact and, 
in such cases, it is necessary to estimate the maximum instan¬ 
taneous deformation and the maximum instantaneous stress 
or resistance accompanying it. This is best done by considera¬ 
tions of the principle of work. When a member is loaded, 
whether gradually, suddenly, or by impact or shock, work is 
done upon it. If the elastic limit is not exceeded, this work 
is stored in the member as strain-energy. It will be given up 
as soon as the loading is removed, the material behaving like 
a perfect spring. It is interesting to work out an expression for 
the strain-energy or energy stored in a member in terms 
of the maximum stress induced and the dimensions of the mem¬ 
ber. The expression is very useful because by equating it to 
the work supplied by the load, whether gradual, sudden or 
impact, we obtain the value of the maximum stress set up. 
Since the elastic limit is not exceeded, the value of the maxi¬ 
mum instantaneous strain, and so of the deformation for a given 
length is easily deduced. 


2. Strain-Energy. Resistance-deformation dia¬ 
gram: Consider a member of length / and uniform sectional 
area A. When it is loaded, deformation takes place and there 
is resistance or stress accompanying it. Let 81 be the total 
deformation and p the corresponding intensity of stress, the 


final resistance R being p,A. 


The final strain ^ — 


I 




since the elastic limit is not exceeded. 


Initially when the loading commences, the deforma- 



GO 


MECHANICS OF STRUCTURES 


[Ch, III 


tion is zero, lliercforc the strain is zero and so the stress or 
resistance is zero. When the deformation is x, the strain 


ex 


Px 


X 

r 


the corresponding intensity of stress being, 


E.ex 


E,x 


and the resistance of the section is 



It will thus be seen that as x increases increases by a 
straight line law until when x — 8/, Rx is R ■ p,A. 

Plotting Rx against the deformation x, we get the resistance- 
deformation diagram, which is a straight line. 

The amount of work absorbed by the resistance during 
the deformation is obviously the area under the resistance- 
deformation diagram and is represented by the triangle 0B(^' 
in fig. 28. 



Energy stored, is therefore, 

- ^RM 

- ip.A.el 
ip.e.A.l 

^ stress strain volume 
of the member. 

If it is desired to have 
the expression in terms of 
the maximum stress induced 


and the dimensions of the bar, for e substitute E and the 

h 

expression for the energy stored becomes P 

R 

or —- . volume of the loaded member, 

2E 

If the deformation 8/ is an extension, the stress p is tensile; 
if it is a contraction, p is compressive. 
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3. Gradual, sudden, impact, shock loading: 

Case I: Axial load P gradually applied to a bar of length 
and uniform sectional area A, 

Since the load is gradually applied, the work done on 
the bar — average load ^ deformation 
_ \ PM. 

Work stored during the deformation 
_ \R.U -=- ip.A.^L 

Equating the work supplied to the work stored, we get 

IP. S/ - ip.A.^l 

or P — p.A 

, P 

and p - 

A 

Case 11: Load P suddenly applied. 

As the value of the load is P throughout the deformation, 
the work done on the bar ~ P.M. 

The energy stored during the deformation 

- \R.U 

- 

Equating, F.Hl — \R.M 
- ip.AM 

or P ^ \p.A 

2P 

,.c. /> - 

The intensity of stress in this case is twice what it would 
have been if the load P had been applied gradually. The 
maximum instantaneous strain is likewise double that in the 
case of gradual loading. 

Case 111: Load P dropped through a height //, before 
it commences to stretch the bar. 

If X/ is the resulting extension, the work supplied = 
P [h -t- 8/), neglecting the loss of energy at impact. 

Equating this to the work stored, which is w^e get 

P[h 1 U) \RM - Ip.A.U. 
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or 


For S/, substitute ed i.e. — 

This is a quadratic in p which can be re-arranged as 

('-«■ 

p 


2Pp 

A 

2E.P.h 
+ A.l 

pz 

2E.P.h 


A.l 

P 

1 

i/p2 , 2E.P.h 

2 + 

fA^ A.l 


If 7, is 


small as compared to 


2E.P.h 

A.l 


the expression 


for the maximum instantaneous stress p reduces to 

, P , \/WP7h . , 1/ 

^ y ~rr ^ r 


!2E.P.h 
A.l 


because the strain e 


Once the intensity of stress p has been found, the corres¬ 
ponding instantaneous deformation U is easily deduced, 

4 and U - e.l - 
h h 

Case IV: Shock loading. 

If U units of energy are transmitted by shock, they will 
be absorbed by the bar and stored provided the elastic limit 
is not exceeded. In this case the work supplied by shock = U. 
Equating it to the energy stored by the bar 

ti £ 

E ~~2E 

Solve for p, which is the maximum instantaneous stress 
induced in the bar by the shock. The corresponding deforma- 

E' 


U =^\p.A.^ 


\ A.L 


tion M 


We have seen that the maximum intensity of stress and 
the corresponding strain with a suddenly applied load are double 
those due to gradual loading. With impact loading they are 
still greater. 
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The relative deformations in the three cases of loading are 
shown in fig. 29. In the case of suddenly applied loads and 
impact loading, the bar after undergoing the maximum instan¬ 
taneous elongation vibrates about XX —the position correspond¬ 
ing to a gradually applied load—to which it finally settles down. 

I n m 





4. Proof Resilience: The elastic strain energy stored 
by a member is also known as ‘‘Resilience”. The greatest 
strain energy which can be stored by a member without being 
permanently strained is known as its “Proof Resilience.” If 
/ is the stress at the clastic limit for a material i.e. its “Proof 

, P P 

Stress”, the proof resilience will be y volume. or the 
^ 2E 2E 

proof resilience per unit volume can be looked upon as a 
property of the material and may be called its “Modulus of 
Resilience”. 

Example L * 

A steel rod 1\” in diameter- is id feet long. Find the woik done 
when an axial pull of 5' tons is suddenly applied to it. Calculate the 
maximum instantaneous stress and elongation produced. E = 13500 
tonsjin^. 

Area of section A = 1*77 in^. If S/ is the maximum 
instantaneous elongation, work done — P.^l. 
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Work stored — \R.U 
= ip.A.U. 

2p 2^8 

Equating, P — j - y— — 9-04 tons/in^. 

p 9*04 

The corresponding strain e ~ - *000669 

^ E \ 3500 

U - e.l - *000669 120 

*08". 


The work done on the rod and stored by it 
™ P.8/ — 8 *08 *64 inch-ton. 


Example 2. 


A weight of 50 lb. is diopped onto a colUu at the end of a veftira/ 
bar 6 feet long and /" 'in diameter^ from a height of (Jalculate 
the maximum instantaneous extension and stress p)oduced in the section 
of the bar. E = ^0 y l(fi Ibjin^ 

Work supplied P(h • 8/), neglecting the loss of energy 
at impact. 

y;2 

Work stored -- A /. 


Equating, P {h )- -- 

2P 2E.P.h 

^ ~ ~A'^ A.I ” 


or 


/>2.- 127-3/» 


30 


- 212-1 


106 

72 

106 


‘p - 63-65) - 14-56 ^ 10-^ 
p = 14620 lb/in2. 

p 14620 
' ~E 30 X 106 
HI -= e.l - -000487 


63-65 4 


-000487 
72 - -035". 


Example 3. ^ ^ 

A weight of 2^-ewt. is dropped onto a collar at the lower end of 
a vertical bar 10 feet long and 1]^^ in diameter. Calculate the height 
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of drop if the maximum instantaneous stress is not to exceed Btonsjii^. 
What is the corresponding instantaneous elongation? E — 1-3000 
tonsjit^. 

p 8 


Max. instantaneous strain e = 


E 13000 

Max. instantaneous elongation 
U - e.l = -000615 y 120 
= -074". 

Work supplied by the falling weight 

- /* (A + = -jQ (A -f -074) inch-ton. 

Work stored by the bar at 8 tons/in^. 

1-23 X 120 


- -000615. 


2E ' 2 X 13000 


3633 inch-ton. 


Equating the work supplied to work stored, 


1 (A + -074) 


•3633 


h -f- *074 -= 3-633 
3-56". 

'^Example 4, 

A waggon weighing 4 tons is attached to a wire-rope and is moving 
down an incline at a speed of 2- mi t es per hour when the rope jams and 
the ^age^on is suddenly brought to rest. If the length of the rope is 
iScLfeet' at the time of the sudden stoppagey calculate the maximum 
instantaneous stress and the maximum instantaneous elongation produced. 
Diameter of rope E ~ 13000 ionsjin^. g — 32 ft.lsec^. 


The kinetic energy of waggon 

4 A 44 X 44 121 

~ 15 X 15 \ 64 “225 


mv^ 


ft-ton 


2 ^ 

6*45 inch-tons. 


This is to be absorbed by the rope at a stress p. 


Energy stored = A.I 

2E 
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= *1226 inch-tons. 

Equating, •1226 = 6*45 

= 52-64 
= 7-25 ton/in®. 

The maximum instantaneous elongation of the rope 

Bl = e.l = ix I 
E 

7-25 X 1800 , . 

=- . -= 1 inch. 

13000 


Example 5. 

A wrought iron bar 2" in diameter and 8 feet long has to transmit 
a shock energy of 50 ft-lbs. Calculate the maximum instantaneous 
stress and elongation produced. E = 28 x 10^ Iblin^. 

Work to be stored = 50 ft-lbs. 

= 600 inch-lbs. 

^ ^ X 3-1416 X 96 

Energy scored volume - ; ^ ^ IC-" 


Equating, 


111-4 X 106 
10550 lb/in2. 
10550 


P^ = 

P = 

" 28 X 106 




= -000377 
e.l = -000377 x 96 = -0362". 


.^Example 6. 

Two barf A and B, of circular section and of the same material 
are each 12" longl A is 1" in diameter for 4" of its length and 2" Hn 
diameter for the remaining 8^. B is 1" in diameter for B" of its length 
and 2" in diameter for the rest. An axial blow is given to A, which 
produces a maximum instantaneous stress in it of 7\ tonslin^. Calculate 
the max. instantaneous stress produced by the same blow on B. If each 
bar is stressed upto the elasiic dmit, calculate the ratio of energy stored 
by B and A at proof stress. Calculate also the ratio per unit volume 
of each bar. 

Let C/a and C/b be the energies stored by the bars A and 
B at stresses j&a and p^ respectively. 
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When the stress is p in the 1" portion, the corresponding 

stress in the 2" portion will obviously be as the stresses are 

4 

inversely proportional to the areas of resisting sections. 



Fig. 30 


f/. = fe X ? X 1* X 4 




X 2 ^ X 8 


^ (1 + ^) - 

|ix=xl^x8+l 

-^Pl /n , IN 

2E ^ 8E 


X - X 2® X 4 
4 


If an axial blow is delivered which produces in ^4 a stress 

pA of 7^ tons/in^., the same blow will produce in .6 a stress pn 

97t/»B 37t<>A 

given by -gg- - ^ 

925 

or Pi =yl =1 X if == 37-5 

Pa = 6*12 tons/in*. 
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If both the bars are allowed to reach the proof stress f, 
pA = pB —f and the ratio of the energies stored by B and A is 


£/a 


9tc 



1-50. 


B therefore stores 50% more energy than A at the same 
stress. Per unit volume, the energy stored by B will be still 
higher. 

If Vs is the volume of the bar B, 


Fb=^x1^x8-1-^x2^x4 = 67t cub-inches. 
4 4 

. 97t , 1 3 pi 

Per unit volume, Us = ^Pb ^ ^ ^ 16 ^ 'E 


Similarly Fa—^XI^ x4-f-^> 2^x8 —97r cub-inches. 
4 4 

Stc 1 1 

Per unit volume, ^ 9^ = i2 T 

The ratio of the energies stored at the same stress, per unit 

volume, is 

3 1 9 

— -= ^ = 2 - 25 . 

16 ^ ‘ 12 £ 4 


5. Shear Resilience: If q is the uniform intensity of 
shear stress produced in a material by external forces, the ex¬ 
pression for the energy stored within the elastic limit, works out 


to ^-9^ X volume, where N is the shear modulus or modulus 


of Rigidity. 


Consider a square block ABCD of length /, the faces BC 
and AD being stressed to q. Let AD be fixed. The section 
ABCD will deform to AB^C^D^ through the angle 9 which 
represents the shear strain. The force P on the face BC = 
q,BC.L Work done by P, gradually applied, 

= \P X BB^ or CCj 
= ip.AB.<f = lq.BC.LAB.9 
= ^q.9.AB.BC.l 

= J stress X strain X volume of the block, as before. 
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1 

2 


If we replace the strain <p by 
X 4^ X volume. 

v/V 


the expression becomes 



6. Strain-energy in terms of principal stresses: 

If at a point in a strained material, the principal stresses are 
and /» 2 > the principal strains are given by 

_ h. and ^ tx 

t E mE ° 2 £ 


Per unit volume, the strain-energy will be, 



In the general case of three principal stresses p 2 and 
/? 3 , the three principal strains are, 

^ Pi P2+P3 

E mE 


«2 — 


h 

E 


Pa +^i 

mE 




Pa _ Pi + P% 

E mE 
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The strain-energy per unit volume is 

_ Pl[Pl (/'2+^3) l I p2i p2 (/’3+/’l) ]. I PzfPs 

2l£ mE i^El 2 mE 2lE 

= ^{K+H + Pi- + + 


{Pl+P2) \ 
mE J 


7. Relation between the elastic moduli: The rela¬ 
tion between the moduli of Elasticity, Rigidity and Bulk for 
a given material has already been worked out. It could also 
be established from considerations of strain-energy. 

Consider the case of a state of simple shear of intensity q. 
The strain-energy per unit volume in this case is —. 


But the state of simple shear is equivalent to two principal 
stresses, across diagonal planes, of the same intensity q but 
opposite in sign. Let q and ~ q. The express¬ 

ion for strain-energy in terms of the principal stresses p^ and p^ 




^Plp2 
m 


')• 


Substituting + 9 for Px and — q for p ^, the expression 

q^ 1 

reduces to — (1 -\—). 

E m 


Equating, 


2N 


i 


E = 2M (1 -j—) as has already been proved. 
m 


When a material is subjected to three direct stresses of 
the same intensity p across three mutually perpendicular planes, 
the ratio of p and the resulting volumetric strain has been 
defined as the Bulk Modulus of the material. 



Art. 8] 


IMPACT OR SHOCK LOADING: STRAIN-ENERGY 


71 


In this case Pi—p 2 ,—Pz=P and the strain-energy per 
unit volume can be obtained by substituting p for p-^, p^ and 
pg in the expression, 


^ 1^2 + p 2 + p,_lStPl±Ml±MA^ which reduces 


to 


3^2 

2E 


(1 -). If the volume of the material is V, the 

tn 


3p2 2 

strain-energy will be (1-) V. 

ziL m 


( 1 ) 


By definition, K 

vol. strain = = 


vol. strain 
8 F p 


K 


or 




If a uniform intensity of pressure p is gradually applied 
to a body of volume V, and 8 F is the resulting change in volume, 
the work done 
= 


\b- V = — V 
^ 2K''^ 


( 2 ) 


or 


Equating (1) and (2), 

2E ^ m' 2K 

£ = 3A' (1 --) 
m 

The relation E = 2JV (1 -|- -^^) = ZK (1 — —) has thus been 

M Tn 


established. 


8. Criterion for design: For a material in a state of 
stress, we know how to work out the maximum direct stress, 
the maximum strain, the maximum shear stress, and the strain- 
energy in terms of the principal stresses. In designing a struc¬ 
tural member, care has to be taken that the stress on the 
proposed section for the member does not exceed the working 
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stress considered suitable for the material. If, for direct stress, 
/ is the working stress and it is /y for shear, the following criteria 
for design of the member are available: 

{i) Maximum Principal Stress: The maximum principal 
stress must not exceed the working stress for the material i.e. 

Pi —/• 

This looks reasonable and was considered a satisfactory 
criterion for design in the early days of Engineering Science. 
It is known as the Rankine hypothesis after the pioneer — Pro¬ 
fessor Rankine. 

(n) Maximum Strain: If and p^ are the principal stress¬ 
es at a point in the material under stress, the principal strain 

^ E mE 

or Ee^ — (p^ - —) i.e. the stress which acting alone, will 
L L m 

produce the same maximum strain e. is given by {p. — —). 

m 


We have seen that this exceeds the maximum principal 
stress p^ if p^ and p^ arc unlike. The criterion of design will, 

therefore be, that {p^ — —) ^ /. 


This theory is associated ^^ith St. Venant. 

(m) Maximum Shear Stress: If p^ and p 2 are the principal 
stresses at a point, the maximum shear stress is ^ {Pi^ 
across mutually pefpendicular planes inclined at 45° to the 
principal planes. The criterion of design can be, \ {Pi — P^ 
if failure is likely to occur by shear. This theory is asso¬ 
ciated with the name of Sir J. J. Guest. 


{iv) Maximum Strain-energy: If p^ and p^ are the principal 
stresses, the strain-energy per unit volume is 






m 


)■ 


According to this theory, the maximum strain-energy 
must not exceed the proof-resilience of the material, i.e. 
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2E 




m ’ ~2E 


or 


ipf+pi- 


^PlP2 ^ ^ 

m 


EXAMPLES III 

(1) Water under a pressure of 1000 Ib/in^. is suddenly admitt¬ 
ed on a plunger of 4^" diameter, attached to a rod in diameter 
and 40 feet long. Find the maximum instantaneous stress and 
deformation of the rod if E =30 X 10® Ib/in^. (25,920 Ib/in^.; •415''.) 

(2) A V diameter mild steel bar of 5 feet length is stressed by a 
weight of 30 lb. dropping freely through IJ" before commencing to 
stretch the bar. Find the maximum instantaneous stress and elonga¬ 
tion produced in the bar. E = 30x10® Ib/in^. (15,300 Ib/in^.; *03".) 

(3) A 4"x4"xJ'' bar of Tee-section is 12' 6" long. An axial 

load of 20 tons is suddenly applied to it. Find (i) the maximum 
instantaneous stress (ii) the maximum instantaneous elongation and 
(iii) the work stored in the bar at the instant of maximum elongation. 
E = 13000 tons/in^. (10-67 tons/in^.; •123"; 2-46 in-tons.) 

(4) It is found that a bar 1|" in diameter stretches *076" under 
a gradually applied load of 15 tons. If a weight of 300 lb. is dropp¬ 
ed onto a collar at the lower end of this bar, through a height of 2" 
before commencing to stretch the bar, calculate the maximum instan¬ 
taneous stress and elongation produced in the bar. £*=30 X 10* Ib/in^. 

(13,170 Ib/in*.; -053".) 

(5) A vertical steel rod of uniform diameter, 8' 4" long, is sub¬ 
jected to a load of 4 cwt. dropping f" onto a collar at the lower end 
of the bar. Calculate the diameter of the rod if the maximum strain 

is not to exceed E— 13000 tons/in^. (IJ" diameter.) 

(6) Determine the greatest weight that can be dropped from 

a height of 8" onto a collar at the lower end of a vertical bar. If" in 
diameter and 8 feet long without exceeding the elastic limit which 
is 17 tons/in^. Calculate also the instantaneous elongation of the bar. 
£= 13000 tons/in2. (436-4 Ib/wt. -1255".) 

(7) A wrought iron bar 4 feet long, has to transmit a shock 

of 50 ft-lbs. without injuring its elasticity. What minimum sectional 
area should be provided if the stress at elastic limit is 14 tons/in*, 
and £ = 12500 tons/in*.? (-712 sq. in.) 
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(8) An iron bar, 2^ in diameter, is subjected to a shock of 150 
ft-lbs. If the maximum instantaneous stress of 8 tons/in^. is not to 
be exceeded, calculate the minimum length of the bar which must be 
provided to transmit the shock. E = 12000 tons/in®. (8 feet.) 

(9) A bar of steel 10 feet long, is in diameter for 3 feet of 
its length, in diameter for 4 feet and K in diameter for the remain¬ 
ing 3 feet. The bar is in tension, the stress on the smallest section 
being 7 tons/in^. Taking E = 13500 tons/in^., find the total elonga¬ 
tion of the bar and the energy stored by it. 

(•05": -138 inch-ton.) 

(10) If the bar in question 9, is given an axial blow transmitt¬ 

ing a shock energy of 75 ft-lbs., calculate the maximum instanta¬ 
neous stress induced and the maximum inst. elongation of the bar. 
£ = 13500 tons/in2. (11*93 tons/in^.; *086".) 

(11) A vertical rod, diameter and 10' long is fixed at one 

end and is used to stop suddenly a weight P falling in the direction 
of its length. If P falls 10" before coming to rest, find its value if 
the maximum instantaneous stress produced in the bar is 16000 Ib/in^. 
£ = 30 X 10« lb/in2. (22-61 Ib-wt.) 

(12) A crane-chain lowers a load of 2 tons at a uniform rate of 
1| feet per second. When the length of the chain unwound is 25 
feet, it suddenly gets jammed. Estimate the instantaneous stress 
induced in it due to the sudden stoppage and the maximum instan¬ 
taneous elongation, if each link is O-shaped and made of diameter 
steel rod. Estimate also the impulsive pull on each link. 

£ = 13000 ton/in^., ^ = 32 ft./sec^. 

(18*74 tons/in2.; *432"; 7-36 tons.) 

(13) Two round bars A and B are each 12" long. A is J" in 
diameter for a length of 4 inches and 1^" in diameter for the remain¬ 
ing 8". B is f" in diameter for a length of 8 inches and 1J" in dia¬ 
meter for the rest. A receives an 2 ixial blow which produces a stress 
of 12 tons/in2. Find the max. stress produced by the same blow 
on B. How much more energy will B absorb than A without exceed¬ 
ing a given stress within the elastic limit? 

(9-8 tons/in*.; 50% more.) 

(14) A vertical round steel rod, 6 feet long, is securely held 
at its upper end and a weight sliding freely on the rod falls onto a 
stop at the lower end of the rod. When the weight falls from a height 
of IJ", the maximum stress reached in the rod is estimated to be 10 
tons/in2. 
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Determine the stress if the load had been applied gradually 
and also the maximum stress if the load had fallen from a height 
of li'. £ = 30 X 10« Ib/in*. (L.U.) 

(461-7 Ib/in*; 11-79 tons/in*.) 

(15) A copper bar 1|* diameter is enclosed in a steel tube 
which is 2“ in external diameter, thickness of metal J". The composite 
bar is held vertically, being rigidly gripped at the top and provided 
with a collar at the bottom. A weight of 700 lb. is dropped onto 
the collar from a height of f*. If the length of the bar is 6 feet, find 
the maximum instantaneous elongation of the bar and the maximum 
stress induced in each metal. £'f=7000 tons/in*.; Es=13000 tons/in*. 

(-03415*; ps=0-\7 tons/in*.;=3-32 tons/in®.) 



CHAPTER IV 


BEAMS AND BENDING —1. 

Bending Moments and Shear Forces 

1, Definitions: A structural member which is acted 
upon by a system of external forces at right angles to its axis is 
called a beam. Such loading is called transverse loading and 
the resulting stresses are called transverse stresses. 



(b) 



(d) 

Fig. 32 

A beam which is fixed at one end, the other end being 
free, is called a cantilever. 

A beam with its ends resting freely on supports which 
may be walls or columns, is called a freely supported beam. The 
horizontal distance between the supporting walls is called the 
“Clear” span of the beam. The horizontal distance between 
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the lines of action of the end-reactions is called its '^Effective” 
span. A beam with its ends built-in into the end walls is called 
a fixed, built-in or encastri beam. 

A beam which has more than two supports is a continuous 
beam, being continuous over intermediate supports. These 
are illustrated in fig. 32(a), {b), (c) and {d). 

These distinctions, based on the manner in which a beam 
is supported, are necessary because it will be seen that the 
deformations and the bending stresses in a beam depend not 
merely on its span and the transverse loads on it, but also on 
how the beam is supported. 

2. Actions on the cross-section of a beam: Before 
we can study the deformations and the resistances set up in 
a beam, it is first necessary to know the effects of the load- 
system on a given cross-section of the beam, which the cross- 
section is called upon to resist. 



Fig. 33 

Consider a beam with an effective span of 16 feet with 
point-loads of 3000, 4000 and 5000 Ib-wt. placed on it at 4, 8 
and 12 feet from the left-hand support. We shall investigate 
the effect of the load system on the cross-section 6 feet from 
the left-hand support. The reactions are 5500 and 6500 Ib-wt. 
at the left-hand and right-hand supports respectively. Let 
the cross-section divide the beam into two parts A and B. 
Consider the forces acting on A. 

These are two, viz., the upwards reaction of 5500 Ib-wt. 
at the support and the downward force of 3000 Ib-wt. The 
resultant of these forces is an upward force F = 2500 Ib-wt. 




78 


MECHANICS OF STRUCTURES 


[Ch, IV 


If the distance of its line of action from the left-hand sup¬ 
port is 4 :, by equating the moment of the resultant to the 
algebraic sum of the moments of the component forces about 
the left-hand support, we get, 

2500^ = 5500 X 0 + 3000 x 4 
= 12000 
Z = 4*8 feet. 

The effect of the load system on the portion A of the beam 
is therefore an upward force F of 2500 Ib-wt. acting at 4*8 feet 
from the support as shown in fig. 33. This has to be resisted 
at the section XX. Introduce two equal and opposite forces 
F — F at XX. The portion A of the beam has now three forces 



F on it as shown in fig. 34, which can be grouped into (i) upward 
force F acting at XX and (ii) a couple formed by the remaining 
two, whose moment is F X (4*8 + 6) = 10-8F 
— 10*8 X 2500 = 27000 Ib-ft. clockwise. 

The effect of the load system on the portion A of the beam, 



Fig. 35 

to be resisted at the section XX is seen to be twofold, viz,, 
(i) an upward force F = 2500 Ib-wt. acting across the cross- 
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section and (ii) a couple M = 27000 Ib-ft. If we study the 
forces acting on the portion £ of the beam, the resultant is a 
downward force F = 2500 Ib-wt., its line of action being the 
same as that of the resultant force on the portion A. This is 
equivalent to (i) a downward force F = 2500 Ib-wt. acting at 
the section XX and (ii) a couple M = F x (4'8+6) =10'8F = 
27000 lb-feet anticlockwise as shown in fig. 35. 

The effect of the load system at the cross-section XX can 
now be marked as in fig. 36. The forces F — F are equal and 


Mr X 



X 


I I 

Fig. 36 

opposite and act across the cross-section, tending to shear it oflF. 
The section has therefore to set up shear stresses to resist the 
action of these forces. The couples M — M acting on the 
section tend to bend the beam at the cross-section which has 
to set up bending stresses to resist these couples. 

The force F is called the Shear Force and the couple M 
is called the Bending Moment. The effect of the load-system 
on the cross-section of a beam, therefore, consists of (i) the 
Shear Force and (ii) the Bending Moment. 

The value of the shear force is easily obtained. It is the 
unbalanced vertical force on the portion ^4 or B of the beam. 
To obtain the Bending Moment, it might seem as if it would be 
necessary to locate the line of action of the resultant force F 
on the portion ^4 or B of the beam^ to be able to get the arm 
of the couple constituting the Bending Moment. 

Actually, it is not necessary. The moment of a couple 
about any point is constant. Referring to fig. 33, and taking 
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moments about the cross-section XX itself, the moment of the 
couple M is equal to the moment of the resultant F about XX. 
This must be equal to the algebraic sum of the moments of the 
component forces about XX. 

Thus, M = 5500 X 6 - 3000 x 2 

= 33000 - 6000 = 27000 Ib-ft. as before. 

Therefore, to obtain the Bending Moment at a cross- 
section, all we need do, is to take the moments of the forces on 
A or B about the cross-section. Their algebraic sum consti¬ 
tutes the Bending Moment. Wc may therefore make the 
following statement: 

’?-(i) The shear force at a cross-section of a beam is the 
unbalanced vertical force to the right or left of the section. 

^ii) The Bending Moment at a cross-section of a beam 
is the algebraic sum of the moments of the forces to the right 
or left of the section. 

3. S.F* and B.M. diagrams: These actions at the 
cross-section of a beam, viz., the Shear Force and the Bending 
Moment will be different at different cross-sections, depending 
upon the loading on the beam. They can be calculated 
numerically for any given cross-section or algebraical expressions 
can be worked out for them, in terms of the loads and the 
position of the section. The variation in their values can be 
shown graphically by plotting the S.F. or the B.M. as ordinates 
against the positions of the cross-sections as abscissae. These 
are known as S.F. and B.M. diagrams. We shall now cons¬ 
truct a few of these diagrams for beams with a given system 
of loading on them. We must particularly note the sections 
subjected to maximum S.F. and maximum B.M. because the 
corresponding stresses which these sections will have to set up 
to resist the actions, will be maximum. 

I. Cantilevers: 

(i) Span /, end-load W. 

Consider a section A' at a distance of x from the free end B. 
Shear force = W. Bending moment Mx = W.x. The 
S.F. is constant and equal to W for all sections between B and A. 
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The B.M. is zero at B and increases by a straight line law to Wl 
at the fixed end A. 



Fig. 37 


(ii) Cantilever with a number of point-loads. 

A cantilever, 6 feet span, carries loads of 2j, 1-J and 2 tons 
at 2 feet intervals. Construct the S.F. and B.M. diagrams. 
For any section X, distant x from Z), between D and C, 

Fx = 2 tons 
Mx ton-ft. 

For a section between C and B, distant x from D, 

F* = 2 -f 1’5 = 3'5 tons 
Mx-=2x + 1-5 (*-2). 

For a section between B and A, distant x from D, 

Fc = 2 + 1-5 4- 2*5 = 6 tons 
Mx = 2x + hb (jc - 2) + 2-5 (x - 4). 

The S.F. diagram is’easily drawn, the value of S.F. being 
constant between consecutive loads. The B.M. between two 
consecutive loads varies by a straight-line relation.' -Tocons- 
truct the B.M. diagram, therefore, we should work out' the 
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values of the B.M. under each load and at the fixed end, plot 
these and join up the points by straight lines. Thus, 

Mp = 0 

Me = 2 X 2 = 4 ton-feet. 

Mft = 2 x4 + l‘5 x2 = ll ton-feet. 

Ma = 2 x6-t-l‘5 x4-l- 2’5 x 2 = 23 ton-feet. 


2-5 T 1-5 T 2T 





Fio. 38 

The maximum S.F. and max. B.M. occur at the fixed end, 
the values being 6 tons and 23 ton-feet respectively. 

(iii) Cantilever of span I, with a uniformly distributed 
load w per unit length over the entire span. 

Consider a section X distant x from the free end. 

Fx = wx 

., WX.X wx^ 

M. - 2 - = ^ 
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The S.F. varies by a straight line law and the variation of 
the B.M. is parabolic. The maxima values are at the fixed end. 



Fig. 39 

(iv) Cantilever with partially distributed load. 

A cantilever, 6 feet long, carries a uniformly distributed 
load of f ton per foot run over the right hand half. Construct 
the S.F. and B.M. diagrams. 



Fio. 40 
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For a section X in BC, distant x from B, 

Fx — W.X = ^x tons 
X Sx^ 

Mx = W.X.- = ^ ton-ft. 

2 8 

The laws for S.F. and B.M. for all sections between B and 
C are respectively straight line and parabolic. At C, 

= f X 3 = 2*25 tons 
Afc = f X 3 X -f- = 3‘375 ton-feet. 

For any section between C and A, distant x from B, 

Fx — 3 X f = 2*25 tons 
Mx = 3 X f (a: — :}) = (a: — 1 -5) ton-feet. 

The S.F. is constant while the B.M. varies by a straight 
line law. At A, = 2*25 tons. 

Ma = "f" X f = 10‘125 ton-feet. 

The S.F. and B.M. diagrams are shown in fig. 40. 

(v) Cantilever with combined point-loads and uniformly 
distributed loads. 




(w+wl) 



Fig. 41 

(a) Uniformly distributed load w per unit length over 
the entire span and a point load IV at the free end. At a dis¬ 
tance X from B, 
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F, = 4- w* 

M* = W.X + wx!^ 

= iv.x + ^ 

The maxima values at the fixed end A are: 

Fj, = W + wl 

. , ,.r, 

M^ = Wl -{■ —. 

(b) A cantilever, 6 feet span. Point loads of 4000, 3000 
and 2000 Ib-wt. at 1, 3 and 6 feet from the fixed end and a 
distributed load of 500 lb. per foot run over two feet from the 
free end. To construct the S.F. and B.M. diagrams. 


iOOO 
2 '- 


M 

SA D 

1 


2000 2000 
I 500 Lb! FT. 




C E\^ 2 ' 


6 ' 




B 


. ydW'W^^ 

6000 


10,000 



2000 



In the portion BE, at a distance x from B- 
= 2000 + 500x. 

Af* = 2000x + 500x.| 

= 2000x + 250x2. 
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The S.F. follows a straight line law and the B.M. curve is 
parabolic. Between E and Ay the S.F. is constant from load 
to load and the B.M. diagram consists of straight lines. 

Me = 2000 X 2 + 250 x 4 = 5000 lb-feet. 

Mo = 2000 X 3 -f 1000 X 2 = 8000 lb-feet.. 

Md = 2000 X 5 + 1000 X 4 + 3000 x 2 = 20000 lb-feet. 

Ma = 2000 X 6 + 1000 X 5 -f 3000 x 3 -f 4000 x 1 

= 30000 lb-feet. 

The S.F. and B.M. diagrams are shown in fig. 42. 

11. Beams freely supported at ends: 

(i) Effective span /. Central load W. 

The reactions at supports. 
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For a section between B and C, at a distance x from By 



M, = Rly.X = —.X. 
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The shear force is a constant between B and C and equal to 
The Bending Moment is a straight line, reaching a maxi¬ 
ng 

n value of — at C. 

4 

In the portion AC, Fx 


W W 

2 2 


The S.F. is numerically the same, but it changes sign. 
The diagram is on either side of the base line. This is to be 
expected, as in the portion AC, the nature of the shear force is 
“{■ 4- while in the portion CB, it is | f. 

The maximum B.M. occurs at the central section, 'll 
may be noted that the maximum i.M. occurs at a section where 
tne S.F. is either zero or changes s^. 






Wb 

T 




I 

CsNWXNS'^ 

$ M 


S.F. 


Wal» 


B.M. 
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(ii) A single eccentric load W. 

Let the load W be placed at C so that AC = a and CB = b, 

Wb 

(a + b) being equal to /. The reactions are = — and 
tVa 

R“ = — . For any section in the portion CB, distant x from B, 
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F^=Rn = 


Af* = R^.x = ^ 

The S.F. is constant and the B.M. diagram is a straight 
line. As soon as we cross C into the portion CA, the S.F. drops 

Wa Wb 

by W, becoming Fx = R^ — W — — - W - - — = — R^. 

I I 

The value of the B.M. at C is, 

Mq = —— This IS a maximum. 

The B.M. diagram consists of straights with zero values at 

Wab 

end supports, reaching the maximum of at C, where it 

may be noted that the shear force changes sign. 

(iii) Freely supported beam with a number of point-loads. 





Fio. 45 
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A beam freely supported over an effective span of 20 feet 
carries point-loads of 3, 4 and 5 tons at 4, 10 and 14 feet res¬ 
pectively from the left hand support. Construct the S.F. and 
B.M. diagrams. 

The reactions at the supports are 5*9 ton-wt. at A and 6*1 
ton-wt. at B. The Shear Force diagram presents no difficulty. 
The B.M. follows a straight line law from load to load. 
Calculate the values of the B.M. at sections under the loads, 
plot them to scale and join up by straights. 

For the B.M. diagram, 

Me = 6"1 X 6 = 36*6 ton-feet. 

Me =6*1 X 10 — 5 X 4 = 41 ton-feet. 

Md = 5-9 X 4 = 23’6 ton-feet. 

The maximum B.M. is 41 ton-feet at C, where the S.F. 
changes sign. 

(iv) Uniformly distributed load u> per unit length over 
the entire span /. 




Fig. 46 


The total load fV = w.L 


The reactions at the supports are each or 


id 
2 ■ 
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At a section distant x from By 
Fx = Rb — wx = — wx 


Mx = Rb-^ — 

wlx wx^ wx {l — x) 

= ■“2 Y = 2 


The S.F. diagram is a straight line, being — ^X B and 
dropping uniformly by w for every foot as the section moves 

Wl Wl ^ • 

away from B. At the centre, Fc = -^ ~ Beyond C in 

wl 

the portion CA, it changes sign ending with — at A. The B.M. 


diagram is a parabola with zero values at the supports, reaching 

a maximum of — or — at the centre, where the S.F. is zero, 
o 8 


^ (v) Partially distributed load. 






Fig. 47 

(a) A freely supported beam of 16 feet effective span 
carries a load of f ton per foot run over the right-hand half of 
the span. Construct the S.F. and B.M. diagrams. 
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The reactions at the supports are i?A = tons; Hb = 4*5 
ton-wt. For any section in the portion CB distant x from B, 
Fx = Rh — W.X 


3x 

= 4*5-which is a straight line starting with 

4 

4*5 tons at B and reaching (4'5 — 6) or — 1 *5 tons at C. 

3x 

The S.F. is zero where 4*5 — 7- = 0 

4 


or * = 6 feet from B. 



This is an equation of a parabola. The value of the B.M. 
at C is Me = 4’5 x8 — f x8 x8 = 36 — 24 = 12 ton-feet. 

For the maximum, differentiate the expression for Mx 
with regard to x and equate to zero. 

Thus, ^ = 4*5 -I X 2x = 0 
dx ® 

.•. 6x — 36 

or X = 6 feet from B. 

Mmax = 4*5 x6 — fx6x6 

= 27 —Y = 13*5 ton-feet. The maximum 
B.M. has occured at the section where the S.F. is zero. 

We could have obtained the position and amount of maxi¬ 
mum Bending Moment by re-arranging the expression for 
Mx into: f [12* —x®] 

i.e. I [36-(6-*)®] 

The value of Mx is always less than § x 36 or 13-5 ton-feet 
at any section, the maximum value being 13*5 ton-feet, when 
(6 — *)® = 0 i.e. when * = 6 feet. 

For any section between C and A, the S.F. is constant and 
equal to 1*5 tons, while the B.M. diagram is a straight line. 
The S.F. and B.M. diagrams are shown in fig. 47. 
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(b) A freely supported beam, of 16 feet eflfective span, 
has a load of 3 tons per foot run uniformly distributed over 
2 feet, 3 feet away from the centre towards the right. Construct 
the S.F. and B.M. diagrams. 

The reactions are = 1 *5 tons and = 4-5 tons. 


In the portion BE, for any section distant x from 
Fx = 4"5 tons 
Mx = 4-5x 


Me = 4*5 X 3 = 13-5 ton-feet. - 

C ,_g 


■ 11 - 




B, 



Fig. 48 

In the portion ED, 

Fx — 4-5 — 3 {x — 3) which is a straight line, becoming 
zero at = 4-5 feet. 

At D, Fn = 4*5 — 3 X 2 = — 1*5 tons 

Mx = 4*5;e - ~ 

2 

= 4'5* —f {x — 3)^, which is a parabola. For the 
maximum, differentiate the expression with regard to x and 
equate to zero. 

Thus, =4-5 — 3 (x — 3) = 0 or = 4-5 feet. 

X 4-5-1 X 1-52 
= 20-25-3-375 
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= 16'875 ton-feet, at 4^ feet from B. 

Also, Mu — 4-5 X 5 — 3 x 2 = 16*5 ton-feet. 

In the portion AD, the S.F. is constant at I ^ tons and the 
B.M. is a straight line. The diagrams may now be drawn as 
shown in fig. 48. 

Iv Combined point loads and distributed loads. 

A beam is freely supported over a span of 20 feet. It 
carries a uniformly distributed load of 1 ton per foot run over 
5 feet from the left hand support and also from the centre upto 
the right hand support. It has, besides, two point loads of 2 
and 5 tons at 5' and 15' from the left hand support. Construct 
the S.F. and B.M. diagrams. 

27 57 



■1 ^ 


D C 

-20'- 



35-625 


-♦ 9 - 375 / 
52 - 20 ] 


B.M. 


Fig. 49 

The reaction at the supports are, 

= 9*625 tons 
Rb = 12-375 tons. 

The S.F. diagram may be started from B with the upward 
reaction of 12-375 tons. It presents no difficulty. 
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It may be noted that the position of the section where the S.F. 
is zero is 2*375 feet from E or 7*375 from B. 

For any section between B and E, 

Mx = 12*375* —The curve will be parabolic. 

Mz = 12*375 X 5 — 12*5 = 49*375 ton-feet. 

Between E and C, 

AC® 

Mx = 12*375ac —-— 5 (* — 5), which also is parabolic. 
At C, 

Me = 12*375 X 10 - 50 - 25 = 48*75 ton-feet. 

For the maximum B.M., differentiate Mx with regard to 
X and equate to zero. 

Thus, ^ = 12*375 -*-5 = 0 
dx 

or, * = 7*375 feet from B. 

7*375® 

Mre^ = 12*375 X 7*375-—5 x 2*375 

= 52*20 ton-feet. The maximum occurs at 
the section where the S.F. is zero. 

For any section between A and D, distant * from A 

Mx = 9*625* —which is parabolic. 

Mo = 9*625 X 5 — 12*5 = 35*625 ton-feet. 

Between D and C, 

M, = 9*625*-5 (*-|)-2 (*-5) 

= 2*625* + 22*5, which is a straight line. 

At C, 

Me = 2*625 X 10 + 22*5 = 48*75 ton-feet, as already 

found. 

* From a study of the S.F. and B.M. diagrams in fig. 49, 
it will be noticed that where the S.F. is constant, the B.M. is 
a straight line and where the S.F. is a straight line, the B.M. 
diagram is parabolic. 
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III. Overhanging beams: 

(i) Beam with overhang at one end. Point-loads. 

A beam 20 feet long, has one support at the left-hand end 
and the other 16 feet avfay, the beam overhanging it by 4 feet. 
It carries a load of 1500 Ib-wt. at the free end and loads of 
2500 and 2000 Ib-wt. at 4 and 11 feet respectively from the left 
support. Construct the S.F. and B.M. diagrams. 


2500 2000 ISOOLB.wt. 



Fio. 50 


The reactions at the supports are 2125 Ib-wt. at A and 
3875 Ib-wt. at B. The S.F. diagram m3^ be drawn without any 
difficulty, the value of S.F. being constant between loads. It 
changes sign at B and C, The B.M. diagram will consist of 
straights. So we shall work out the values of the B.M. under 
the loads and at the supports, plot them and complete the 
diagram. Beginning at E, 



96 


MECHANICS OF STRUCTURES 


[ Ch. IV 


Me =0 

Mb = 1500 X 4 = 6000 lb-feet clockwise. 

Mb = 1500 X 9 - 3875 x 5 = - 19375 -f 13500 
= — 5875 lb-feet i.e. 5875 lb-feet anticlockwise. 

The B.M. has changed sign between B and D. 

Me = 2125 X 4 = 8500 Ib-fcet anticlockwise and is of 
the same sign as Md. When the B.M. diagram is drawn, it will 
be on either side of the base line. For all sections from E to 
P in fig. 50, the nature of the B.M. is as indicated by the arrows 
2) and it tends to bend the beam convex upwards, while 
from P to A, it is (Zt) tending to produce concavity upwards. 
The deformation of the beam is indicated by the dotted line in 
fig. 50. At the section at P, the nature of curvature of the beam 
changes. It is therefore called a point of contrary flexure or 
“ Contra-flexure” o r a point of inflexion. jiSiwi®ey~toTocafe 
tfiis point, because the M. at it is zero. 

If the distance of P from E is x, 

Mp = 1500X-3875 (x-4). 

Equating this to zero, we get 
2375x = 15500 

.*. a; = 6'53 feet. The point of contraflexure occurs 
at 6*53 feet from the free end. 

In the case of overhanging beams, bending moments will 
change sign, a part or parts of the beam bending convex 
upwards and the rest bending concave upwards. For the 
purpose of drawing the B.M. diagram, we may adopt the 
convention that bending moments which tend to produce 
coiwexity upward will be considered positive _and therefore 
those tending to produce concavity upwards will be negative. 
This is only a convention and there is no objection to adopting 
the reverse. However, the convention that we have suggested 
is convenient when we come to the study of deflections of beams. 

Similarly, for Shear Forces, we shall adopt the convention 
that up ward fo rces to the right-of a section will be xxuuidered 
positW^ and downward fo^pes, negative. Therefore upward 
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forces to the left of a section will be treated as negative, the 
downward forces being positive. 

Beam with overhang at one end. Uniformly distri¬ 
buted load. 

A beam 18 feet long is supported at one end, the other 
support being 15 feet away. It carries a uniformly distributed 
load of I ton per foot run over the entire length. Construct 
the S.F. and B.M. diagrams. 


^jTONIFT. 


^ 1 rf 



^ i J 


rl 



3-9 


l-5‘ 




S.F. 



The reactions at the supports are /?a =3*6 tons and 
Rii ~ 5*4 tons. The S.F. diagram is easily drawn. Begin 
at C and proceed towards A. Just before crossing the support, 
the value of is ^ 3 = 1-5 tons downwards. As soon as 
we cross J?, it goes up by 5-4 tons. The diagram is therefore 
3-9 tons above the base line at 5, dropping steadily at ^ ton per 
foot run until at A, is 3-6 tons downwards. The S.F 
passes through its zero value at 7-2 feet from A. 


For any section between C and B, distant x from C, 


Mx == w,x. 


+ 


wx^ 


x^ 

T 
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This relation is parabolic, the value at B being 

Mb = ^ X ^ = 2-25 ton-ft. 

This is positive according to our convention. 

For any section between B and A, distant x from C, 

Mx = + w.x. ^ — Rb ~ 3) 

4 

The effect of Rb being to produce a moment of the oppo¬ 
site nature, the value of Mx starts diminishing from +2-25 ton- 
feet at J5, until it becomes zero at some point, changes sign, 
and after reaching the maximum negative value at some sec¬ 
tion, becomes zero again at A. 

For the position of the point of contraflcxurc equate M'x 
to zero. 

^ - 5-4 ^ - 3) = 0 

21-6;c + 64-8 = 0 
or (a:— 18) (x —3*6) =0 

X = 3*6 feet or 18 feet from C. 

The B.M. is zero at A and at 3*6 feet from C. This is the 
point of contraflexure. 

For maximum bending moment, 
dM^c 2x ^ „ 


or X = 10*8 feet from C. The maximum B.M. occurs 
at 10*8 feet from C or 7*2 feet from A. 

= -3-6 X 7-2 + i X 7-2 x y 

= — 3-6 X 3-6 = — 12-96 ton-feet. 

The B.M. diagram may now be completed as in fig. 51. 

It will be noted that the maxima values of the B.M. occur 
at sections where the S.F, is either zero or it changes sign. 
The maximum negative value of 12-96 ton-feet occurs at 7-2 
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feet from A, where the S.F. is zero and the maximum positive 
value of 2*25 ton-feet is at B where the S.F. changes sign. 

(iii) Beam with overhang at one end. Uniformly distri¬ 
buted load over the entire length and a point load at the free 
end. 

A beam of 20 feet length is hinged at one end and freely 
supported at a distance of 15 feet from the hinge. It carries 
a uniformly distributed load of \ ton per foot run over the entire 
length and a point-load of 16 tons at the free end. Construct 
the S.F. and B.M. diagrams. 




Fig. 52 


The reactions at the supports are — 28 tons upwards, 
while /?A at the hinge is 2 tons downwards. 

The S.F. diagram begins with 16 tons downwards at 
C and drops at J ton per foot run as we proceed towards B 
where it reaches the value of 18’5 tons downwards. As soon 
as we cross 5, it goes up by — 28 tons upwards, coming 
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above the base line by 9-5 tons. Thence onward to A it drops 
steadily at 4 ton per foot run until at A it reaches the value of 
2 tons. The shear force does not become zero anywhere but 
changes sign at the support B, For any section between C and 
B, distant x from C, 

= + 16 ^ -h ^.x. — 

x^ 

== + 16a: + T reaching the value at B of 
4 

25 

Mb ==i6'^ 5H —T ~ 86-25 ton-feel. 

4 

For any section between B and A^ the bending moment 
will start diminishing due to the opposite moment of the reac¬ 
tion i?B* 

For a section distant x from A, 

Mx — 1 2x ^ X. — 2x — 

152 

At A/b - 2 15 i — 30 56-25 86-25 

4 

ton-feet as before. 


The B.M. is positive throughout and does not change sign. 
There is no point of contraflexure and the beam will bend 
convex upwards along its entire length. 


Overhang on both sides. Point-loads at ends. 

A beam of length (/ + 2a) with supports I apart, overhang 
of a at each end, carries a load W at each end. Construct the 
S.F. and B.M. diagrams. 


The reactions at the supports are each W. The S.F. 
between E and B h W downwards. Between 5 and A^ there is 
no shear force. Between A and Z), it is again W but opposite 
in sign. 


The B.M. at any section between E and B, distant from 
E is Mx = + W.x^ a straight line reaching the value 4 W.a 
at B. Between B and A, the B.M. is constant and equal to 
+ Wm, Between A and Z), the B.M. diagram is the same as in 
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the portion BE, The B.M. is throughout positive and the 
beam will bend convex upwards. 



K '' 

W 

S,F, 

W 



,Wa + Wa 
B.M. 

Fig. 53 




(v) Overhang on both sides. A number of point loads 
on the beam. 

A beam 20 feet long has supports 14 feet apart, overhang¬ 
ing 2 feet on the left and 4 feet on the right. It carries a load 
of 4000 Ib-wt. at the left end and 3000 Ib-wt. at the right, 
besides three loads of 3000, 2000 and 4000 Ib-wt. at 3, 7 and 
10 feet from the left support. Construct the S.F. and B.M. 
diagrams. 

The reactions at the supports arc = 8214 lbs. and 
i?B= 7786 lbs. The S.F. diagram may be drawn as usual, the 
value keeping steady until a load is encountered, when it sud¬ 
denly changes by the amount of the load. The S.F. changes 
sign at the supports and at C, the middle point of AB, The 
B.M. diagram will consist of straights. It is therefore enough 
to calculate the values of the B.M. under each load and at the 
supports, plot them and join up the straights from load to load 
to complete the diagram. 
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Mb = 3000 X 4 = + 12000 Ib-fcct 
Mg = + 3000 X 8 - 7786 x 4 

= + 24000 - 31144 = - 7144 lb-feet. 

Me = + 3000 X 11 - 7786 x 7 + 4000 x 3 
= + 33000-54502 + 12000= -9502 lb-feet. 
Mp = + 4000 X 5 — 8214 x 3, working from D 
= + 20000 - 24642 = - 4642 lb-feet. 

Ma = + 4000 X 2 = + 8000 lb-feet. 


4000 3000 2000 4000 3000 LB 





The B.M. diagram may be completed as in fig. 54. The 
maximum positive B.M. is at B and the maximum negative at 
C. At both places, the shear force changes sign. There is 
a point of contraflexure between A and F and another between 
G and B. 

Let the distance of the first one be x from D. Then 

4000a:- 8214 (x-2) =0 
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;e = 3*894 feet from D. 

If the distance of the other point of inflexion is x from 
3000x - 7786 (x - 4) = 0 
i.e. 4786;c = 31144 

AT = 6*5 feet from E. 

From the ends to the points of inflexion, the beam bends 
convex upwards and it will be concave upwards between the 
points of inflexion. 

(vi) Beam with double overhang. Uniformly distributed 

load. 

(a) A beam 20 feet long has supports 12 feet apart with 
an equal overhang of 4 feet at each end. The beam has a 
uniformly distributed load of ^ ton per foot run over the entire 
length. Construct the S.F. and B.M. diagrams. 

The reactions at the supports are 5 tons each. Drawing 
the S.F. diagram is a straightforward job. The B.M. at E is, 
AIe =+Jx4xy = +4 ton-feet. 

At the centre C, the B.M. is, 

AIq = -j~’^X 10 x5 — 5 x6 = -f" 25 — 30 
— — 5 ton-feet. 

The S.F. and B.M. diagrams are shown in fig. 55. 

For points of contraflexure, if x is the distance from 5, 

M, = + x.^ —5 (x — 4) 

= —- 5(x-4)=0 
4 

x2 - 20x + 80 = 0 
(x-10)2 = 20_ 

X = 10 ± a/20 

== 10 i 4*472 i.e. 5*528 or 14*472 feet from B. 

The distance of the point of contraflexure is ^20 or 
4*472 feet on either side of the centre C. 
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The maximum positive moment is at either support. The 
maximum negative moment is at the centre. Of the two, which 
will be the greater depends upon the position of the supports. 
In this problem, the central negative moment is the larger. If 
the supports are moved nearer the centre, the support-moment 
will increase and the central moment will diminish. There is 
one particular position of the supports for which the support- 
moment is numerically equal to the central moment. In this 
case, the maximum moment, positive or negative, is as small 
as possible. 


^ ? TON/FT. 




c 

- 12 ^ 




!fi 


C I 




Consider a beam of length I carrying a uniformly distri¬ 
buted load of w per unit length. To find the position of the 
supports so that the maximum B.M. is as small as possible. 


end. 


Let the supports be placed at a distance of x from either 

wl 

The reactions at the supports will be — each. 


The support-moment, 

X 

A/b = 4" w,x.-- = + 


wx^ 
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The central moment, 

, ^ wl I wl 

Mc = + 


wl I 

r 


This is negative. If the support moment is to be numerically 
equal to the central moment, the algebraic sum of and Me 
must be zero. 




If the overhang is large as compared with the supported 
length, the B.M. in the supported portion may not change sign 
at all, the B.M. diagram being as shown in fig. 57. In this 
case, the beam will bend convex upwards throughout. 
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(b) Beam with double overhang. Point-loads and uni¬ 
formly distributed loads. 
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is a point load of 5 tons at each free end, a uniformly distributed' 
load of 2 tons per foot run over the supported length and 1 ton 
per foot run over the overhanging portion on the right. Construct 
the S.F. and B.M. diagrams. 

The reactions at the supports are = 23*6 tons and 
/?E ” 32*4 tons. The S.F. and B.M. diagrams are shown in 
fig. 58. The B.M. diagram is a straight line in the portion 
AD and is parabolic from D to E and from E to B, The support 
moments arc 

Mii — 5 4 — + 20 ton-feet 

and Me — 5x6-f-6y3 = +48 ton-feet. 

The maximum negative moment which is 66*49 ton-feet 
occurs where the S.F. is zero, i.c. 10*7 feet from E. The points 
of contraflexure are T146 feet from D and 2*546 feet from E, 

4. Relation between the S.F. and the B.M. at a cross- 
section of a beam: We have drawn the S.F. and B.M. 
diagrams for cantilevers and beams, freely supported or over¬ 
hanging at ends, carrying point-loads and uniformly distributed 
loads. We have noticed that when the S.F. is constant, the 
B.M. diagram is a straight line and when the S.F. diagram is 



a straight line, the B.M. diagram is a parabolic curve. Mathe¬ 
matically it would appear that the curve of the B.M. diagram 
is one degree higher than the corresponding S.F. curve. We 
have also noticed that the maximum B.M. occurs at sections 
where the S.F. is cither zero or changes sign. That each of the 
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actions, viz., the S.F. and the B.M. at a cross-section, must be 
a function of the loading and the span of the beam, is evident. 
But there must be a definite relation between these two actions, 
which we shall now investigate. 

Consider the equilibrium of a portion C of the beam of 
length at a distance x from the left hand support. The 
forces acting on it consist of: 

fi) The load w,^x on it where w is the rate of loading on 
the beam, uniform or variable. 

(ii) The actions exerted by the portion A of the beam at 
the interface PQ^, These arc a shear force F and a Bending 
Moment M, 


(iii) The actions exerted by the portion B of the beam 
at the interface PiQ^y These consist of a shear force F SF, 
and a Bending Moment M + ^M. 

These forces and couples acting on the portion C of the 
beam are marked in fig. 59. Since C is in equilibrium, the 
system of forces acting on it obeys the laws of equilibrium. 

Resolving vertically, 

F + SF + z£;. Sx - F 

i.e. SF + = 0.(1) 

Taking moments of the forces and couples about the section 

^x 

^iQ^v “I” ~ ^ — w,'Hx, —, the value of n being 

n ^ 

2 if the rate of loading is uniform. 

Ul^F.Hx --.w.Bx~ 
n 

= F.nx .( 2 ) 

neglecting small quantities of higher order. 


We, therefore, deduce that, 
dF 


and 


dM 


=■- F, i.e., that (i) 


the rate of change of S.F. at a cross- 


dx 
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section is equal to the rate of loading at the section, and (ii) the 
rate of change of Bending Moment is equal to the shear force 
at the cross-section. 

If the rate of loading at a section is zero, as in the rase of 
point loads on a beam. 


or F z. constant. 


In this case, 


dM 

SM ^ F.^x 


a constant. 


M — F.x + C, which is a straight line. 

If tin beam has a uniformly distributed load w on it, 
dF 

dx ~ 

?>F - w.8x. 

Integrating, F — wx -f- C^, where f, is a constant. 
The shear force, therefore, follows a straight line law. 


In this case. 


dM 

dx 


^F - 


- ■ wx C’l 


T)M ' ( — wx - Cj) Sat. 

Integrating, 

O 

Tiir- 

V/ -- — I + 6^2? where C2 is 


a constant. 


The B.M. curve is therefore ii parabola, as wc have seen 
in so many S.F. and B.M. diagrams, where the loading was 
uniformly distributed. We also see now, why the B.M. is a 
maximum where S.F. is zero. 

For a maximum value of A4 


but 


dM 

dx 

dM 


dx 


0 ; 


~ F 
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5. S.F. and B.M. diagrams for beams with variable 
loading: (i) Beam of effective span I carrying a triangular 
load, zero per foot run at the ends, increasing uniformly to w 
per foot run at the centre. Construct the S.F. and B.M. dia¬ 
grams. 



Total load = average rate of loading 


i.e. 



The reactions at the supports are, 




2 4 


span 


At a section X, distant x from B, the rate of' loading 


Wx = w X — = 

112 


2wx 


The load over the portion BX of the beam is, 


is 
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Wx = average rate X ;c = ^ X 


2wx 


/ X = 


wx^ 

~r 


the dis¬ 


tance of the centre of gravity of the load being — from the 

6 

section X. 


Fx 



wl 

T 


wx^ 


for all sections from B to C. 


The S.F. diagram is a parabola, passing through zero at 
the centre. 


Mx 


—. a ; + yyx-- 
1 6 


wlx 

"T 


+ 


wx^ 

w 


The equation of B.M. diagram is a cubic, one degree higher 
than that of the S.F. curve. According to our convention, the 
B.M. is negative throughout, i.e. the beam will bend concave 
upwards. The maximum B.M. at the centre is, 


Me 


T'2 T’6 

m 

6 


It may be noted that when a load W is applied as a con¬ 
centrated load at the centre of a beam, the maximum B.M. 
Wl 

is —; when it is uniformly distributed over the entire span, it 
. Wl 

IS —; when it is piled up as a triangular load with the maximum 

. . . . Wl 

intensity at the centre, the value of the maximum B.M, is —. 

Example 1. 

A lintel spanning an opening of 8 feety carries a brick wall 18” 
thick. If brick masonry weighs 120 lb, per cubic footy calculate the 
maximum B,M, on the assumption that the effective load on the lintel 
is an equilateral triangle on the span as base. Sketch the S.F, and B.M, 
diagrams. 
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The central height of the triangle is, 

A = 4 tan60° = 4\/3 feet. 

The volume of the effective wall-load on the lintel is, 
V=^xlxhxt = ^\ S\ 4\/ 3 X Y = 24^/ 3 cub. feet. 
The total weight W == p.F = 120 x 24\/3 

— 4987, say, 5000 Ib-wt. 


The maximum B.M. at the 


Wl 

centre = — 
6 

5000 X 8 

“ 6 


- 6667 


lb-feet. 


the 


At a cross-section distant x from the right hand reaction, 

2hx — 

height of wall hx — —j— = 3 x feet. 


The weight of wall over the portion BX (fig. 60 ) is, 
Wx = p.Vx = 120 X ^x \/3x ■< t ~ 90\/3.x^ Ib-wt. 

- Wx= 2500 - 90 a / 3 -; c 2 

Mx=^- =- “ 2500 a : + 

I o 


The S.F. and B.M. diagrams may now be drawn. 

(ii) A beam of effective span I carrying a triangular load 
which is zero at one end increasing uniformly to w per unit 
length at the other end. 

The total load on the beam is, 

TA7 

yy = ave. rate > span — — 

The reactions at the supports will be 
IV 

= -y and 



w.x 


At a section Xy distant x from A, the rate of loading 21 ;;^ = —• 

V 
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The load on the portion AX of the beam is, 

WX^ X 

= i »>x-x = acting at - from 

Fx=-Ra + ^x 




The S.F. diagram is a parabola, passing through zero at 
I 


X = 


V3 




r. T.r X WX^ 

M. - R^., + 

The B.M. curve is a cubic, the maximum value of B.M. 
I 
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wP , wP 

= - - - -mwj. 

Vs 


Example 2. 

A beam of effective span 16 feet carries a triangular concrete wall 
6” thick^ the height being zero at one end^ increasing uniformly to 8 feet 
at the other. If the weight of concrete is 130 lb. per cubic foot, calculate 
the maximum B.M. on the beam. Sketch the S.F. and B.M. diagrams. 


The volume of the wall-load is, 

V = \.l.h.t = ^X 16x8x^ = 32 cub-feet. 

The total load W = ^.V = 130 x 32 = 4160 Ib-wt. 
The reactions at the supports will be, 

Rj, = 1387 Ib-wt. and Rj, = 2773 Ib-wt. 

At a section X distant x from the left hand end A, the height 
hx 


of wall A; 


I -2*"- 


The weight of wall on the portion AX is, 

x 65jt^ 

lVx= ISO X i X X X -X t = —— Ib-wt. 

2 4 


Fx =-R^ + Wx 


1387 + 


65** 


Mx = -R^.x + Wx.-^ = - 1387* -f 

The maximum B.M. occurs where 
65*2 

— 1387 -t- —^ = 0 


i.e. at * = 9-24 feet 

■Afmax = — 8545 lb-feet. 

The values of Fx and Mx at 2 feet intervals have been 
tabulated below: 
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X 

feet 

0 

2 

B 

6 

1 

8 

I 

10 

12 

14 

16 

Fx 

Ib-wt. 

-1387 

-1322 

1 


B 

-1-238 

4-953 

4-1798 

4-2773 

Mx 

0 

-2731 

-5201 

— 7152 

-8323 

-8453 

-7284 

—4554 

0 


The S.F. and B.M. diagrams may now be plotted. 
Example 3, 

A bulkhead 24 feet deepy is stiffened by vertical beams, spaced 3 
feet centre to centre. If water reaches the top of the bulkhead, calculate 
the maximum B.M. on a vertical beam. Sketch the S.F. and B.M. 
diagrams. Density of water = 62-5 lb. per cubic foot. 

The intensity of water pressure at the top is zero. At 24 
feet below the free surface it is w.h = 62’5 X 24 = 1500 lb. 
per sq. foot. 

Since each vertical beam is in charge of 3 feet width of 
plate of the bulk-head, the horizontal loading on a vertical 
beam will be zero per foot run at the top, increasing uniformly 
to 3 X 1500 i.e. 4500 lb. per foot run at the bottom. 

The total horizontal thrust of water on the beam is, 
X 4500 X 24=54000 Ib-wt. The reactions at the supports 
will be 18000 Ib-wt. at the top and 36000 Ib-wt. at the bottom. 


At a depth of x ft. from the top, the rate of horizontal 

X 

water thrust per foot length of the vertical beam is 4500 x 


24 


. 1500x 

i.e. — 5 — Ib-wt. per foot run. 

8 

- 1500* 375*2 

14* = J X —— X * = —:— Ib-wt. 


8 

F* = - 18000 -f 


375*2 
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125jir3 

M^=- 18000 a : + . 

4 

The maximum B.M. occurs where 
S75a;2 

- 18000 -f - 0 

4 

i.e. at AC = 8 a/s or 13*86 feet from the top. 

I25x^ 

Mnax = - 18000;c -f 


— — 8 a/ 3 ^ 18000 — 6000 } by putting x — 8a/ 3 

- - 96000 a/ 3 = - 166272 Ib-fect. 


The values of Fx and Mx at 2 feet intervals are tabulated 
so that the S.F. and B.M. diagrams can be completed. 


« 

feM 

D 

B 

4 

6 

8 

IQ 

12 

e 





24 

F« 

—18000 

—17675 

—16500 

—14625 

—12000 

-8625 

—4500 

+375 

-h6000 

-h 1237.5 

+ 19500 

-+27375 

-+36000 

M« 

lb-feet 

0 

—S5750 

—70000 

—101250 

-128000 

-148750 

—162000 

—166250 

—160000 

-141750 

—110000 

-«3250 

0 


Example 4. 

The intensity of loading on a beam of 18 feet span increases gradu¬ 
ally from 500 lb. per foot run at one end to 1000 lb. per foot run at the 
other. Find the position and amount of maximum B.M. Construct the 
S.F. and B.M. diagrams. 

The load may be divided into (i) a uniformly distributed 
load of 500 lb. per foot run throughout the span and (ii) a 
triangular load which is zero at one end A, increasing uniformly 
to 500 lb. per foot run at the other end B. 

The end-reactions to (i) are 4500 Ib-wt. at each end. 
The triangular load = -| X 500 X 18 i.e. 4500 Ib-wt. The 
reactions to this load are 1/3 x 4500 i.e. 1500 Ib-wt. at A and 
2/3 X 4500 i.e. 3000 Ib-wt. at B. The total reactions at A 
and B are therefore, 

Rk = 4500 -f 1500 = 6000 Ib-wt. 

= 4500 4- 3000 = 7500 Ib-wt. 
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Consider a section X, distant x feet from A. 

( 500;r\ 

The rate of loading Wx at the section is I 500 -1-1 

Ib-wt. per foot run. 


500x 




Fig. 62 


The load over the portion AX of the beam is, 


= 500jc + 


250;c2 

18 


Fx 


-Rk + Wx==- 6000 + 500* + 


250*2 

18 


Mx = - 6000* + 500*.| + 


250*2 ^ 
18 ’3 


= - 6000* + 250*2 ^ 


250*2 

54 
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For maximum B.M., 

250*2 

^=4— + 500* - 6000 = 0 

lo 

^ 36;^ ^ 432 

i.e. (jc + 18)2 = 756 

;c + 18 = 27-5 

or X — 9‘5 feet. 

250 

Mmax = - 6000 X 9*5 + 250 x 9-52 + T:r X 9*52 


= -30471 lb-feet. 

The values of S.F. and B.M. have been calculated at 3 
feet intervals so that the S.F. and B.M. diagrams can be drawn. 


X 

feet 

0 

3 

6 

9 

12 

15 

18 

Fx 

Ib-wt. 

— 6000 

— 4375 

-2500 

-375 

+ 2000 

+ 4625 

+ 7500 

Mx 

Ib-ft. 

0 

— 15625 

— 26000 

-30375 

im^iQ 

- 18125 

0 


6. Graphical Methods: The use of graphical methods 
for the construction of S.F. and B.M. diagrams is to be depre¬ 
cated. With ordinary loading, these curves are straight lines 
or parabolas and it is a waste of time employing the usual 
graphical methods to draw them. The object of the diagrams 
is essentially to locate sections having the maximum S.F. and 
maximum B.M. These are easily located and the maxima values 
of the S.F. and B.M. can be calculated, in most cases, without 
any difficulty. We shall, however, indicate a graphical method 
for the S.F. and B.M. diagrams for a freely supported beam 
with a number of point-loads. The method is very useful for 
working out the maximum S.F. and maximum B.M. at any 
section of a girder with travelling point-loads like axle-loads of 
locomotives. 
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Consider a beam PQ^ carrying concentrated loads 
and as shown in fig. 63. Let it be drawn to a scale of 
1" equal to p feet of its length. 

To obtain the reactions at the supports graphically, we 
construct the funicular polygon. Set off the load-line abed to 
represent the loads ^3 ^ scale of 1 inch = q 

Ib-wt. Select a suitable pole o, at a horizontal distance of h 
inches from the load-line. Join oa, oi, oc and od. On the line 
of action of the load select a suitable point and through 
it draw a line parallel to oa to cut the line of action of the reaction 
at and another line parallel to ob to cut the line of action 
of 14^2 -^1 draw parallel to oc to cut the line of action 

of at From draw parallel to od to cut the line of 
action of the reaction at q^. Join p^q-^ which is the closing 
line of the funicular polygon just constructed. 

From the pole o, draw oe parallel to the closing line to cut 
the load line abed at e. Then, de and ea represent the reactions 
and i?p. Project lines through a, i, r, d and e horizontally. 
On /?' q^ (the projection of PQ^ at level of e) as base, the hori¬ 
zontal projection lines through a, c and d together with the 
lines of actions of the loads and reactions, give the S.F. diagram 
for the beam, as shown by the shaded portion in fig. 63. 

As for the B.M. diagram, it has already been drawn in 
as much as the funicular polygon is the B.M. diagram for the 
beam for the given load system, the vertical intercept of the 
polygon at any section representing the B.M. at the section to 
some scale. 

Consider a section distant x inches from P in fig. 63. 
Let the vertical intercepts at this section in the S.F. and B.M. 
diagrams be x\x 2 and x^X 2 respectively. Let Zi inches be the 
distance of the line of action of from X in the diagram. 
The shear force at the section X is, 

Fx = R^— numerically 
= q.ea — q.ab = y {ea — ab) 
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The shear force Fx at the section is thus given by x\x '2 to a 
scale of 1" = y Ib-wt. 

The B.M. at the section X is, 

Mx = R^ X p,x — W^,p,Zx since the beam is drawn to a 
scale of 1" = /? feet. 

Mx — q.ea, p.x — q.ab.p,Zi^ substituting for and 

from the load-line of the force polygon. 

.*. Mx = p.q {ea,x — ab.z-^> 


W2 W3 



We shall prove that the expression within the brackets 
is equal to h,x^x^ where x^x^ is the vertical intercept of the 
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funicular polygon at the section; thus we get Mx = p.q.h. 
x^x^; x^x^ will therefore represent the B.M. at X to the scale of 
1 inch = p.q.h lb-feet of moment. 

Produce p^r-^ to meet x^x^ at Consider the triangles 


PiX-^x^ and oae. They are similar. 

ea oe horiz. projection of oe h 
X-yX^ Xypy^ hOHZ. prOjCCtiOn of Xypy^ X 
Cross multiplying, 

ea.x = h.XyX^ .(1) 

Likewise, triangles r^x^^ and oab are similar. 
ab ob horiz. projection of ob h 

x^x^ TyX^ horiz. projection of r^x^ 

Cross multiplying, ab.Zx = h.x^^ .(2) 

Subtracting (2) from (1), we get, 

{ea.x — ab.z-^ = h {xy^x^ — •^ 2 -^ 3 ) ~ h.XyX^^ 
which proves the proposition. 


The funicular polygon thus represents the B.M. diagram. 
If it is desired to have the B.M. diagram on a horizontal base, 
the closing line of the funicular polygon has to be horizontal. 
This is achieved by selecting any pole 0 on the horizontal through 
the point e for constructing the funicular polygon. If the 
loading is in ton-units, q will represent the scale of loading in tons. 

7. Inclined Beams and beams with oblique load¬ 
ing: If the load system is not at right angles to the axis of the 
beam, it can be resolved axially and at right angles. The trans¬ 
verse components will produce Shear Forces and Bending 
Moments while the axial components will give direct pulls 
or pushes. The cross-section of a beam with inclined loading 
on it, will have therefore, three actions to resist, viz., (i) a direct 
force P which may be tensile or compressive, (ii) a shear force 
F and (iii) a bending moment M. We shall therefore have to 
draw three diagrams to represent the actions P, F and M across 
all sections of the beam from one end to the other. 

Consider a beam of length L feet weighing w lb. per foot 
run, vertically supported at A and P, the tops of the supports 
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being I feet horizontally, and h feet vertically apart. If 0° is 

h 

the inclination of the beam to the horizontal, sin6 — j and 
I ^ 

COS0 = - 7 . 


The vertical reactions at A and B are each —. 



Resolving the system axially and transversely, the com¬ 
ponents of the end-reactions are cos0 or ^ transversely 

and ^ sin6 or ^ axially. 

The vertical loading w per foot run is equivalent to Z(;cos0 

wl wh 

or — transversely and K;sin6 or — axially. The total 
JLi Ju 

wl 

transverse uniformly distributed load Wt — — X L = wL 

JLi 

The maximum B.M. will be at the middle of the beam, being 
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Wt.L 

8 


i.e. 


wLL 


or 


Wl 
8 ’ 


where W is the weight of the beam 


and / is its horizontal span. 


The diagrams for P, F and M are shown in fig. 64. 


Example 5. 

A ladder AB 25 feet long^ weighing 20 lb. per foot run^ rests 
against a smooth vertical wall with the bottom resting on rough ground. 
B is 15 feet vertically above A. A man weighing 150 lb. is standing 
on the ladder at 5 feet from the bottom end. Calculate the reactions 
at the ground and the wall and construct the axial thrust^ shear force and 
B.M. diagrams for the ladder. 

If 0 is the inclination of the ladder to the horizontal, 

sin0 = ^ and cos0 = 1 

25 5 25 5 


Let and Pg normal reactions at the ground and 

wall respectively and Rj the frictional resistance at the ground. 
Applying the laws of equilibrium and resolving vertically and 
horizontally, 

== 500 + 150 = 650 Ib-wt., R^ = Rf- 

Taking moments about A^ 

15^2 = 500 X 10 + 150 X 4 = 5600 
/?2 = 373’3 Ib-wt. = Rf. 

The ladder AB is in equilibrium under a system of vertical 
and horizontal forces which are all known. Resolve the 
system axially and transversely to AB. 

At P, the axial component 
373-3 X 4 

= PoCOsG ==-= 298-64 Ib-wt. 

5 

And the transverse component 
373-3 X 3 

Fb - P2sin0 = - == 224 Ib-wt. 

At A, the axial component, 
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- /?isinO + /?ycos0 = 650 X I + 373-3 X | = 688-64 

Ib-wt. 

And the transverse component 

Fj, = /?icos0 - /?/sin0 - 650 < | - 373-3 x f = 296 Ib-wt. 



A 


Fig. 65 

The rate of loading of 20 lb. per foot length of ladder is 
equivalent to 20 sin0 or 12 lb. per foot run axially and 20 cos0 
or 16 lb. per foot run transversely. Taking the axial and trans¬ 
verse systems of forces separately, the thrust, shear force, and 
Bending Moment diagrams can now be drawn as shown in 
fig. 65. The maximum B.M. occurs where the S.F. is zero. 
From the S.F. diagram it is seen that this section is 14 feet from B. 

Mmax - - 224 X 14 + 16 X 14 X 7 
= - 1568 lb-feet. 
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Example 6. 

A horizontal beam AB, 12 feet long, is hinged at A and freely 
supported at B. It carries forces of 500, 800 and 600 Ib-wt. at 2, 
6 and 9 feet from the hinge and inclined at 45°, 60° and 30° respect¬ 
ively to the horizontal as shown in fig. 66. Construct the normal thrust, 
shear force and Bending Moment diagrams. 


800LB. 





Resolve the system vertically and horizontally. The verti¬ 
cal system consists of 353-5, 693 and 300 Ib-wt. at D, C and E 
respectively, the vertical reactions at A and B being. Fa 
- 716-1 Ib-wt. and Fb = 630-4 Ib-wt. 

The horizontal system consists of 353-5, 400 and 520 
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Ib-wt. at Z), C and E respectively, the force at C being opposite 
in direction to those at D and E, The horizontal reaction at 
the hinge is a thrust of 473-5 Ib-wt. 

The three diagrams can now be drawn. 

Example 7. 

A vertical post 15 feet high^ fixed at the bottom^ carries two cranes^ 
one on each side as shown in fig, 67, Construct the normal thrust^ shear 
force and Bending Moment diagrams for the post, 

A 3000 ^000 




Fig. 67 

Let and Og be the inclinations of the ties CE and AF 
to the horizontal. 

tanOj — ^ and tanOg = 4 . 

At E, resolving vertically and horizontally, 

^:(?.sin0j^ == 4000 
^:^.cos0i = de 

de ~ 4000 cot 04 = 4000 x 4 = 6000 Ib-wt. 

The thrust in the member DE is 6000 Ib-wt., the pull ce 
in the tie CE being such that it has to balance a vertical load 
of 4000 lb. and a horizontal thrust of 6000 Ib-wt. at E, Its 
vertical and horizontal components are therefore 4000 and 
6000 Ib-wt, respectively. 

Similarly at F, resolving vertically and horizontally, 
of sin 02 = 3000 
of COS 02 = cf 

cf= 3000 cot 02 = 3000 x 4/3 = 4000 Ib-wt. 
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The thrust cf in the member CF is 4000 Ib-wt., the pull 
af in the tie AF being such that it equilibrates the vertical load 
of 3000 lb. and a horizontal thrust of 4000 Ib-wt. at F. 

The forces on the vertical post AB may now be stated as 
under; 

(i) At A, the pull af which is equivalent to 3000 Ib-wt. 
vertical and 4000 Ib-wt. horizontal. 

(ii) At C, the thrust cf of 4000 Ib-wt. horizontal accom¬ 
panied by a pull ce from the other side, which is equivalent to 
4000 Ib-wt. vertical and 6000 Ib-wt. horizontal. 

(iii) At D, the thrust de of 6000 Ib-wt. 

(iv) Reactions at the fixed end B. 

Starting from A, the three diagrams can now be drawn. 

8. Fixed Beam with end couples: A beam AB of 
length I is fixed at its ends with end-couples and Mb 
acting on it. 



B.M. 

Fig. 68 


The unbalanced couple (Mb — Ma), assuming Mb is 
greater than Ma, can only be balanced by another couple of 
the same magnitude but opposite in direction. 
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The reaction at the supports will therefore consist of two 
equal forces T ~ T, acting upwards at B and downwards at 
A to offer the balancing couple T.l. 

and T = 

The S.F. diagram is a rectangle as shown in the figure. 
Consider a section X distant x from A. 

= T.X = + (Mb - M^).l 


The value of Mx at a: = 0 is Ma and at x = I, it is Mb- 
The B.M. diagram is thus a straight line whose end ordi¬ 
nates are Ma and Mb- 


9. Beam with an intermediate couple: A beam 
AB of length I is hinged at A and freely supported at B. A 
couple (i acts on it at C whose distance from ^ is a and from 
B it is b, such that a b — 1. 



Fig. 69 

Construct the S.F. and B.M. diagrams. 

The reactions at A and B will be T — T as shown in 
fig. 69, such that T.l = [x 


T = 


l' 
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The S.F. diagram is a rectangle having T as its ordinate. 
Consider a section in the portion AC, distant x from A. 

M, = r.* = + y 
At C, AfoA = + 

For a section between C and B, Mx = T.x — (x. 

At C, Mcb = r.a - p = - (X 

(jL [I — a) \Lb 

^ I 

The S.F. and B.M. diagrams are shown in fig. 69. 


EXAMPLES IV 

(1) A cantilever of 5 feet span, carries a load of 2 tons at 2 feet 
from the fixed end, a load of 1 ton at the free end and a load of 4 tons 
uniformly spread over the second and third feet of the length, measur¬ 
ed from the free end. Construct the S.F. and B.M. diagrams. 

(Frnax =7 tons; Afmax =21 ton-feet.) 

(2) A cantilever of 6 feet span has a central downward load 

of 4 tons, an upward force of 1^ tons at the free end and a uniformly 
distributed load of ^ ton per foot run between the two point-loads. 
Construct the S.F. and B.M. diagrams indicating the position of the 
point of contraflexure. (3-56 feet from free end.) 

(3) A beam freely supported over a span of 14 feet carries con¬ 
centrated loads of 2, 3, 4 and 5 tons at 2, 6, 9^ and 11J feet from the 
left-hand support. Construct the S.F. and B.M. diagrams. 

(Afmax = 27'77 toh-feet.) 

(4) A beam, 16 feet span, carries a load of 6000 Ib-wt. uniformly 
spread over 4 feet from the centre towards the right. Construct the 
S.F. and B.M. diagrams. State the position and amount of max. B.M. 

(19687*5 lb-feet at 6J ft. from R.H. support.) 

(5) A beam, 15 feet span, carries a uniformly distributed load 

of \ ton per foot run over the entire span and two point loads of 4 
and 5 tons at 5 and 10 feet from the left hand support. State the posi¬ 
tion and amount of maximum B.M. and draw the S.F. and B.M. 
diagrams. (36*7 ton-feet at 6*84 feet from R.H. end.) 
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(6) A beam, 15 feet long, with a load of J ton per foot run over 

its entire length is hinged at one end and freely supported at 5 feet 
from the other. It also carries a point-load of 15 tons at the free end. 
Draw the S.F. and B.M. diagrams, stating the position and amount 
of max. B.M. ( + 81-25 ton-feet at intermediate support.) 

(7) In the above case, the point load of 15 tons is replaced by a 
point load of IJ tons at the free end. Construct the S.F. and B.M. 
diagrams. State the amounts of max. B.M. and position of the 
point of contraflexure. 

(+13-75 ton-feet;— 1-27 ton-feet; feet from end support.) 

(8) A girder, 40 feet long, rests on two supports with equal 
overhang on both sides and carries a uniformly distributed load of 
IJ tons per foot run over the entire length. Calculate the overhang 
if the maximum B.M. is as small as possible. State the value of this 
moment and the position of the points of contraflexure. 

(8*28 feet from ends; 51*6 ton-feet; 11-7 feet from ends.) 

(9) A beam, 50 feet long, rests on supports 40 feet apart with an 
overhang of 10 feet at the right hand end. The beam weighs -2 ton per 
foot run and carries a concentrated load of 15 tons at the middle of its 
supported length. Calculate the maximum moments and position of 
the point of contraflexure. Construct the S.F. and B.M. diagrams. 

(+10 ton-ft.; — 185 ton-ft.; 10*86 feet from R.H. end.) 

(10) A beam, 20 feet long, rests on supports 12 feet apart, the 
right hand end overhanging its support by 5 feet and the left hand end 
by 3 feet. The beam carries a uniformly distributed load of 14 tons per 
foot run between the supports, a point load of 6 tons at the extreme 
right hand end and a point load of 4 tons at the left hand end. Cons¬ 
truct the S.F. and B.M. diagrams and state the position of the points 
of inflexion. 

f Afmax = + 30 ton-feet; — 6*75 ton-feet at 8 feet 1 

1 from L.H. end; 5 and 11 feet from L.H. end. J 

(11) A girder 30 feet long rests on supports 20 feet apart, with 
an overhang of 6 feet on left and 4 feet on right. It carries a uniform 
load of 2 tons per foot run from the left hand end to the right hand 
support and a concentrated load of 30 tons at the right hand end. 
Construct the S.F. and B.M. diagrams and state the positions of the 
points of inflexion. 

f Afmax = + 120 ton-ft.; —•26-6 ton-ft at 13-9 feet 1 

I from L.H. end; 8-78 and 19-02 feet from L.H. end. J 

(12) A girder 40 feet long is supported over 25 feet with an 
overhang of 10 feet on the left and 5 feet on the right. The girder 
weighs i ton per foot run and has a load of 6 tons at the L.H. end, 
10 tons at the R.H. end and a concentrated load of 30 tons at 10 feet 
from the L.H. support. Draw the S.F. and B.M. diagrams. 

(Afmax = + 72-5 ton-ft.;-— 134 ton-feet at the 30-ton load.) 
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(13) A timber beam 25 feet long and 15^ square in section 
floats horizontally in sea water. The weight of timber is 40 lb. per 
cubic foot and of water 64 lb. Two equal weights just sufficient to 
inunerse the beam arc placed on it 7 feet from each end. Calculate 
the value of each weight. Draw the S.F. and B.M. diagrams for the 
beam and state the value of maximum B.M. 

(468-75 Ib-wt.; 918-75 Ib-feet.) 

(14) In the above case, if the two point loads are replaced and 
instead a point load of 500 Ib-wt. is placed at 5 feet from the L.H. end, 
what should be the value of another point load and where should it be 
placed so that the beam is just immersed and retains its horizontal 
position? Draw the S.F. and B.M. diagrams. 

(437-5 Ib-wt. at 3-93 feet from R.H. end.) 

(15) A beam 20 feet long is freely supported at the ends and 
carries a uniformly distributed load of J ton per foot run throughout 
the span and an additional load of IJ tons per foot run for 14 feet 
from the L.H. end. Find the position and magnitude of maximum 
B.M. and draw the S.F. and B.M. diagrams. 

(86-92 ton-feet at 9-33 feet from L.H. end.) 

(16) An 18'' thick and 8' high wall, triangular in elevation with 
one end vertical rests on whole of a 20' span beam which is freely 
supported at each end. Calculate the position and amount of max. 
B.M., if masonry weighs 120 lb. per cub. foot. Calculate the S.F. 
and B.M. at 2 feet intervals and plot the diagrams. 

(37000 Ib-ft. at 11-55 feet from L.H. end.) 

(17) A wall triangular in elevation, covers a girder, the apex of 
the wall being over the middle of the span. If the span is 20 feet and 
the central height of wall is 12 feet, its thickness being 18^, calculate 
the S.F. and B.M. for sections at 2 feet inter\^als and plot the diagrams. 
Density of masonry = 130 lb. per cubic foot. 

(Afmax = 78000 lb-feet at centre.) 

(18) A single skin cofferdam is subjected to a head of 18 feet of 
water. If the plate is held in a vertical position by two horizontal 
supports one at the surface of water at the top and the other 18 feet 
below at the bottom, find the position and amount of maximum B.M. 
on one-foot width of sheeting. Weight of water =64 lb. per cubic foot. 
Calculate the S.F. and B.M. at 2 feet intervals and plot the diagrams. 

(24000 lb-feet at 10-39 feet from top.) 

(19) A steel plate bulkhead 15 feet high is stiffened by vertical 
beams, spaced 30" centre to centre. They are supported horizontally 
at top and bottom. If the compartment on one side of the bulkhead is 
filled with water, calculate the position and amount of maximum B.M. 
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for one of the stiffeners, if the density of water is 62*5 lb. per cubic foot. 
Calculate the S.F. and B.M. at 3 feet intervals and plot the diagrams. 

(Afmax = 33820 lb-feet at 8-66 feet from top.) 

(20) A horizontal beam, 16 feet long, freely supported at the 
ends, carries a concrete wall 9'" thick; its height is 6' at one end and 
increases uniformly to 10' at the other. If density of concrete is 140 lb. 
per cubic foot, find the position and amount of maximum B.M. 
Construct the S.F. and B.M. diagrams for the beam. 

(26930 lb-feet at 8-32' from L.H. end.) 

(21) The beam AB, shown in fig. 70, is 12 feet long and is hinged 
to a wall at A and supported horizontally by a strut DE, 10 feet long, 
hinged to the wall a.t E, 10 feet vertically below A, and at Z) to a verti¬ 
cal projection CD, 2 feet long, which is rigidly attached to the beam 
at its midpoint C. The beam carries a uniformly distributed load of 

5T 


B 


Fig. 70 

one ton per foot run over the whole length and a point load of 5 tons 
at the free end B. Calculate the reactions at the hinges A and E, 
the thrust in the strut BE, and draw the S.F. and B.M. diagrams 
for the beam AB, 

Fa=- 6 ton downwards; rE=17*60 tons upwards; //= 13*2 tons; 1 
de=22 tons; Mcb = + 48 ton-feet; Mca = + 21*6 ton-ft.J 

(22) A beam, 24 feet span, is subjected to end moments of 30 
and 50 ton-feet. The couples act at the ends in opposite directions. 
Construct the S.F. and B.M. diagrams. 

(T = Y ton-wt.) 

(23) A beam AB, 20 feet long, is hinged at A and freely supported 
at B. A clockwise couple of 15000 lb-feet is applied at C at a distance 
of 15 feet from the hinge A, Calculate the reactions at the support and 
construct the S.F. and B.M. diagrams. 

(r = 750 Ib-wt.) 
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(24) The cantilever in question 1 has in addition, a clockwise 
couple of 10 ton-feet applied to it at the free end. Construct the B.M. 
diagram. 

(Afmax = 31 ton-feet.) 

(25) The beam in question 23, also carries a uniformly dbtribut- 
ed load of 800 lb. per foot run. Calculate the end reactions and draw 
the S.F. and B.M. diagrams. 

7250 Ib-wt. at L.H.; 8750 Ib-wt. at R.H. end;\ 

. Mcb =- 33750 Ib-ft.; Mca 18750 Ib-feet; I 
Afmax = — 32850 lb-feet where S.F. is zero. j 



CHAPTER V 


BEAMS AND BENDING— D. 

Stresses in Beams 

1. Stresses in a beam section: In the preceding 
chapter we have studied the effects of a load system on the 
cross-section of a beam, viz., the Shear Force and the Bending 
Moment. These have to be resisted and, as usual, the stru¬ 
ctural member — in this case the beam — has to deform it¬ 
self. As it bends, resistances to the actions are set up and the 
process of bending will stop when every cross-section has set 
up full resistance to the Shear Force and Bending Moment 
acting on it. At any point in the cross-section of a beam, there 
will thus be (i) a stress to resist the Bending Moment and 
(ii) a stress to resist the Shear Force. We shall first take up the 
resistance to the Bending Moment, as it is the more import¬ 
ant of the two. 

2. Theory of Simple Bending: Consider a strip Sx 

of the beam subjected to a bending moment M. All the layers 
of the strip from top to bottom will bend. In figure 71(a), 
the top layer AC has bent to GH to and the bottom 

layer BD to All these layers which were originally of 

the same length Sx are no longer so. The top one has been 
compressed, its length now being As we proceed lower, 

the layers have suffered compression but to a lesser degree 
until we come across the layer EF which has suffered no change 
in its length, though it has got bent into Below EF the 

layers are stretched, the amount of extension increasing as we 
proceed lower, until finally, we get to the bottom-most layer 
BD which has stretched to B-J)-^. The layers above EF have 
been compressed, those below EF have stretched, the amount 
of compression or extension depending upon the position of 
the layer with regard to EF which is known as the neutral layer 
because it has neither stretched nor has it been compressed. 
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Let us consider the deformation of some particular layer, 
say G//, which is at a distance j from the neutral layer EF. 
The strain of this layer is, 


e 


- ^ compressive. 

(jH 



Fio. 71 


The strip has bent and the various layers from AC down 
to BD have taken up their respective shapes, the nature of 
curvature depending upon the moment Af. Any infinitesimal 
length of a curve is equivalent to and therefore can be looked 
upon, as an arc of a circle of a definite radius. 

and are not necessarily circular arcs but if Sx is very 

small, they can be looked upon as arcs of concentric circles with 
centre 0, the intersection of B^A-j^ and produced. Thus 
EyF^ will be treated as an arc of a circle with centre 0 and 
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radius OE^. O is called the centre of curvature and the 
radius of curvature. 

Let 0£j = R. Then, arc Ej^F-^ = i?.6, where 0 is the 
angle subtended by the arc at 0. But since E^F-^ has suffered 
no change in length, — R.Q = Bx; = OG^.Q 

— (R—jy).d, since the distance of the layer from E^F^—y. 
The original length GH of the layer is which is i?.6. 

The strain e of the layer is therefore given by, 

GH-G^H^ i?.0 - {R -jv)0 y 
" ~ GH ~ i?.0 ~ R 

We therefore deduce that the strain of any layer is pro- 
portjonaL to its distance ironTfhe neutral layer, since "7?, "the 
radius of curvature of the neutral layer at a given^sec^n is 
constant. The strain is compressive or tensile according as 
the layer is above or below the neutral layer, the maximum 
strain being at the top and bottom layers, liyc and^z are res¬ 
pectively their distances from the neutral layer, the correspond¬ 
ing strains ec and et are given by, 

yc A y^ 

ec = -^ and et =-^ 

The variation of strain, which is a straight line is shown 
in fig. 71(4). 


3. Neutral Axis: The intersection of the plane of the 
neutral layer with the cross-section of the beam is called the 
Neutral Axis. The intensity of stress at a point in the cross- 
section at a distance j from the neutral axis can now be deduc¬ 
ed. Within the Elastic limit, stress is proportional to strain. 


The intensity of stress p, therefore, 


is equal to E.e or —^ where 


E is the modulus of Elasticity, p being compressive if the point 
is above the neutral axis and tensile if below it. Obviously, 
since the strain at any point is proportional to its distance from 


the neutral axis, the corresponding stress is also proportional 
to the distance from the neutral axis, E and R being constant. 
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The distribution of stress is shown in fig. 71(r) alongside 
the strain variation. If fc and ft are the stresses at the top and 
bottom of the section. 




E.yc 

R 


and ft = 


E.yt 
R ’ 


P 

since — 

y 


E 

R 


These stresses which are set up are intended to resist the 
bending moment M at the cross-section. Now, a couple can 
only be balanced by a couple. So the resistances set up by the 
section must reduce to a couple which will be numerically 
equal to M but opposite in direction. 


Consider an elementary area Ba of the section at a height 
above the N.A. [fig. 71(^)]. The intensity of stress/» on the 
E.y 

area is sensibly if its thickness ^ is small. The thrust 8C 
K 


exerted on the area is equal to p. Sa. If we add up all the thrusts 
on the elementary areas above the N.A., they will reduce to 
a single resultant thrust C, Similarly, all the elementary pulls 
ST = p.Sa on areas below the N.A. will add up into a single 
resultant pull T. C and T will be equal and will constitute 
a couple to resist the bending moment M [fig. 71 (</)]. 


If we sum up all the elementary resistances p.Sa from top 
to bottom, the result must be zero, since C = T. 



The expression y.Sa stands for the moment of the elemen¬ 
tary area 8a about the N.A. and Sj.Sa represents the sum of 
the moments of all the elementary areas about the N.A. But 
this must equal the moment of the sectional area A about the 
N.A. We therefore get, 
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where j is the distance of the centre of gravity of the area 
of cross-section from the N.A. 

j == 0, i.e. the centre of gravity of the sectional area 
lies on the N.A. 

In the preceding reasoning, we had postulated a neutral 
layer and therefore the neutral axis, but about its exact loca¬ 
tion, we were not in a position to make any statement. Now 
we know that the neutral axis passes through the centre of gra¬ 
vity of the area of cross-section. 


4. Moment of Resistance: To obtain the Moment 
of resistance, one way would be to work out the value of C or 
T and calculated the lever arm of the §o^^le. Then, the 
moment of resistance Mr =C or T x a. Tnere is another 
and easier way to calculate the moment of resistance. 


The resistances set up by elementary^ areas Sa of the cross- 
section are all parallel forces, thrusts above the N.A. and pulls 
below it. The algebraic sum of the moments of all these forces 
about any line must be equal to the moment of their resultant 
about the same line. The resultant in this case, is a couple and 
the moment of a couple about any line is the couple itself, 
j^ake moments of all the elementary pulls and p mhes abou t the 
"-neutral axis. Their algebraic sum will necessarily be equal 
to the resultant couple or the moment of resistance which we 
desire to evaluate. Thus, 




yyU.y 


If each elementary area Sa is multiplied by the square of 
its distance from the N.A., the summation of these products 
is This is purely a mathematical expr ession and is 

called the Momenf of inertia or the Sec ond M oment of the 
section about the T^.A.~and is'usually denoted by the letter I. 
The expression for the Moment of Resistance, therefore becomes, 
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El 


I 


E 

R‘ 


We have already shown that 


P 

y 


E 

R' 


We may combine the results and state that 


Mr 

I 


t-i 

y 


This result is very important and should be remembered. 

The relation Mr = — expresses the moment of resistance in 

“ —- 


terms of the stress at any point in the cross-sectipn ancLthe 
dimensions of tHe^ cross-section. For purposes of design, it is 
desirable to express the moment in terms of maximum stresses 
which occur at the top or bottom of the section. 

Thus, Mr-^ X/ = — X/. 
yc yt 

The expression can be further simplified into 


Mr =fcZc -ftZu Zc being 


— and Zt being —. 
yc yt 


The term Z which stands for the moment of inertia of 
the section about the N.A. divided by the extreme value of 
y is called the “Mod ulus of section ”. ’ 

If the section of the beam is perfectly symmetrical, its 
centre of gravity and therefore the N.A. will be at the middle 
of its depth d. In this case, 
d 

yc =yt == 2 


and Zc = Zt = ^^ 

fc =ff 

If we denote the extreme intensity of tensile or compres¬ 
sive stress by / and the section-modulus rrr by Zt tbe expres- 

0/2 

sion for the moment of resistance is Af = f.Z’ 
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5. Assumptions made in the 


simple Theory of 

Mr P E 


Bending: We have worked out the key formula — = — == — 




in this theory of simple Bending. We may now review the 
reasoning and take note of the assumptions tacitly made in 
evolving the formula. 

In figure 71, the plane sections AB and CD before bend¬ 
ing have been shown after bending, as plane sections and 

CiDi. Thus, to begin with, assumption has been made 
that transverse sections which were plane before bending re¬ 
main plane after bending. y^Ve worked out the strain ^ of a 
layer GH and deduced that the stress p — E.e. This is true 
only if the Elastic Limit for the material is not exceeded^" Fur¬ 
ther, we have assumed that each layer is free to expand or con¬ 
tract independently of the layers above and below it. Other¬ 
wise, E in the expression p = E,e will not be the pure modulus 
of Elasticity but some modified form. In summing up Sj&.Sa 

E 

from top to bottom we substituted —. y for p. We tacitly assumed 

K 


that the modulus of Elasticity in tension and compression 
was the same. 


We may summarise the assumptions as under: 

(i) Transverse sections which are plane before bend¬ 
ing remain plane after bending. 

The material is homogeneous and isotropic, i.e., 
it possesses the same elastic properties in all direct¬ 
ions and the Elastic limit is not exceeded. 

(iii) Each layer is free to expand or contract indepen¬ 
dently of the layer above or below it. 

(iv) The value of E is the same in tension and compre¬ 
ssion. 


For this theory of simple bending, the beam section must 
be symmetrical about the plane of bending. 


Example 1. 

Find the maximum intensity of stress induced in a steel flat 
wide X thick if it is bent into a circular arc of 40 feet radius. 
E = 13000 tonslin^. 
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M 

/ ~ y~ R' 


At the inner and outer surface, the value ofj is - or J". 


- E t 
^ 2 


13000 1 , ,, 

X - = 6-77 tons/in2. 



A beam of symmetrical section is 14" deep and has a moment of 
Inertia of 442‘57 inch units about its principal axis. To what radius may 
it be bent if the maximum skin-stress is not to exceed 8 tonsjin^? Take 
E = 13000 tonslin^. What would be the moment of resistance at 
this stress? 


I dl2 R 

E.d 13000 X 14 
~ 2f ~ 2x8 


= 11375 inches or 947-9 feet. 


/ 442>57 

Also Mr = f X — =8 X = 505-8 ton-inches. 


Example 3. 

A beam of symmetrical section, depth = 16", I = 618 inch units, 
is simply supported over a span of 24 feet. What uniformly distributed 
load may it carry if the maximum bending stress is not to exceed 
7^ tonslin^.? What concentrated load may be carried by the beam 
at the centre with the same permissible skin-stress? 

^ ^ ^ = 77-25 inch units. 

a/2 8 

At 7^ tons/in*, bending stress, the moment of resistance 
of the beam Mr =f.Z — ^ 77-25 = 579-375 ton-inches. 


If a beam carries a total load W uniformly spread over 


its span I, the maximum B.M. is 


Wl 

8 


at the central section. 
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If 14^ is the load in tons, the maximum B.M. is 
ton-feet i.e. 361V ton-inches. 


Wx24: 

8 


or 3W 


Since the moment of resistance has to balance the bend¬ 
ing moment, the two are numerically equal. 

Equating, 36fV = 579'375 
W — 16*1 tons 

or ’671 ton per foot run. 

If the load W is concentrated at the centre, the maximum 
Wl 

B.M. is at the central section, 

24 

i.e. —:— X 12 or 72 JV ton-inches. 


Equating the bending moment to the moment of resistance, 
72 = 579-375 

fV = 8-05 tons. 


Example 4. 


A beam of symmetrical section has a depth of 20" and a moment 
of inertia of 1673 inch units about its axis of bending. Find the maxi¬ 
mum permissible span for this beam if, simply supported at the ends, 
it has to carry a uniformly distributed load of f ton per foot run without 
exceeding a bending stress of 8 tons/in^. 

The section-modulus Z = 167-3 inch-units. 

0/2 10 


The moment of resistance offered by the section at a stress 
of 8 tons/in^. =fZ ^ ^ 167-3 or 1338-4 ton-inches. 

If I is the permissible span in feet, the total load W — wl 
31 

or —- tons. 

4 


The maximum B.M. at centre 


Wl 


i.e 


3/2 

32 


ton-feet 



ton-inches. 
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Equating the bending moment to the moment of resistance 
9/2 

= 1338-4 

8 

1189-68 

or / = 34-49 feet. 

Important: 

Mote L The stress is specified in terms of a unit area, 
usually one square inch. The dimensions of a beam section 
are also usually in inch units. The modulus of section is thus 
in inch units. The expression for the moment of resistance 

wiU ^Iso be in inch-units. On the other hand, the bending 
moment, depending as it does on the span, is usually in feet 
units as the span is specified in these units. In equating the 
bending moment to the moment of resistance, care mus t be 
taken to convert the bending moment to inch-units. 

Mote 2, The expression for the moment of Inertia is 
If the dimensions of the section are in inch-units, the 
units of moment of Inertia will be in^. x in^. or in^. The units 

I in^. 

of the modulus of section which is — will be -r-^ i.e. in®, 

0/2 in. 

6. Beams of rectangular section: In the examples 
worked out above, the moments of Inertia of beam sections were 
supplied but we shall be able to use the formula Mr =f-Z freely 
when we know how to calculate for ourselves the moments of 
Inertia and moduli of section of the common beam sections. 
The rectangular section which is common for timber joists, is so 
simple that it is possible to arrive at its modulus of section with¬ 
out recourse to its moment of Inertia about the axis of bending. 

Let b be the width and d the depth of the section. Divide 
the sectional area into a number of thin strips parallel to the 
N.A., of the same thickness Consider an elementary strip 
at a height above the N.A. The area of the strip Sa 
=:b. 8j/ = constant, since all the strips have the same width and 
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thickness. The stress-intensity p on this area in terms of the 
extreme stress f is given by 

p_± ,, 

j dj2 ^ d ' 

The elementary thrust on the area Sa is given by 
8 C =p.8a = 

/ 



Since /, d, 8a are all constant, SC varies as If we draw 

a diagram of thrusts for all areas from j = 0 to j; = it will 

be a straight line as shown in fig. 72. 

The resultant of all these parallel thrusts will be C = aver- 

/ b.d 

age intensity of stress x area under compression = - x — 
fb d 

— acting at the centre of gravity of the triangle of thrusts 
4 

2 d d - 1_ TVT A 

i.e. at - X — or - from the N.A. 

o z, o 

Similarly, all the parallel pulls below the N.A will add 

/ b.d fbd d 

up to a single resultant force ~2 ^ ~2 ~ ~4~ 3 

from the N.A.; C and T constitute the couple of resistance whose 

. d d . 2d 

arm a is 3 + 3 i-e. -j-' 
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Its moment is C or T x a = — x — =/ X i btP 

The sectioormodulus for a rectangular section is “Ihere- 
fore ^ bd^. 

Example 5. 

A timber joist of rectangular section 6" wide x 12" deep is freely 
supported over a span of 16 feet and carries a uniformly distributed 
load of 6000 Ib-wt. Calculate the skin stresses at 2, 4, 6 and 8 feet 
from the left-hand support. 

The modulus of section = ^ X6 x 12 X 12 = 144 in*. 
The bending moments at the specified sections will be: 

X 2 y 1 = 5250 lb-feet. 

= 63000 lb-inches. 

X 4 X 2 = 9000 lb-feet. 

= 108000 lb-inches. 
X 6 X 3 = 11250 lb-feet. 

= 135000 lb-inches. 
X 8 X 4 = 12000 lb-feet. 

= 144000 lb-inches. 


At 2 feet, - 3000 x 2 - 


6000 

16 


At 4 feet, M. = 3000 y 4 


6000 

.16 


’<) lA 
'>6000 

At 6 feet, = 3000 x 6 

‘.I vlr 


At 8 feet, = 3000 x 8 


6000 

16 


Since at any section, Mr = fZ, the extreme fibre stresses 
at the specified sections will be: 


, Mo 63000 

M 4 108000 

Z ~ 144 

f __ 135000 

Z ~ 144 

Mg 144000 

Z ~ 144 


= 437*5 Ib/in*. 
= 750 Ib/in*. 

= 937*5 Ib/in*. 
= 1000 Ib/in*. 



146 MECHANICS OF STRUCTURES [Ch. V 

The stress distribution across the four sections is shown in 
fig. 73. 



This is a timber beam for which the usual permissible 
stress is 1000 Ib/in^. or \ ton/in^. The beam section is there¬ 
fore quite adequate to take the load of 6000 Ib. spread over 
a span of 16 feet, the maximum fibre-stress induced being just 
1000 Ib/in^. at the central section. At other sections, the bending 
moment is less and since the same section has been provided 
i.e. the modulus of section Z W the same at all sections, the 
skin stress will be correspondingly less. It might then appear 
that material could have been saved and economy effected if 
the section had been reduced to suit the bending moment 
so that the skin stress was the maximum permissible for the 
material. A little thought however, will show that for ordi¬ 
nary spans and loads, it is much better to have beams of the 
same section throughout because a little saving in material is 
more than counterbalanced by the labour and cost involved 
in cutting a beam of a carefully designed variable section. 
For long spans and heavy loads, however, as in the case of 
bridge-girders, it is wasteful to provide the same section through¬ 
out and it is varied to suit the Bending Moment it has to resist. 
Such beams of varying section are known as beams of uniform 
strength and will be discussed later. 

7. Moments of biertia of sections: We shall now 
proceed to work out moments of Inertia of common sections. 
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To begin with, we shall take note of two very useful proposi¬ 
tions. 

I. Moments of Inertia about parallel axes. 

If the moment of Inertia of a plane area about an axis 
GG (in its plane) passing through the centre of gravity of area 
is denoted by /ggj the moment of Inertia of the area about a 
parallel axis AB, at a distance h from GG is given by /ab = 
Jgg + where A is the area of section. This is the well- 
known parallel-axes theorem and is easily proved. 



I 


Fig. 74 

Consider an elementary area Sfl at a distance y from GG. 
Then, /gg = Also /ab ■=^{h the minus sign 

being taken if the area Sa is below GG. 

.-. /ab = ± 2hy) 8a 

= + lyUa ± 2hl,y.8a 

== A.h^ /gg i 0- 

Xy. 8a is the algebraic sum of the moments of all elemen¬ 
tary areas 8a about the axis GG. This is equal to A.y where 
y is the distance of the centre of gravity of A from GG. But 
as GG passes through the centre of gravity of the area, y must 
be zero. The proposition is therefore proved. 

II. If Ixx and lyy are the moments of Inertia of a plane section 
about two axes XX and TT in its plane at right angles to each other, 
the moment of Inertia I^z of the section about the axis ZZ 
pendicular to the plane and passing through 0 — the inter¬ 
section of XX and TT — is given by I^z = !xx + /^r* 
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Consider an elementary area Sa of the section, its coordi¬ 
nates referred to XX and TT as axes of reference, being 



The distance of the area from the origin 0 or the axis 
through 0 is given by, 

r2 == 

Now, IXX == and lyy = 

/„ = Sr2 Sa = 2 (y + 8a = ^_y^8a + ^x^.8a 
— ^xx “ 1 " lx>' 

(i) Rectangular section: breadth h, depth d. 

Divide the section into a series of strips parallel to XX. 
Consider a strip of thickness ^ at a distance y from XX. 


II 



.+ dl2 

Ixx= 8a = 

y^.b.dy 

J 

-dl2 

rdl2 

= 2^1 y^.dy 

O 

o 


_b^ 

Ixx 1 

The modulus of section Zxx = -rr — 'F 

rf /2 o 

If the moment of Inertia of the section about a side, say 
AB, is required, it can be easily derived by the parallel-axes 
theorem. 
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=: J- Lbd^ = 

12 4 3 

The moment of Inertia of the section about the axis TT 
will be, 

lyy — 

It is best to remember that the moment of Inertia of a 
rectangular section about a principal axis ^ width 

X (depth)3. f/ ^ ‘ 



If the moment of Inertia of an area is expressed as I = 
A.k^, the term k is called the radius of gyration of the area about 
the axis. This is very useful because if the “k” of a section is 
given, we obtain I immediately by working out Ak^. 

For the rectangular section, 

^xx ~ ~ A.kxx—kd.kxx 

■ kxx = or kxx = rr~7=^ 

**12 2\/3 

Similarly, 

1 .o . b 
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(ii) Hollow rectangular section; /-section; Channel 
section. 

Let the dimensions of the hollow rectangular section be 
Bx D externally, the internal width and depth being b and d 
respectively. 



Fig. 77 


The moment of Inertia of a hollow rectangular section 
about the axis XX is the difference of the moments of Inertia 
of two solid rectangular sections of dimensions B x D and 
b X d. 


= ^B.D^ - ^b.(P. 
12 12 

The modulus of section 


BD^ -b<P , D 
12 • 2 
b(P 


6D 


Also Ixx — A.kxx 

BD^-b(P 
**“12 {BD-bd) 

If the area of a hollow rectangular section is re-arranged 
either by (i) shifting a side-web to the other end or by (ii) shifting 
both side-webs to the centre, we obtain the channel section and 
the /-section respectively. 

The re-arrangement does not affect the value of any ele¬ 
mentary area 8a of the web nor its distance'j from the axis XX. 
And since Ixx = 2y^.Sa, the moment of Inertia Ixx of a channel 

(5Z>3 - b(P) 

12 


section or an /-section about the axis XX is 
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In the case of the /-section, d is the_^ffemiee-J?elaKeen„the 
over-all width and the thickness of the web. 

The moment of Inertia of the hollow rectangular section 

- dP 

about the axis is given by, ^ =- — -, but that of 

the channel or /-section will not be the same, since in shifting 
the side webs, though Sa remains the same, its distance from 
the axis TT is altered. 

(iii) Circular section. 

(a) Solid circular section: diameter d. 

Split up the section into a number of strips parallel to 
XX and consider an elementary strip of thickness ^ at a distance 
j> from XX such that y = rsin0, r being the radius of section. 



The area of strip, 8a = 2r.cos6.^. 

Since ^ = r. cos 6.80, 

8a = 2r2.cos20.80 

r+ W 2 

Ixx = Sj2.8a = I r2sin*0.2r2cos20.rf0. 

J-7C/2 



/0 = 4r4 



sin*0/0 — 


I 


TT 

^sin40/0 
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Also, 


dl2 32 ^ 

Ixx ~ ^•I^XX 


^xx 


16 


or 



r 

2 ’ 


The moment of Inertia of the circular section is derived 
more easily by dividing it up into a series of elementary con¬ 
centric rings and calculating the moment of inertia about the 
axis ZZ- 



Fig. 79 


Consider an elementary ring of radius x and thickness hx. 
The area of the ring Stz = 27zx,^x, The moment of inertia 
of a thin ring or hoop about its central axis is area X radius^. 
The moment of Inertia of the section about the central axis is 
therefore given by, 


Izz = 






= 2 ;c2.27r;vSA: = 27r|^ x^dx 

o 

Tzd^ 


Tzn 


or 


32 


But, A 


= 2/xx, since hx lyy hy 


1 -Li 

Ixx-^Jzz- g^. 

(b) Hollow circular section: 


nal diameter d. 


symmetry 


external diameter Z), inter- 
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TZ 

I 


(Z)4 - d^) 




yrnax 

A.k^ 

2)2 + rf2 
16 


64 


{D* 

— (D* 
64 ^ 




7t {D*-d*) 
322) 


■ d*) =- (2)2-//2) yfc2 


(iv) Triangular section: base b, height h. 

We shall first calculate the moment of Inertia of the section 
about its base AB. Divide the section into a series of strips 



Fig. 80 


parallel to the base and consider an elementary strip of thick¬ 
ness Sj at a distance y from AB. If b^ is the width of the strip, 
bx h — y 


b h 

The area of the strip Sa = bx.^y = ^ {h—y) Sy. 



The moment of Inertia Iqq about a parallel axis through 
the centre of gravity of the section can be obtained by the 
parallel-axes theorem, since. 




154 


MECHANICS OF STRUCTURES 


[Ch. V 


1 h 2 
= loo + 2 b.h.{—) 

= loo + ^ M3 

_bjfl _bjfi 

■'oo--j2 “78 ~ 36‘ 

-Example 6. 

A floor has to carry a load of 160 lb. per sq.foot. If the span 
of each joist which is 3" wide x 9" deep is 15 feet, calculate the 
spacing centre to centre if the maximum permissible bending stress is 
1200 lb. per sq. inch. 

The section-modulus of each joist = ^bd^ = -i X 3 x 81 

0 6 

== 40-5 in®. 

The moment of resistance of each joist at a maximum stress 
of 1200 Ib/in®., is given by, 

Mr ^fZ = 1200 X 40-5 = 48600 lb-inches. 

If the joists are pitched x feet apart centre to centre, the 
total load per joist, IT’=160x;txl5=: 2400a: Ib-wt. The 
maximum B.M. at the central section, 

Wl 2400 X a: X 15 
” 8 “ 8 
= 4500a: lb-feet. 

= 54000;: lb-inches. 

Equating, 

54000X = 48600 

X = -9 feet, say 10|" centre to centre. 

Erfomple 7. 

Find the dimensions of a timber joist, span 20 feet, to carry a 
brickwall 9" thick and 10 feet high, if the weight of brickwork is 120 
lb. per cub. foot and the maximum permissible stress is limited to 
1100 Ibjin^. The depth of the joist is to be twice its width. 

The weight of the brickwall )y=120xfxl0x20 

= 18000 Ib-wt. 
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Maximum B.M. = 


H7 

8 


X 12 lb-inches. 


18000 X 20 X 12 

8 


or 540000 lb-inches. 


If b is the width and d the depth of the joist in inches, 

Z = \bd^. 

The moment of resistance at 1100 Ib/in^. is, 

M, = 1100 X ^ bd!^ lb-inches. 

Equating the moment of resistance to the B.M., 


1100 


brP’ = 540000 


bd^ = 


32400 

11 


Since, d = 2b, we get, 

4i3 = ! 2^0 

11 

.-. b^ = 736-36 


or b = 9-03" 
and d = 18-06". 

A section 9" x 18" will therefore do. 


Ejcample 8. 

A 12” X 5” rolled steel joist of I-section has flanges -55" thick 
and web '35” thick. If the permissible skin stress is limited to 7^ 
tonsjin^., find the safe uniformly distributed load that this section will 
carry over a span of 16 feet. 

Ixx for the section = (BD® — bd^), where B = 5", 

D = 12", A = (5 - -35) ^r 4-65" and 
rf= (12-2 X -55) = 10-9". 

Ixx = h (5 X 123-4-65 X 10-93) (8640-6022) 

= 218-2 in*. 

^ = 36-37 in3. 

The moment of resistance at 7J tons/in^. is, 

218*2 

Mr -=f.Z = 7-5 X ^r— = 272-75 ton-inches. 
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If W is the total uniformly distributed load in tons, 

Wl 

Afmax = - 5 — X 12 ton-inches 
o 


X 16 X 12 
8 


or 2^W ton-inches. 


Equating, 2^W = 272-75 

= 11-37 tons 

or w = -11 ton per foot run. 


Exjx!fnple 9. 

A cast iron water pipe 18^' bore^ f" thick^ is supported at two 
points 30 feet apart. Find the maximum stress in the metal when it 
is running full. Density of cast iron 450 lb. per cub. foot and of water 
62\5 lb. per cub. foot. 


The section of the pipe is a hollow circular section, 
D = 19-5"; d = 18". 


The area of section A = ^ (19-5^ - 18^) ~ :r X 37-5 x T5 

4 ' 4 

— 44-18 sq. in — -3068 sq. ft. 

Dead weight of pipe = 450 x -3068 x 30 = 4142 Ib-wt. 

Weight of water = 62-5 X ~ X 1-5^ X 30 = 3314 Ib-wt. 

Total weight W — 7456 Ib-wt. 

= 3-33 ton-wt. 

Wl 

Maximum B.M. = x 12 ton-inches, 
o , 


3-33 X 30 X 12 

8 


or 150 ton-inches. 


/xxfor the section ^ (2)4 - ^ (19-5^ - 184). 

64 b4 


= ^ (380-2 4- 324) (380-2 - 324) 
64 

= ^ X 704-2 X 56-2 = 1942 in*. 
64 



Art. 8] 


BEAMS AND BENDING-II. 


157 


^ = 199-2 in^ 

mi /* 150 o 

The maximum stress / = — = '753 ton/in-. 

8. Strength of sections: The strength of a beam 
section does not depend upon the sectional area provided but 
upon the disposition of that area in relation to its neutral axis, 
in other words, on the s ytion-modulus A beam of rectan¬ 
gular section b wide and d deep has* a modulus of section of 
^ bcP. The same section, used as a beam with d as width and b 
as depth has a modulus of section of only ^ db^. Used in this 
manner, the strength of the beam is reduced in the proportion 

^db^ -T- ^bcP or If d is equal to 2i, the reduction in strength 

is 50%. 

Example 10. 

For a given stress, compare the moments of resistance of a beam 
of suqare section placed (i) with two sides horizontal and {ii) with a 
diagonal horizontal. 



fO (//) 

Fig. 81 

Let b be the side of the square section. When placed with 
two sides horizontal, the modulus of section ^ b.b^ = ^ 

In the second case with a horizontal diagonal, the moment 
of Inertia of section is, 

/ab = 2 X f. X X {^bV2)^ 

b* 
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ymax — 


b 



The modulus of section Zz — 


ymax 


~ \/2 ~ 6\/2 


The ratio of strengths = 


^2 


V2 = 1-414. 


The square section is thus 41*4% stronger if placed with 
two sides horizontal than with a diagonal horizontal. 


This is evident from a glance at the section. If it is 
divided into a series of thin strips parallel to the N.A., it is seen 
in the second case that maximum area is provided at the N.A. 
where the stress is zero and minimum area, furthest away from 
the N.A. where it should be most effective. The disposition of 
the sectional area is thus wasteful in case (ii) as compared with 
case (i), where the same elementary area of strip is available 
from the N.A. upto the extremities of the section. 


^Example 11. 

A beam of 1-section^ 12'' X 6" has flanges thick and web Y 
thick. Compare its flexural strength with that of a beam of rectangular 
section of the same weighty the depth being twice the width. 

For the /-section, 

= X 123 -5-5 X (10-25)3] 

= 864-493-5 = 370-5 in^ 

The modulus of section Z\ ~ ' =61-75 in®. 


For a rectangular beam of the same weight, the area of 
section must be the same. 

Area = 2x6x|-|-ix 10-25 
= 10-5 + 5-125 = 15-625 in^. 

Since the depth is to be twice the width b, we get, 

2*2 = 15-625 
*2 7.8125 
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or ^=2-8" 
d = 5-6". 


The modulus of this section ^ X 2*8 x 5-6* 

= 14-63 in3 


The ratio of strengths 


^2 


61-75 

14-63 


4-22. 


The beam of /-section is thus more than four times as 
strong as a beam of rectangular section of the same area. 


From this example, it is seen that even a rectangular sec¬ 
tion is wasteful as compared to the /-section, in which the dis¬ 
position of area is maximum in the flanges where it is most 
effective, the minimum being arranged in the web to connect 
the flanges. For timber beams, the usual section is a rectangle 
but for mild steel, the maximum possible use is made of the 
sectional area by adopting the /-section. 


Example 12. 

In the preceding example^ compare the flexural strength of the 
two sections with that of a solid circular section of the same area. 

If a circular section of the same area is provided, its dia¬ 
meter d will be given by, 

= 15-625 
4 

cP = 19-89 
or d = 4-46". 


The modulus of section Zz 1^^ this case is only ^ d^ 

32 

i.c. 8-71 in®. 

If the strength of this section is taken as unity, that of the 
14-63 

rectangular section is — or 1 -68 and of the /-section it is 


8-71 


61-75 


or 7-09. 


8-71 
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The disposition of the sectional area in the three cases is 
shown in fig. 82 from which it is clear that a circular section 
is very uneconomical for a beam section. 



Fig. 82 


9. British Standard Sections: Mild steel is rolled 
into standard sections such as the /-section, channel, Tee, 
angle with equal and unequal legs and /^-sections and a wide 
variety of sizes is available for use as beams and struts. The 
most important of these is the /-section which is available in 
thirty standard sizes ranging from 24" X 7|" x 100 lb. per foot 
run to 3" X 1^" X 4 lb. per foot run. Tables giving the 
dimensions and properties of standard sections are published by 
manufacturers and reference should be made to their pocket 
books or any standard work on Theory of Structures. 


10. The I-Section: The Ixx of this section has been 
shown to be ^ {BD^ — bd^) and the modulus of section Z 
BD^ — bd^ 

therefore --. A simpler expression for the modulus 


of section can be derived on the assumption that the entire 
bending moment is resisted by the flanges i.e. the resistance of 
the web is neglected. If f is the intensity of maximum stress 
and \hat at the junction with the web, the average intensity 


of 


stress across the flange-area is 


/ +/i 

2 ’ 


The total push C of the 


top flange == average stress X area of flange = 

/j is a little less than / and if we assume that the average stress 
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is for all practical purposes equal to /, the total thrust C = /.A. 
Similarly the total pull T of the bottom flange = /.A. These 
two forces form the resisting couple or moment of resistance, 
the arm of the couple being the distance between the centres of 
gravity of the trapezium-shaped stress intensity diagrams for 
flanges. If we take the arm of the couple as the distance be¬ 
tween the centres of flanges, the assumption will be on the safe 
side. 



The moment of resistance Mr is therefore = C or T x a 
-fA X distance between centres of flanges. For purposes 
of design we may even take the arm a equal to the depth d of 
the web. 

The formula then becomes, 

Mr =f.A.d 

=f.B.T.d where B and T are the width and thickness 
of the flange and d is the depth of the web. The modulus of 
section of the /-section is then simply A x d i.e. the product 
of the area of one flange and the depth of the web. This 
approximation becomes particularly useful when the /-section 
has to be built up as in the case of plate-girders. 

11. Moments of Inertia of unsynunetrical sections: 

Example 13. 

The thickness of flanges and web of an 8" x 3" British Stand¬ 
ard Channel-section are Y and f" respectively. Find the position of 
the c.g. of the section and its /x* and Ijy. 
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The section is symmetrical about the axis XX. Let P be 
the distance of its c.g. from the base AB, Split up the section 
into three areas: 



Fio. 84 

(i) Top-flange: area Cj = 3 X ^ = 1 -5 in^.; Xj 
distance of the c.g. from AB = ^ X 3 = 

(ii) Web: area a^ — {^ — 2 X X f = ^ in*.; 

^2 i ^ I = i4.*’ 

(iii) Bottom flange: flg = 3 X | = f in*.; Xg — f". 

45 

Total area of section a = ~ 5'625 


the 


in‘ 


Taking moments about AB, 

p _ ^1^1 ~t~ <^2^2 ~l~ ^3^3 _ T X'^-H'i' Xic-j-Y X'^ 

“ «! + flg + «3 “ 

71 

= li = -888". 

80 

Ixx for the section = {BD^ — bd^) 

= i (3 X 8* - 2f X 7*) = 128 - 75-03 
= 52-97 in«. 

To get the lyy, we shall first obtain /^b which is the sum of 
the moments of Inertia of three rectangles comprising the 
flanges and the web about a side. 



Using the parallel-axes theorem 
/ab — 

Ijy — /ab dP^ 

= 9-123-5-625 x (-888)* 

= 9-123 - 4-435 = 4-688 in*. 
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Example 14. 

Find the position of the c.g. and calculate /** and lyy for a 
6" X 4" X f'' British Standard Tee-section. 


_ 




Tf. 


4" 

^ I 

-Jx 


Yi “ 
Fig. 85 


The section is symmetrical about the axis TT. Let -/ be 
the distance of its c.g. from the base AB. Divide the section 
into two rectangles: 


(i) 


(ii) 


The web portion upto AB-. 

Area Aj = 4 x | = j in^.; 

the distance of its c.g. from AB is jVj = 2". 

The remaining flange portion: 


. 5. 5 43 5 215 . . 

Area», = ( 6 - 5 ) 5 =^X 5 = -p-m». 



Taking moments about AB, 

5 215 5 

/ _ «iJ'i + flaJa 2 ^ 64 ^ 16 „ 

+ =- 5 V 2 T 5 -^ ^ 

2"'' 64 

/ab = i x| X 43 +^(6-1) (1)3 = 13-33 +-44 - 13-77 in*. 
Iab = hx + a.J^, by the parallel-axes theorem. 
Ixx=Iab- a.J^ = 13-77 - 5-9 X (1-03)2 
= 13-77-6-25 = 7-52 in**. 


To obtain Jj^,, take the flange and the web separately; 
4v =n XIX 63 -ff,(4 -1) (t)» = 11 *25 -1-07=11 -32 in«. 
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Example 14a. 


6" X 4" X f" Tee-joists are pitched 18" centre to centre to span 
a room 10 feet wide. If the floor load is 1\ cwt. per square foot, 
calculate the maximum stresses induced in the section. Neglect the 
weight of the joist. 

The load taken by each joist is, 


r./ 3 3 9 


The maximum B.M. at the central section 

M . 9 10 X 12 135 

= -§- X 12, <on-m. X —= -g- 

= 16*875 ton-inches. 

Referring to figure 85, =2*97"; yt — 1*03"; Ixx -- 7*52 in"^. 

ft 


Mr = — Xl 

Jc yt 

16-875 X 2-97 


f = 
f 


7-52 

16-875 X 1-03 

7^52 


X 7 = 16-875 
= 6*65 tons/in^. 
= 2*31 tons/in“. 


Example 15, 

Find the position of the c.g. and Ixx (^nd lyy for an unequal angle 
section 5" x X 



Fig. 86 

Split up the section into two rectangles: 

(i) flj = 5 X i = 2-5 in^ ; Xj = J"; = I", using AB 

and AC as axes of reference. 

(ii) = (4- i) X i = 1-75 in2; | | x 3^ - 

y<. = V 
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- _^2^2 _ i _ 1-073" 

^ 1+^2 T 

- aiJi + agJ >2 _ f X I + f X = 121 = 1 . 57 " 

Cj + ^2 ^ ^ 

/ab =ixix53-f^x3^x(^)3=20-83 +-146 =20-976 in^ 

Tab = ^xx “l~ Cl.y^ 

Ixx = Tab - a.y = 20-976 (1-57)2. 

= 20-976- 10-5 = 10-476 in^. 

For lyy, divide the section into two rectangles 
4" X and 41" x J". Then, 

^ X i X 43 + J X 4J (i)3 = 10-67 + -19 = 10-86 in*. 

Tac = hy 

lyy = Tac - = 10-86 - (1 -073)2 

= 10-86 - 4-89 = 5-97 in*. 


Example 15a. 


A 5" X 4” X Y unequal angle bar is placed with the longer leg 
vertical and used as a joist freely supported at the ends. Find what 
uniformly distributed load will be carried by the joist over a span of 12 
feet if the maximum bending stress is not to exceed 7 tons/in^. 

= 10-476 in*.; yc = 1-57"; vt = 3-43". 

Since — = — ox fc = — xft, the maximum permissible 
yc yt yt 

stress of 7 tons/in2. will be reached on the tension side. If fe 
is allowed to go up to 7 tons/in2.,yj will be just over 15 tons/in2., 
which is not permissible; whereas if /< = 7 tons/in2., the corres- 

1-57 

ponding f = X 7 =3-2 tons/in2., which is allright. 


The 


moment of resistance Mr =ftl^ = 7 x 


10-476 

3-43 


= 21 -38 ton-inches. 


If IV is the total uniformly distributed load over the span. 
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in • u Wx 12x12 

Afmax = X 12 ton-inches =-r- or 181r 

o o 

ton-inches. 

Equating the B.M. to the moment of resistance, 

18W^ = 21-38 
PT = 1-19 tons. 

Note: The result is approximate; actually, it is a case of unsymmetrical bending, 
beyond the scope of this book. 

Example 16. 

A cast iron beam of Esection has the top flange 6" X V* thick^ 
web 9" X 7" and the bottom flange 10" X 2" thick. Find the c.g. 
of the section and calculate the Ixx cmd lyy of the section. 

Take AB the bottom side of the section as axis of reference. 
The section can be split up into three rectangles. 


(i) 

(ii) 

(iii) 



The web: 

flg = 9 X 1 = 9 in2 ; = 2 + ^x9 = 'f. 

Top flange: 

flg = 6 X 1 = 6 m2.; = 2 + 9 + ^ X 1 = f 

_ ^ fliJi + ^272 + <^=3^3 ^ 20xl4-9x7+6xf 
flj + 32 + ^3 35 


147-5 

35 


4-214". 


/ab = [i X 10 X 22] + [f, X 1 X 92 + 9 X (f)2] + 
X 6 X 12 + 6 X 
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= 26-67 + 60-75 + 380-25 + -50 + ^93-50 
= 1261-67 in*. 

4^= + a.y = 1^ + 35 X 4-2142. 

1261-67-621-6 = 640-07 in*. 

4 , = i (2 X 10* + 9 X 12 + 1 X 63) = = 185-42 in*. 


Example 16a. 

A C.l. beam of the section given above is supported over a span 
of 20 feet. If the permissible stresses are 6 tonsjinK in compression 
and 1^ tonsfin^. in tension, what uniformly distributed load will the 
beam safely carry? 

Ixx of the beam = 640 in*. 

y, = 7-786*; 
yt = 4-214" 

L=fL 

yc yt 

^ yc , - 7-786 , 

4.214 

When ft reaches 1*5 tons/in^., the corresponding stress f 
7*786 

is |“214 ^ ^ tons/in 2 ., which is within the permissi¬ 

ble limit of 6 tons/in2. Should f be allowed to go to 6 tons/in*., 
the corresponding value of f will evidently exceed the permis¬ 
sible limit of IJ tons/in2. The permissible stresses are there¬ 
fore fc = 2-77 tons/in2. and // = 1-5 tons/in2. 

- 2-77 X 640 1-5 x 640 

Mr =fcZc =ft<t = 


7-786 


or 


4-214 


= 227-7 tons-inches. 


If W is the total uniformly distributed load in tons, 

Wl 

Mmax. = - 5 — X 12 ton-inches 

O 


IT X 20 X 12 
8 


or 30W ton-inches. 


Equating, 30= 227-7 

W == 7-59 tons 
7-59 

w = = -38 ton per foot run. 


and 
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12. Moments of Inertia of built-up sections: A 

variety of compound sections is built up of standard channel, 
I, or angle sections and flat plates to make beam and column 
sections of suitable strength and stiffness. The dimensions 
and properties of standard sections are available from tables. 
The moments of Inertia of built-up sections are then easily 
obtained by the use of these tables and the parallel-axes theo¬ 
rem. A few of these built-up sections are shown in fig. 88. 




(i) (h, (I) 01 (k) 

Fig. 88 


Example 17. 

A compound section is built up of two 12" x 6" x 44 lb. R.S. 
beams placed side bj> side with two plates 14" wide riveted to each 
top and bottom flange. Calculate the Ex and lyy of the section. For 
each 12" X 6" x 44 lb. joist, area of section A = 12’94 in^.; 
Ex = 315-3 :n*; lyy = 22-27 in*. 

The section is symmetrical. Referring to fig. 88 (^), the 
Ex of the built-up section will be that for the two joists plus 
the moments of inertia of two rectangular areas 14" x 1" about 
the axis EX of symmetry. 

Using the parallel-axes theorem, the moment of Inertia 
of each 14" x 1" rectangular area about XX 
= i X 14 X 13 -h 14 x 1 x (6 + 

= 1-17 -I- 591*5 = 592*67 in* 
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The moment of Inertia of the built-up section is therefore, 
4, = 2 X 315-3 + 2 X 592-67 
= 630-6 + 1185-33 
= 1815-93 in*. 

Similarly, 

4 = 2 [22-27 + 12-94 x 3^] + 2 x 1 x 14^] 

== 44.54 + 232-92 + 457-33 
- 734-79 in*. 

Example 18. 

A built-up section is made up of two standard 15" x 4" R.S. 
Channels spaced 7J" apart back to back, with four 16" X plates 
riveted, two at the top and two at the bottom flange. Find the 4* and 
lyy of the built-up section. For each 15" x 4" Channel, A = 12’33 
in\; P = •935"; 4x = 277 in*.; lyy = 14-55 in*. 



Fig. 89 


4x = 2 X 377 + 2 [i^ X 16 x 13 -h 16 X 1 x (7-5 + -5)3] 
= 754 + 2-67 + 2048 = 2804-67 in*. 

lyy = 2 [14-55 + 12-33 + -935)3] + 2 x x 1 X 163 

= 29-10 + 541-3 + 682-67 = 1253-07 in*. 

Example 19. 

A column is built-up of three rolled steel joists in the form of a 
cross as shown in fig. 88{f). The bigger joist is 16" x6" x50 lb. 
The smaller joists attached to its web on either side are 9"x7"x 50 lb. 
The properties of the sections are: 
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618-02 in^.; 


For the 16” x 6" joist, A = 14-71 irfi.; =- 
lyy = 22-47 in*.; thickness of web = -4”. 

For the 9”x7" joist, A = 14-71 in\; 4^ = 208-13 in*.; 
lyy = 40-17 in*. 

Calculate the Ixx and lyy of the compound section and the respective 
radii of gyration. 

Ixx = 618-09 + 2 X 40-17 = 698-43 in*. 

lyy = 22-47 + 2 [208-13 + 14-71 x (4-5 + ^ x -4)2) 

= 22-47 + 416-26 + 650 - 1088-73 in*. 

Total area of section = 14-71 x 3 =44-13 in2. 

4 ^ = 698-43 = 44-13^*;, kxx = 15-8 or kxx = 3-98" 
lyy = 1088-73 = 44-13 kjy = 24-7 or kyy = 4-97". 
Example 20. 


A braced crane-jib is built-up of four 3^' x 3^" X f" angles 
forming a square section 18" overall as in fig. 88{j). Calculate the 
moment of Inertia and the radius of gyration of the section about either 
axis of symmetry. For the 5^" X 3i” X f " an^le, A = 2-49 in^. ; 
J = 1"; Ixx = lyy = 2-80 in*. 

Ixx = 4 [2-80 + 2-49 (9 - 1)2] 

= 4 [2-80 + 159-36] = 4 x 162-16 = 648-64 in4 

,o 648-64 „ 

klx = — 65-2 

4 X 2-49 

-t,. = 8-1". 


Example 21. 

A latticed stanchion is made up of two 12“ x 4” standard channels 
placed back to back at a distance x inches apart as shown in fig. 88{i). 
What should be the value of x so that the stanchion is equally strong 
in all directions? For the 12"x4" channel, A =9-21 in^.; P = 
1-055"; Ixx = 200-1 in*.; lyy = 12-12 in*. 

For equal strength in all directions, Ixx = ^r- 

Ixx =2 X 200-1 and 4y = 2 [12-12 + 9-21 x (| + 1-055)2]. 
Equating, 

12-12 + 9-21 + 1-055)2 ^ 200-1 
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(1 + 1 - 055 )* = ^= 20-42 


2 + 1-055 


4-52 


= 3-465" or * = 6-93", say 7". 


13. Graphical method for moment and moment 
of Inertia of a plane section about an axis in its plane: 

Let a be the area whose moment and moment of Inertia about 
the axis A£ in its plane are required. Draw A^B^ parallel to 
AB at a distance A from it. 


Aj p P‘, q'i q' Bi 



Divide the area a into a series of thin strips parallel to AB. 
Consider a strip PQ, of thickness ^ at a distance y from AB. 
Let P'Q^ be the projection of PQ. Select a pole O 

in AB and join OP' and OQ^ cutting PQ, at PiQ,i- For every 
strip PQ,, there will be a corresponding pair of points Pj, 

As the area a is bounded by the points P and Q^, the points Pj 
and 0,1 will enclose an area which we shall call a-^^. Then, the 
moment of the area a about AB — X k. 

Repeat the same operation on the area i.e. project 
/*i0,i to on A^B^. Join OP'i and OQJi, cutting PiO,i 

at P 20 , 2 - The points Pg and O .2 enclose another area which 
may be called a,. 
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The moment of Inertia of the area a about AB 
= flg X h^. 

Proof: 

Referring to fig. 90, 

P 0 P 0 V 

—pQ — ~ hiQ^ ” ^ from similar triangles OP^(f^ and OP'Of. 

y.P(l==h.Pfl^. 

Multiplying both sides by Sv, we get, 
y.Pd. Sj; = h.Pfl^.^y 

or y.^a = Sa and Sa-^^ being the areas of the ele¬ 
mentary strips PQ^ and thickness 8y. 

The moment of the area a about AB is the algebraic sum 
of the moments of elementary areas 8a about AB. 

/. ay = Sjv.Sfl = — KL8a^ ^ ^ which proves the 

proposition, ~y being the distance of the c.g. of the area a 
from AB. 


Similarly, 


= 7 from similar triangles OPoQ^o 

PiCix 

OP'ia'r 

V V V 

y\P(i = h\P^<l^. 


Multiplying both sides by 

Sog being the area of elementary strip P 2 Q .2 

of thickness 8y. 


Now, /ab = 8a = which 

proves the proposition. 


It will be noted that the purpose of the geometrical constru- 

y 

ction is to reduce the width of the strip in the ratio of y- By 

h 

selecting a suitable pole 0 for each strip, it is possible to have 
the points P-y and P^ in common with P so that the areas 
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and fl 2 will have a portion of their boundaries in common with 
the perimeter of the area a as in fig. 91. 



0 

Fig. 91 


The inner area is called the “Modulus figure” of the 
area a. It is extremely rare that one is required to obtain the 
moment of Inertia of any irregul^ir figure by the graphical 
method. The “Modulus figure” however, has a significance 
which will now be noted.’ 

14. The Modulus Figure: In a beam section we have 
seen that a part of the resisting area is under compression and 
a part under tension, the intensity of stress varying from zero 
at the neutral axis to a maximum at the extremities. It is possi- 

Ai P' Q' Bi 


Fig. 92 

ble to look upon this case of an area under a varying stress as 
equivalent to that of uniform stress on a modified area which is 
necessarily smaller than the original area. Consider a beam 
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section whose neutral axis is AB as shown in fig. 92. Let h be 
the distance of the compression edge from AB. Draw A^B^^ 
parallel to AB through the compression edge. With any pole 
0 on AB construct the modulus figure for the compression area 
above AB. Now consider an elementary strip PQ, of thickness 
S); at a distance y from the N.A. 

The area of the strip Sa = PQj^y. 

The intensity of stress on this area is given by, 

The elementary thrust SC on the area 8a is therefore, 
y 

8C = p.8a ==fc X ^ X 8a =fc X Saj, where Saj is the area 

of the corresponding strip in the modulus figure. The result¬ 
ant thrust on the compression area is, 

C = SSC S/c.Sfli 


The effect of the varying bending stress on the compression 
area is thus seen to be equivalent to a uniform stress fc over the 
corresponding area of the modulus figure. We have thus reduc¬ 
ed the case of a varying stress on a given area to one of uniform 
stress on a modified area — the modulus figure — which is 
naturally less than the given area. 

Applying this to a rectangular section of breadth b and 
depth dy construct the modulus figures for the compression and 
tension areas with the pole O at the c.g. of the section (see 
fig. 93). 


The modulus figures are triangles whose areas a^ are 



4 * 


If f is the extreme intensity of stress in tension or 


compression, 


C=T^f.a,= 


f.b.d 

4 


Since the intensity of stress / is uniform over the modulus 
figure, C and T will act at the centres of gravity of their modu¬ 
lus figures i.e. at ^ X ^ or from 0. The lever arm of the 
o i 6 
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moment of resistance formed by C and T is therefore — and 
the moment of resistance is, 

Mj — C or T X arm = =~ f.b.cP as already 

obtained. 




Fig. 93 Fio. 94 

The modulus figures for the compression and tension areas 
of an /-section are shown in fig. 94. 


15. Beams of uniform strength: Usually beams have 
the same sectional area throughout the span but as mentioned 
earlier, it is wasteful to have a uniform section throughout for 
beams of large spans carrying heavy loads. In such cases, it 
is customary to design a section to resist the B.M. on it at the 
maximum permissible skin stress. Such beams of variable 
section are known as beams of “Uniform Strength” to distin¬ 
guish them from beams of “Uniform Section”. The section may 
be varied by (i) keeping uniform width throughout and vary¬ 
ing the depth, (ii) by keeping constant depth and varying the 
breadth or (iii) by altering both the depth and the width. Plate 
girders of constant depth and curtailed flange-plates, plate 
and lattice girders with inclined chords are usually beams of 
uniform strength. 

For an elementary illustration of a beam of uniform strength, 
consider a beam of rectangular section carrying a point load 
W at the centre of span /. The bending moment at a distance 
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I . . W ... 

jc(<—) from either support is The resisting section 

may be designed with a uniform width b throughout and a vari¬ 
able depth dx which will be obtained by equating the bending 
moment to the moment of resistance at the maximum per¬ 
missible skin stress. 


Thus, 


a fV 

fxi xb Xdx = y .x 
.9 31V.X 

dx = —T-r- 


^ f.b 

, -\l3W.x 

The depth <4 is proportional to 's/x. At the centre, the 

V 3Wi 

-nTT- The plan and elevation of such a beam 


are shown in fig. 95(a). 



ELEVATION ELEVATION 



Fig. 95 


If the beam is designed with a variable width bx and a 
constant depth d, bx is given by, 

W 

fx\xbxX^ = y.*. 
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X. 


The width is thus proportional to x. 


value b = 


5W.I 

2/.rf2‘ 


At the centre its 


The plan and elevation of a beam of constant depth and 
variable width are shown in fig. 95(6). 


It should be needless to say that the section discussed above 
is only intended to indicate how the width or depth will vary 
for a beam of uniform strength, of rectangular section with a 
central load. 


16. Resistance to Shear Force: Shear Stresses: 

At any cross-section of a beam, the two actions to be resisted 
are the Bending Moment and the Shear Force. On certain 
simple assumptions we have seen how the section resists the 
bending moment. We shall now investigate the nature of resis¬ 
tance set up by the section to the Shear Force. 






r 


f’-T- 

-► 


* ' 1 


1_r ^ 





n 

1 


Fig. 96 


Let M and F be the bending moment and shear force at 
a given section. Let p be the intensity of stress at a given point 
in the section to resist Af. The stress p is compressive or tensile 
depending upon its position with regard to the neutral axis. 
Let q be the intensity of shear stress at the point to resist the 
shear force F. We have seen that a shear stress across a given 
plane cannot exist unless it is accompanied by a shear stress 
of the same intensity across a plane at right angles. The shear 
stress q at the point acting across the vertical section must there¬ 
fore be accompanied by a horizontal shear stress of intensity 
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about the N.A. and ^ y.Sa is the sum of the moments of all 

the elementary areas from to j>c about the N.A. But this is 
equal to the moment of the beam section area from to yc about 
the N.A. We therefore deduce that, 




F 

LZi 


X moment of the sectional area from to jc 


about the N.A. 


This is the intensity of horizontal shear stress at a height 
from the N.A. But the intensity of vertical shear must be 
the same. Dropping the suffixes we get, 


g = — X moment, about N.A., of the sectional area from 
I.Z 


top to the point under study where z is the width of section at 
the point and / is the moment of Inertia of the beam section 
about the N.A. 


17. Shear stresses in beams of rectangular and 
circular sections: (i) Rectangular section: width b, depth 
d. To evaluate g at a. distance y from the N.A. 

In fig. 98, the shaded area = b j). 




Fig. 98 

The distance of its c.g. from the N.A. is the mean of y and 
2 2 ^2 moment of the area about the N.A. 

= b {--y) X 2 (g +:>’) = 2 
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The intensity of shear stress is, 
F b F 


I.b 2^4 


q increases as j diminishes until at the N.A. where j is zero, 
9 is a maximum. The variation of q with regard to j> is para¬ 
bolic, whereas the bending stress p varies by a straight line law. 
At the top, the value of q is zero. At the N.A., 


^max — 


FJ^ 
81' 
1 


Since I = 


\2F.<F 

8-b(P 


8F 

2bd 


= l-5q, 


'average. 


The maximum intensity of shear stress for a rectangular 
section is 50% higher than the average. Below the N.A. the 
value of q diminishes, becoming zero at the bottom. See fig. 98 
for the stress distribution. 


It is interesting to note how Nature compensates. Of 
the two actions M and F at a section, we have seen that where 
the B.M. is a maximum, the S.F. is usually zero. Where neither 
is zero while the effects of M are maximum at the extremities 
and zero at the N.A., the effects of F are just the reverse, being 
zero at the extremities and maximum at the N.A. 

(ii) Solid circular section: diameter d. 

At a height y above the N.A., width of section 
Z ~ 2\/r2—where r is the radius of the section. 




Elementary area of a strip of thickness Sy is. 
Sa == 2\/ r^—y^. Sy. 
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The moment of Sa about the N.A. 

= y.Za = 2y'\/ r'^—y'^.^y. 

The moment of the shaded area about the N.A. 


(.r _ f 

= I 2y'\/r^—y^.8y — 1 y.z-dy. 

y _ y 

Since z = 2‘\/ —y^ 

= 4 [r^—y^') 

2z-8z = — 

or 

Substituting, the moment of the shaded area 




12 


9 = 


X moment of shaded area 

I.z 


F ^^z^ _ F _2 F 
Lz ^ 12 “ 12 x/’^““ 12x7 


X4(r2-y2)=_(r2-j2). 


The intensity of shear stress q again varies with regard to 
^ by a parabolic law, being zero at the extremities and reaching 

F.dy 

a maximum of or — r at the N.A. 


3x7 12x7 

7 for a solid circular section is 

F 4 


erf* 


Qmax 


64 

64 16 F A F 4 ^ 

T2’ -Kd^ ~T’^~ 3 ^ “ 3 ' 


1 *^3qa 


For a solid circular section the maximum intensity is 33^% 
higher than the average. 


18* Shear stresses in beams of I-section: Let B 

and D be the overall width and depth of section and b and d 
the thickness and depth of web. 

In the flange: 

At a distance jy from the N.A., width of section = B. 
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Shaded area fig. 100(a) = B (— - jy), the distance of its c.g. 

from the N.A. = ^ -\-y) 

••• q =j^y- B {--y) (y + j)-) 

F . 

~ cTF ("1-which is parabolic. 

2.1 4 

At the junction with the web, 

d F ^ 

7 = — and q reaches the value — (Z>® — dr) 



(a) lb) (cj 

Fig. 100 


In the web: 

At junction with the flange, the width suddenly changes 
from B to b. The value of q therefore suddenly changes from 


At a distance y from the N.A., the width of section is b. 
The shaded area fig. 100(c) can be split up into two rectangles 
consisting of the flange and web portions. Its moment about 
the N.A. will be the sum of the moments of the two rectangles i.e.. 




D-d 

2 


) X + 2) ^(2 ^ 
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F {B {D^-(F) ^ b 


~v- 

I.b{ 


8 




X — (F) + ^ (4 - y^), which is also para- 

b 81 2/4 


bolic. 


The maximum intensity occurs at the N.A. where y = 0. 


The stress distribution is shown in fig. 100 ( 6 ). It will be 
noted that most of the shear is resisted by the web, the resistance 
offered by the flanges being negligible. The practical utility 
of the /-section will now be evident. Of the two actions on a 
section, the flanges resist most of the bending moment, while 
the web resists most of the shear force. 


Example 22. 

A beam of 1-section is 10^' deep by 8" wide. The flanges are 1" 
thick while the web thickness is * 6 “". At a cross-section^ the bending 
moment is M and the force is F. Calculate the proportion in which the 
flanges and the web resist [i] M and [ii) F. 



Fig. 101 





The moment of Inertia of the section about its N.A. 
= _L (8 X 103 - 7.4 X 8 ®) = (8000 - - 3788-8) = 351 in^. 

(i) Resistance to M: 

Consider an elementary strip in the web, of thickness 
hy at a distance from the N.A. where the bending stress p will be 
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The elementary thrust SC on the strip is p.8a — 


Ad, y Ad, y 

-j- X *6^. Its moment about the N.A. = -j- x ’6 x 8jy xjy 

•6M 2 5 , 

= 

The moment of resistance offered by the web is, 

,, r^-SM _ 1-2M 64 25-6M 

A/„ - J —_ _J = -^ X y- — 


25-6 

351 


X M = -OISM. 


The moment of resistance offered by the flanges is the 
balance viz., •927Af. The flanges take up 92"7% of the B.M., 
the web resisting only 7*3%. 

(ii) Resistance to F: ^ 

Consider an elementary area Sfl in the flange, of thickness 
^ at a distance j> from the N.A. 

Then 8a = S-S^. 

F 

The shear intensity q ^ [8(5— X ^(5 +J>’)] 

./ X o 

= ^(25^ f). 

The shear borne by the elementary strip Sa 

F 4F 

= q.8a = -(25 -y) X 8 S 7 = y (25 -y) S^. 


The shear resistance offered by one flange 


f4i^ 4Fr 

J-(25-y) dy=-j^25y- 

y[25(5-4) -i(125 64)] 


56F 
“ 3/' 


The shear resistance offered by both the flanges 


112F 112F 

3/ “ 3 X 351 


= -1063^. 
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The shear borne by the web is the balance viz., *8937/^. 
The web thus takes up 89*37% of the shear force, the flanges 
resisting only 10*63%. 

In the design of built-up /-sections as for plate girders, the 
work is simplified by making the flanges strong enough to take 
up the entire bending moment and the web to resist the whole 
of the shear force at the section. 


Example 23, 

A 14" x6" R,S,J. has flanges *7" thick while the web thickness 
is */". At a certain cross-section the shear force is 20 tons. Calculate 
the maximum intensity of shear stress and sketch the distribution of shear 
stress across the section. 

/ = ]^(6 X 143-5*6 X 12*63) - 438 in^. 

The intensity of shear stress in the flange at junction with 
the web is, 

F ^ D d, , ,/) < 

- y X *7 X J(7 + 6-3) = —— = -2125 ton/in^. 

1 43o 

B 

This will suddenly increase — times at a point in the web 

0 

at the junction with the flange. This value is or 15 times 

•2125 i.e. 3-1875 tons/in^. 

The maximum intensity occurs at the N.A. 

20 6*3 

= isrx ^ [6 X -7 X + 6-3) + -4 X 6-3 x —] 

20 6-32 

= 3-1875 + _ X — = 3-1875 + -9059 
= 4-09 tons/in*. 

For a sketch of the distribution of stress, refer to fig. lOO(^). 

19. Shear stresses in angle and Tee-sections: 

Example 24. 

The cross-section of a joist is a Tee-section 4" X 6^" X with 
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the 4" side horizontal. Find the maximum intensity of shear stress and 
sketch the distribution of stress across the section if it has to resist a shear 
force of 10 tons. 


A B 



Fig. 102 


Area of flange = 4 x ^ = 2 in^.; being the 

distance of its c.g. from AB. 

Area of web 02 = 6 x ^ = 3 in^. ; y^ = i f 3 = 3^" 

- _ ^iJi + ^ 2/2 _ 2 X :^ + 3 X 3-5 ^ 2.2" 
fli + flg 5 

/ab = i X 4 X (i)3 + i X i X 63 + 3 V (1)2 

= 45-92 in*. 

-4;, + 5 X (2-2)* 

1^^ = 45-92 - 24-20 = 21 -72 in*. 

The intensity of shear stress in the flange at junction with 
the web is, 

F ^ 1 ,00 i\ 10x2x1-95 , 

9 = — X 4 X i X (2-2 i) = = -449 ton/in*. 

In the web at junction with the flange, the value suddenly 
4 

goes up to — X *449 = 3*59 tons/in^. 

* Ci 


The maximum value at the N.A. is, 
F f. , ... 


^ ^ (2-2-*25) + -5 X 1-7 X 

= ^[3-90 + -723] = = 4-26 tons/in* 
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20. Shear stresses in built-up sections: These are 
indicated in fig. 103. 



Fig. 103 

21. Beam of square section with one diagonal hori¬ 
zontal: As an interesting exercise, we shall now discuss the 
shear intensity at a point in a square section with a horizontal 
diagonal of length b. The moment of Inertia of the section 
about the diagonal AB 


= 2 


X X ^ X 



— 

48' 



Fig. 104 

Consider a point in the section distant x from C. 

The shaded area = ^ x 2x x x — x^. 

The distance of its c.g. from the N.A. 

_ b 2x _ {3b-Ax) 

~ ^2 3 ^ ~ 6 

The intensity of shear stress at the point is given by, 

^ _ _l __ ^ (3^- 4^) _ 48^*2 (3i - 4x) 


T ^ X X 

I X 2x 

4F.X {3b-4x) 
b* 


\2xM 
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The variation of the stress intensity with regard to x is 
parabolic. 

For a maximum, differentiate the expression with regard to 
X and equate to zero. 

Zb 

.•. Zb — Zx=0 i.e. x = —. 

O 


The maximum occurs at 


U 

8 


from C or at 


- from AB. 
8 


4^ 36 

Qmax — X (36 


4x3 

8 


b) 


9F 

462 


The area of the square section 

„ b b b^ 2F , 9 

— 2 ^2^2 — — ~b^ and qrnax — 3 ^ 


At the N.A., X = - and the value of q is 


4F 


2F 


?o — ^ ^ 2 ^ ^ ^ 2 ^ — 62 — 


At the N.A., the actual shear intensity is equal to the average 
intensity. 

The distribution of stress intensity across the section is shown 
in fig. 104. 


22. Principal stresses and Principal planes at a 
point in a beam section: In article 16 of this chapter it has 
been mentioned that the nature of stresses set up at a point in a 
beam section is a direct stress p accompanied by a state of simple 
shear q. At a point in the beam section, distant from the N.A., 

M.y 

the bending stress will be /» = -j -; the shear stress will be 

q The position of the principal planes through 

^ •Z y 

the point is given by tan 26 = where 6 is the inclination 
of a principal plane to the plane of p. 
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The principal stresses are: 

“‘I = +?'. 

The major principal stress will be of the same sign as p i.e. 
it will be compressive on one side of the N.A. and tensile on the 
other. The second principal stress is opposite in sign to p-^. 

Example 25, 

At a certain cross-section of a beam of rectangular section 5" wide 
X 12'' deepy the bending moment is 192000 lb-inches while the shear 
force is 4800 Ib-wt, Calculate the bending and shear stress at 6"^ 4", 
2' and 0" from the neutral axis. Find the principal planes and principal 
stresses at these points. 

I for the section = ^ X 5 x 12^ = 720 in^. 



(b) (c) 


Fig. 105 

At 6" above the N.A., 

^ M,j 192000 x 6 

p = —- ^20 -Ib/in^., compressive 

q 

The major principal stress = /? = 1600 Ib/in^., com¬ 
pressive, and p 2 == 0. 




Art. 22] 


BEAMS AND BENOINO-II. 


191 


At 4" above the N.A., 


P = 


192000 X 4 3200 


720 J 

4800 , , 


Ib/in®., compressive. 
200 


Ib/in®. 


For the position of the principal planes, 
2q 2 X 200 


tan 20 


and 


p 3200 
20 = 7°7' 

01 = 3°34' 

0, = 93°34' 




= -125 




V(T)^C“) 


1600 1612-4 . ^ 

—- 1 -— ^ 1070-8 Ib/in^., compressive. 


P2 


9 r 4 


+ 9* = 


1600 1612-4 


At 2' 


4 ' ’ 3 3 

= —4-13 or 4-13 Ib/in^., tensile, 
above the N.A., 

192000 X 2 1600 , 

p ==-^20- ^ ~Y~ •’ compressive. 


2? 640 

tan 20 = — = 


p 1600 

2r48' 


= -40 


and 


20 

01 = 10°54' 
0, = 100°54' 


/■i-f+ 




V( 


800\2 

3 j 


+ 


/320 y 
V 3 ) 


4 

800 861-6 . „ 

H- 5 — = 553-86 lb/in^., compressive. 


P2 


3 

800 

3 


3 

861-6 


:= - 20-53 lb/in2., 


or 


20-53 Ib/in*., tensile. , 
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At the N.A., 
p = 0 

9 = 7 ^^ X5 x6 X 3 = 120 lb/in2. 

At the N.A., there is just a state of simple shear of intensity 
120 Ib/in^. The diagonal planes are principal planes. 

== -\- q = 120 Ib/in^., compressive. 

^2 = — ^ == 120 Ib/in^., tensile. 

Below the N.A., the values of the principal stresses are 
numerically the same as for corresponding points above the 
N.A. but opposite in sign. 

The position of the principal planes is marked in figs. 105 (a) 
and 105((:). In fig. 105(5), the nature of the shear force isf 4' 
while in fig. 105(t:) it is t- The planes carrying compressive 
stresses are marked in thick lines. It is instructive to follow up 
the inclinations of one set of principal planes at a cross-section, 
say the compression ones, from top to bottom. At the top the 
compression plane is vertical; as we proceed lower, its inclina¬ 
tion to the vertical increases until at the neutral axis the inclina¬ 
tion is 45®. As we proceed below the N.A., the inclination 
continues to increase until at the bottom the plane is horizontal. 
The principal compressive stress is maximum at the top where 
its plane is vertical. Proceeding lower it diminishes until at 
the bottom its intensity is zero while its plane is horizontal. 

23. Curves of Principal Stresses: As indicated in 
the preceding example, the position of the principal planes at 
all points in a cross-section top to bottom can be marked out. 
This can be done for a number of sections from one end of the 
beam to the other. It is then possible to draw curves which 
will be the “Envelopes” of the principal planes i.e. which at 
every point are tangential to some principal plane. There 
will be two sets of these curves which may be called “Curves of 
Principal Stress”, The following properties of the two sets of 
curves of principal stresses will be evident from a study of fig. 106. 
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(i) They are such that the tangent and normal at any 
point on a curve give the directions of the two principal stresses 
at the point. 

(ii) They cross each other at right angles. 

(iii) They cross the neutral axis at 45° to it. 

(iv) They cut the top and bottom surfaces at 90°. 



Fig. 106 

(v) The intensity of stress along any one curve is greatest 
when it is parallel to the length of the beam, diminishing along 
the curve until it is zero where it meets the top or bottom sur¬ 
face of the beam at right angles. 


24. Principal Stresses in an I-section: Ordinarily 
the formula M —fZ is used in the design of a beam section for 
selecting a suitable section-modulus Z resist the bending 
moment M so that the skin stress does not exceed a given work¬ 
ing stress f for the material. This assumes that the skin stress 
which is also a principal stress, is the maximum that occurs 
anywhere in the cross-section and that the section is safe if this 
does not exceed the permissible working stress. For the /-section 
however, a point in the web at junction with the flange some¬ 
times needs watching. The bending stress p at the point though 
less than the skin stress is high. The shear intensity y, likewise, 
is also high though it is less than the maximum intensity at the 


N.A. So when the principal stresses for the point are worked out, 

the major principal stress which 11+ jnay 
even exceed the skin stress as will be clear from the following 


example. 
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Example 26. 

A 10" X 8" X 70" lb. R.S.J. has flanges 1" thick while the 
web thickness is ‘6". At a certain cross-section it has to resist a bending 
moment of 500 ton-inches and a shear force of 25 tons. Find the principal 
planes and principal stresses (a) at the top (b) in the web at 4" from 
the N.A. (c) at the N.A. 


The moment of Inertia of the section about the N.A. = 
X 103-7-4 X 83| = 351 in4. 

(a) At tlie top: 


500 X 5 
^ ” 351 “ 


7-12 


tons/in^., compressive. 


? = 0 . 


The major principal stress p^ — 7-12 tons/in^., compressive. 
The minor principal stress p^ = 0. 

(b) In the web, 4" from the N.A.: 


P = 


q = 


M.y 500 X 4 


351 


-- 5-7 tons/in^., compressive. 


25 


351 X -6 


X 8 X 1 X 44 = 4-27 tons/in^. 


For the position of the principal planes, 
8-54 


and 


tan20 - ^ ^ ^ 

26 = 56°18' 

0i = 28°9' 
02= 118°9'. 


1-498 


The principal stresses are. 


+ 2-85 + a/(2-85)2 + ( 4 . 27)2 

= 2-85 + 5-13 = 7-98 tons/in®., compressive. 

/>2 = ^ + 93 = 2-85 — 5-13 =2*28 tons/in*,, tensile. 
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It is to be noted that the major principal stress at this 
point is nearly 8 tons/in®, and exceeds the skin stress of 7 *12 
toils/in^. 

(c) At the N.A.; 

p -0 

25 r 9 1 

» =35r^{® X ■ =< 2 + -6 X 1 X 2| =4-27 +-57 

= 4*84 tons/in^. 

The principal stresses across the diagonal planes are 4*84 
tons/in^.j compressive on one plane and 4*84 tons/in^., tensile 
on the other. The variation of principal stresses across the 
section is shown in fig. 107. 



It is only in exceptional cases of heavy loading that the 
skin stress is exceeded by the major principal stress in the web 
at junction with the flange. For ordinary designs it is not 
necessary even to check up shear effects. The section is designed 
for the maximum bending moment. The shear force at such 
a section is usually zero, in which case, there are no shear stresses 
at the section. If the beam is given a uniform section throughout, 
the section provided is generally ample for resisting the maxi¬ 
mum shear that may come anywhere in the beam as will be 
seen in the following example. 

Example 27. 

A load of 10 tons is uniformly spread over a beam freely supported 
over a span of 16 feet. Select a suitable R.S.J. if the maximum bending 
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stress is limited to 7\ ionsjirfi. Calculate the maximum intensity of 
shear stress anywhere in the section so selected. 


W.l 

The maximum B.M. = —— X 12 ton-inches. 

8 


10 X 16 X 12 
8 


=-- 240 ton-inches. 


Section modulus required — ^ = 32 in^. 

Select a 12" x 5" x 32 lb. R.S.J. which has a section 
modulus of 36*66 in^. 


The flange and web thicknesses of this section are *55" and 
•35" respectively. Ixx = 220 in^. 


The maximum shear is 5 tons at each support. 

The maximum intensity of stress due to this shear will be 
at the N.A. and is, 

5 r 5-45T 

gma. = 220 ^^ |5 X -55 X 5-725 + -35 x 5-45 x —| 

= 1-022 + -338 = 1-36 tons/in^. 

The maximum intensity of shear stress is only T36 tons/in^. 
against the permissible stress of 5 to 6 tons/in^. The selected 
section is thus ample to resist the maximum shear at the supports. 


25. Beams of composite section; flitched beams: 

A flitched beam is a wooden beam reinforced by a mild steel 
plate. It consists of two wooden joists with a steel plate sand¬ 
wiched between them, all the three being bolted together so 
that they behave as one composite beam section. Let B be the 
combined width and D the depth of the joists; let t be the thick¬ 
ness and d the depth of the steel plate. If fw is the intensity of 
skin stress in the wooden joists, their moment of resistance 

^ fw X 

The corresponding skin stress in the steel plate can be 
deduced as follows: 



Art. 25] 


BEAMS AND B£NDINO~II. 


197 


Since the joists and the plate are firmly held together, 
the deformation due to bending in the joists or the plate at a 
given distance from the N.A. is the same. 



At 2 from the N.A., the bending stress in the wooden joists 
is given by, 

Pw fw r ^ 

da ~ Z)/2 ^ 'd' ^ 

The strain is therHore given by, 

L ey= ^ where is the modulus of Elasticity for wood. 

tjix) 


The corresponding stress in the steel plate at this level is 
given by c> 

fi ^ 

— — e)ov ft = Es.e where Et is Young’s modulus for steel, 

Jfjs y 

being the common strain at this level. 

^ X /a, using m for 


/ pw Es d ^ 

Jt=E, = — X— xjw = m X 


Ew Ew D 
the modular ratio of steel and wood. 


The moment of resistance of the steel plate is therefore, 

d ~ ^ ^ 

— ft X \ X t X d^ where ft = m X X fw- 

The total moment of resistance of the composite section 
is given by, 

Mr = Mw + Ms — fw X i BD^ +fi X ^ t.d^. 
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Example 28. 

A Jlitched timber consists of two joists 4^ ^ide and 12" deep with 
a steel plate 10" deep and thick placed symmetrically between and 
clamped to them. When the fibre stress in the joists reaches 1000 Ibjin^.y 
what is the corresponding skin stress in the steel plate and what is the 
total moment of resistance of the composite section? Take Es — 18Ew. 

f, =~~m Xxfw = IB y X 1000 = 15000 Ib/in^. 

= 1000 x^x9xl2xl2 = 216000 lb-inches. 

Ms = 15000 X^X^XlOxlO = 125000 lb-inches. 

Total moment of resistance = 216000 + 125000 

= 341000 lb-inches. 

A concrete beam reinforced with steel is another example 
of a beam of composite section. Reinforced concrete beams 
and columns will be studied separately in subsequent-chapters. 


EXAMPLES V 

(1) A beam resting freely on supports 16 feet apart, carries a 

uniformly distributed load of 750 lb. per foot run and also a point¬ 
load of 2000 Ib-wt. at 6 feet from the left support. If the permissible 
stress in timber is 1200 Ib/in^., design a suitable section by making the 
depth twice the width. (Afmax = 30375 lb-feet; 8''xl6''.) 

(2) A rectangular beam 6" wide and 12" deep is freely support¬ 

ed over a span of 16 feet and carries a load of 200 lb. per foot run. 
It also carries three equal point loads W lb. each, equispaced over the 
beam. If the permissible bending stress is 1000 Ib/in., find the max. 
allowable value of W. (700 Ib-wt.) 

(3) A floor load of 150 lb. per square foot is carried on rolled 
steel joists spaced 4 feet apart centre to centre. If the span is 16 feet 
and the maximum permissible stress is 7J ton/in^., calculate the sec¬ 
tion modulus necessary for each joist and suggest a suitable section. 

{Z= 13-72 in3.; 8" x 4" x 18 lb.) 

(4) A water main 4 feet internal diameter is made of mild 

steel plate thick and is running full. If it is freely supported at 
ends, find the maximum permissible span if the bending stress is 
not to exceed 8000 Ib/in^. Weight of steel ==480 Ib/ft®.; weight of 
water =- 62-5 Ib/ft^. (68' 6".) 
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(5) Calculate the width and depth of the strongest beam of 

rectangular section that can be cut out of a cylindrical log of wood 
whose diameter is 12'". \l” wide X 10'' deep.) 

(6) A cast iron test beam 1" square in section and 2 feet long 

is freely supported at the ends. It fails with a central load of 500 
Ib-wt. What load at the free end will break a cantilever of the same 
material 2" wide, V deep and 5 feet long? (1600 Ib-wt.) 

(7) A test beam 1" square in section is broken by a load of 150 
Ib-wt. applied at the centre of a span of 3 feet. Using a factor of safety 
of 8, calculate the safe uniformly distributed load for a beam 4^" wide 
and 12" deep freely supported over a span of 15 feet. (4860 Ib-wt.) 

(8) A beam is of solid circular section 6" in diameter. Com¬ 
pare the weights of beams of equal strength of (i) hollow circular 
section with internal diameter=*8 X the external diameter and (ii) /- 
section 10" deep and 5" wide with uniform thickness of flange and web. 

|(i) *5113 (ii) -2415; thickness of flange and web=*354" each.} 

(9) The section of a beam is an isosceles triangle with base 8" 

and side angles 55^^30'. The neutral axis is parallel to the base. 
Calculate the moment of Inertia of the section about the N.A. and 
its section modulus. (43-80 ih^.; 11*29 in*.) 

(10) A 6" X 4" x^" unequal angle bar is used as a joist freely 

supported over a span of 10 feet with its longer leg placed vertically. 
Find the safe uniformly distributed \o^ it can carry if the 

maximum permissible bending stress is' 1\ tons/in*. Also calculate 
the maximum compressive stress induced under the load. 

(•2162 ton per foot run; 3-72 tons/in*.) 

(11) A C.I. beam is of /-section with top flange 3" X 1" thick, 
bottom flange 8" X 1^" thick and the w^eb 9^" deep X J" thick. 
Calculate the position of the neutral axis and the moment of Inertia 
of the section about the N.A. If the beam is freely supported over 
a span of 16 feet and carries a load of 5 tons uniformly spread over 
the span, calculate the skin stresses. 

(3-98" from base, 387-7 in^.; J^==2-48 tons/in*.;/f = 1*23 tons/in*.) 

(12) A compound beam is made up of a 16"x6"x62 lb. R.S.J. 
with one 8" x Y plate riveted to each flange. Find the safe distri¬ 
buted load that this beam will carry over a span of 30 feet if the maxi¬ 
mum permissible stress is 7 tons/in*. For the 16"x6"x62 lb. R.S.J. 
area of section A — 18-21 in*.; Ixx = 725-05 in^.; Ijjy=27*14 in^. 

(23J tons.) 

(13) A compound section is made up of one 24"x7|"xl00 lb. 

R.S.J. with one 10" X J" plate riveted to each flange. Calculate 
the modulus of section. For the 24" x 7|" X 100 lb. R.S.J., 
Ixx == 2654 in^. (332-4 in*.) 
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(14) A warehouse floor 72 feet X 30 feet is carried across main 
beams spaced 12 feet apart and subsidiary beams pitched 7^' centre 
to centre. The secondary beams are not continuous over the main 
beams but are connected to the web of the main beam on either side 
by cleats. If the floor load is 2 cwt. per square foot inclusive of 
the weights of the beams, select suitable sections for the beams if 
the permissible stress is 8 tons/in^. 

(Secondary, S'" X S'' x 28 lb; main, 24" X 7^" X 100 lb.) 

(15) A stanchion is built-up of a 20"x6i"x65 lb. R.S. Joist 
with a 10"x6"x40 lb. R.S.J. riveted symmetrically on either side 
of the web to form the section of a cross [fig. 88 (/) ]. Calculate the 
moments of Inertia of the section about the principal axes and the 
radii of gyration. For 20"x6J"x65 lb. R.S.J., A = 19-12 in^.; 
Ixx — \22^'l7 in^.; ^=32-56 in^.; thickness of web = -45". For 
10"x6"x40 lb. R.S.J., ^ = 11-77 in2.; /x;c=204-80 in^.; 4^ ==21-76 in^. 

(1269-7 in^; 1084-8 in^.; 5-46"; 5-04".) 

(16) A latticed stanchion is built-up of two 9" X 3" channels 

placed back to back at a distance of x inches apart [fig. 88 (i)]. What 
should be the value of x so that the section is equally strong in all 
directions? For each channel, ^=5-14 in^.; P=-78"; Ixx~^2'52 in^.; 
lyy = 3-75 in^ (5-2".) 

(17) A compound beam for a crane runway is built-up of a 
22"x7"x75 lb. R.S.J. with a 15" x 4" R.S. channel attached to 
its top flange [fig. 88 (d) ]. Calculate the position of the N.A. of the 
section and the moment of Inertia about the N.A. For the 22" X 7" 
X 75 lb. R.S.J., A = 22-06 in2.; Ixx == 1676-80 in^.; lyy = 41-07 in^ 
For the 15"x4" channel, ^ = 10-70 in^.; P = -97''; /;cx=349-10 iu^; 
lyy = 13-34 in^.; thickness of web =0-41". 

(8" from top; 2475-6 in^.) 

(18) Find the maximum stress in a compound girder built-up 

of three 15" x 5" X 42 lb. R.S. Joists placed side by side with four 
16" X Y fl^ts riveted to the top and bottom flange (two on each) 
when carrying a load of 80 tons uniformly spread over a span of 25 
feet. The weight of the girder is 250 lb. per foot run. Ixx for each 
joist is 428 in^. (7-91 tons/in*.) 

(19) A compound girder consists of two 18" x 7" X 75 lb. R.S. 

Joists placed side by side and four 18" X flats riveted to the 
flanges (two on top and two at bottom). For what maximum span 
may the girder be used to carry a load of 3 tons per foot run inclusive 
of its own weight if the maximum permissible bending stress is 7^ 
tons/in2.? Ixx for each joist = 1149 in^. (32'6".) 

(20) A stanchion consists of two standard 12"x3J" R.S. Chan¬ 
nels placed 6Y apart, back to back and two 14" xi" flats riveted 
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at top and bottom to each flange [fig. 88 (r)]. Calculate the Ixx 
and lyy of the section and its least radius of gyration. For each 
12" X R.S. Channel, A - 7-76 in^.; P = .83"; Ixx - 159-73 in^; 
lyy = 7-15 inK (1504-8 in^.; 730 in^.; 4-1".) 

(21) A 12"x6"x44 lb. R.S. Joist with thickness of flange -72" 
and thickness of web -4" has to resist a shear force of 20 tons at a 
certain cross-section. Calculate the maximum intensity of shear 
stress and its ratio to the average intensity. (4-77 tons/in*.; 3-065.) 

(22) A pipe-section with 6" internal diameter and thickness of 
metal 1", is subjected at a particular cross-section to a shear force of 
30 tons. Find the maximum intensity of shear stress in the section. 

(2-7 tons/in*.) 

(23) A 6" X 4" X i" unequal angle section with the longer leg 
vertical is used as a beam and carries a load of -2 ton per foot run over 
a span of 10 feet. Find the maximum intensity of shear stress and 
sketch the distribution of stress intensity across the section. 

(-4654 ton/in*.) 


(24) An 8" X 3" B.S. Channel with thickness of web |" and 
thickness of flanges J", is used as a beam with the 8" base vertical. At 
a certain cross-section it has to resist a shear force of 10 tons. Calculate 
the maximum intensity of shear stress induced in the section and 
sketch the distribution of intensity across the section. (4 tons/in*.) 


(25) The section of a beam is a triangle with base b and height 
h, the base being placed horizontally. At a certain cross-section the 
shear force is F. Prove that the maximum intensity of shear stress 

occurs at ^ and its magnitude is ^ and that the shear intensity at 


the N.A. is 


3bF 


(26) The triangular beam in Q. 9 carries at a certain section 

a shear force of 10 tons. Calculate the maximum and average inten¬ 
sities of shear stress. (-644 ton/in^.; -43 ton/in*.) 

(27) A 12" X 5" X 32 lb. R.S.J. has flanges -55" thick and 
web -35" thick. Sketch the distribution of shear intensity across the 
section and taking the maximum shear intensity as unity, calculate 
the values at 2", 4" and 5-45" from the N.A. 

(-8511; -7695; -7518 in web; *0526 in flange.) 

(28) At a certain cross-section of a timber beam of rectangular 
section 6" wide X 12" deep, there is a bending moment of 144000 lb- 
inches and a shear force of 4320 Ib-wt. Calculate the bending and 
shear intensities at 0, 2", 4" and 6" from the N.A. Find the position of 
the principal planes and calculate the principal stresses at these points 
in the cross-section. 
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(29) A timber beam 4^ wide X 9" deep has two steel plates S"' 
deep X iq" thick firmly attached to it one on each side. The composite 
beam is loaded so that the skin-stress reached by timber is 1200 Ib/in®. 
What will be the maximum stress induced in the steel plates? Also 
calculate the total moment of resistance of the composite section at 
these stresses. Take Es = 20 Ew. (21333 Ib/in^.; 215122 lb-ins.) 

(30) A steel tube ll'" outside diameter and inside dia¬ 
meter is used as a simply supported beam on a span of 6 feet and 
it is found that the maximum safe load it can carry at mid-span is 
280 lb. 

Four of these tubes are placed parallel to one another and 
firmly fixed together to form in effect a single beam, the centres 
of the tubes forming a square of If"' side with one pair of centres 
vertically over the other pair. Find the maximum central load which 
this beam can carry if the maximum stress is not to exceed that of 
the single tube above. (L.U.) 

(1968 Ib-wt.) 

^(31) A box section girder, 35 feet long, is simply supported at 
its ends and carries a uniformly distributed load over its whole length. 
If the section at mid-span is as shown in fig. 108(a), determine the 
greatest load which can be carried if the maximum allowable bend¬ 
ing stress is tons/in^. Neglect the effect of rivet holes. (L.U.) 

(4-95 tons per foot run.) 


2 - 66 " 

Two Flange Plates at top^ each 24" 

Two Flange Platen at bottom^ each 24" \" 

Two Web Plates each 32" X I" 

Four angles each 6" X 6" X \" 

For one angle^ A ~ 5*75 

hx - 19-48 in^. 



< - 2 ^ 

^ 

4 < 

r ^ 


34" 

3 

u 

1 



■ J 


Fig. 108(a) 

(32) A composite beam consists of two timber beams of 
rectangular section each having a breadth B and a depth D together 
with a steel plate having a breadth (i.e. thickness) b and depth d. 
The plate is placed between the timber beams and all the three are 
joined together so that the whole section is symmetrical about the 
horizontal axis. If the maximum allowable stresses in the steel and 
timber are 18000 and 1000 Ib/in^. respectively and these are reached 
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simultaneously, find (a) the ratio of D and d and (b) the ratio of B 
and b in order that the moment of resistance of the timber alone 
shall be equal to that of the steel alone. E for steel =30 X 10® Ib/in^.; 
E for timber = 1-5 X 10® Ib/in^. 

Make a dimensioned sketch of the section of the beam if the 
timber beams are each lO'' deep and y wide and find the total moment 
of resistance of the beam. (L.U.) 

[(a) 10:9. (b) 7-29: 1; 200000 lb-in.] 

(33) A 14" X 6" B.S.B. has flanges 0-7" thick and a web 0-4" 
thick. At a certain section, the beam is subjected to a bending moment 
of 40 ton-feet and a shearing force of 18 tons. Due to the bending 
moment, the portion of the section above the N.A. is in compression. 

Determine the principal stresses at a point 5" above the neutral 
layer of the beam and the positions of the planes on which they act. 
Make a diagram to show clearly the stresses and planes and their 
positions. (L.U.) 

=6*928 tons/in^.; compressive ;/?2 ^ton/in^., tensile; 

Principal planes inclined at 24®36', 1]4°36' to section. 

(34) A beam of rectangular section 2" wide and 6" deep is 
subjected, at a certain section, to a bending moment which produces 
a maximum bending stress of 1\ tons/in^. and to a shearing force 
which produces a maximum shearing stress of 3 tons/in^. The bending 
moment produces compressive stresses above the neutral axis. Find 
the value of the tensile principal stress at the N.A. and at distances 
of 1", 2^ and 3" above and below the neutral axis. 

Plot on squared paper a graph showing how the tensile princi¬ 
pal stress varies across the section. (L.U.) 

Above N.A. 

y in inches 3 2 10 

f in tons/in2. 0 •50v'> 1*695 3 

Below N.A. 

y in inches 0 1 2 3 

/ in tons/in®. 3 4*195 5*505 7*5 

(35) Two 9" X 3" channels are placed back to back and the 
top flanges only are connected by a plate f" thick and 9" wide. This 
compound section forms a simply supported beam 5 feet long and 
carries a uniformly distributed load of 8 tons per foot-run. If the 
flange is connected to the channels by f" diameter rivets, calculate 
the pitch in order that the shearing stress in them should riot exceed 
5 tons/in*. Imax for one channel = 134*8 in^; A = 5*86 in®. (L.U.) 

[p = 4*303", say 4".) 
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(36) A rectangular wooden beam 2" wide and 6' deep is rein¬ 
forced by screwing a steel plate thick and 2* wide on to the bottom. 
The screws are I" diameter and pitched 3' apart. They are a close 
fit in the plate. 

The beam is simply supported at the ends over a span of 8 feci 
and is loaded at the centre by a load of 2 cwt. 

Calculate the maximum stresses in the steel plate and timber 
and the maximum shearing stress in the screws. 

Neglect the weight of the beam itself and any weakening of 
the plate due to the screw holes. Take the modular ratio of steel 
and timber as 15. (L.U.) 

2040 Ib/in*. in plate; 278-6 Ib/in®. in timber; 
1220 Ib/in^. shear stress in screws. 


(37) A bar of regular hexagonal section of side a is subjected 
to a shearing force S which acts at right angles to one of the diagonals 
of the hexagon. Derive a formula for the shearing stress ^ at a dis¬ 
tance X from the diagonal and hence find the ratio of q to the mean 

shearing stress for the particular values x=0 and 


Indicate by means of a sketch how the shearing stress varies 
across the depth of the section. (L.U.) 


(for x=0, 1-2 
I for x=^, 1-006. 



CHAPTER VI 


BEAMS AND BENDING — m. 


Deflections of Beams 


1. Strength and stiffiiess of beams: In the previous 
chapter, we have studied the resistance set up by a beam-sec¬ 
tion to the effects of the load system on it. For this purpose, 

we made use, mainly, of the relation — = ^ in the key formula 

y I 

^ We shall now turn our attention from the 

I y R 

“strength” of a beam to its “stiffness” and to that end, we 

Ef 

shall look a little more closely at the relation — = —. Under 

1 K 


transverse loading a beam bends and it is necessary to study the 
deflection undergone by the centre-line of the b eam at any point 
in its length and particularly the maximum deflection- because 
just as the maximum skin-stress induced must not exceed the 
working stress ofT:he material, the maximum deflection will 
also h ^e to be limiied Te. it must not exceed a certain permis¬ 
sible l imit in relation to the span of the beam. The beam has 
to be designed not merely from the point of view of “strength” 
but also “st iffness” which is inversely prop ortional tn its dp- 
^ection. We ^all therefore devote some time to study the 
deflection of a beam at any point in its centre line, which in 
effect comes to investigating the equation of the curve which 
the beam takes up under a given system of loading on a given 
span. In the following articles, we shall investigate the slope 
and deflection at any point in the centre line of a beam. 


2. Bending into a circular arc: If a beam AB of 
length I bends into an arc ADB of radius R, the central deflec¬ 
tion S is easily calculated. Referring to fig. 109, AC.CB = 
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CD.CE, from the well-known property of intersecting chords 
of a circle. 

/2 

or - §2 ^ 2R.8 =- 

4 



Since 8 is usually very small §2 jg g, small, quantity of the 
second order and may be neglected. 

/2 

2i?.S = - 

4 


and 


8 - 1 - 


The maximum slope i at A or B is equal to angle AOC or 
BOC in the figure. 

AC I ^ 

sin ^ — —. Since i is also a small quantity, 

AU 4 A 

sin i — i in radians for all practical purposes. 

^“7^ radian. 

Beams bend to an arc of a circle only in a few cases. In 
the simple case of a simply supported beam carrying a central 
point-load, it will be seen later that the equation of the curve 
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it takes up is a cubic and for uniformly distributed loads on 
it, it is a quartic. One obvious case in which the beam bends 
to an arc of a circle is that of a beam of uniform section subject¬ 
ed to a constant bending moment M at all sections. In the 

relation — = —, M, I and E being all constant in this case, 
/ K 

R is constant, i.e., the beam bends into a circular arc of radius 
El 

R = —, The maximum deflection at the centre will be 
M 

[2 Ml2 

S ^ the maximum slope at the supports will be 

8 R oEl 


I z=z —; =- —— radians., 

2El _J 

Anoth^ important case in which the beam bends to a 
circular arc may be noted. The radius of curvature at any 
point in the centre line of the beam is usually variable because 
the bending moment A/ varies from section to section. How¬ 
ever, if the moment of Inertia I of the section is so selected to 

M . 

suit the bending moment M on it that — is a constant, we shall 

have a case in which both M and I vary and yet their ratio is 

constant. In this case, ^ ~ 3 , constant. Therefore i? is a 

constat i.e. the beam bends to an arc of a circle. This condition 
is realised in a beam of “Uniform strength’, of constant depth d, 
M p f E ^ E.d 


For in this case. 


/2 fi^ 

The central deflection S = —- = tW-. 

8 /? AE.d 


and the maximum 


/ 


.u 


slope i 

having a “ unilornTlkin stress f at all sections. 


= , radian for a beam of constant depth d 

IR E.d 


.,3. Relation between slope, deflection and radius 
of curvature: Consider an element PQ_, = Ss of a curve 
referred to OX and OE as axes of reference. Let ^ and* 
^ + be the slopes at P and Q, respectively. Then / PO'Q^ in 
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fig. 110 is 8^ and O'P — 0'Q, = Ji the radius of curvature at 
P, O'P and O'Q, being normals to the curve at P and Q,. 



Fig. 110 

Now, P(l=Ss = R. 8^, i.e. ds = R.d^ .(1) 

In the figure, let PR = and RQ^— Sjy, then since 
Pd^ = PR^ + RQ}, we get, 

8r2 = 8x^ + 8^2 

.•. Sj = a/ 8^2 -|- ^2^ QJ. _ y'^^2 _j_ f/yZ 

Also tanW = = — 

PR dx 

Differentiating, 

sec^^.d^ = ^ax 

.-. (1 + tan2ir) rfip = ^^jx 

dx^ 




<pj , 

rf® = dx i.e. =-— 


Substituting for ds and d'^i! in (1) we get, 

,, (P' y , 
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&y 






The radius of curvature is therefore given in cartesian 
coordinates by the relat^n, 




Substituting tor R in the equation — = — or Az = — 

1 R R 


we get, 


EI^ 

dx^ 


■{>+<!)? 


Since — (the tangent of the slope at any point in the 
centre line of the bent beam) is an extremely small quantity, 
(—) is much smaller still and maybe neglected. The expres- 

sionjl + (—) y is therefore equal to unity, to all intents and 
purpos es, a n d we get the simple relation. 


M = EI- 


The relation between the moment of resistance and there¬ 
fore the bending moment at a section and the cartesian coordi¬ 
nates of the point in the bent beam is the differential equation. 




210 


MECHANICS OF STRUCTURES 


iCh. VI 



= M. 


Since we know the bending moment M at any section of 
a beam with a given loading, one integration of this expression 

dy 

will enable us to evaluate — or slope of the beam at the sec- 

ax 


tion and a second integration will help us to get the deflection 
j; if M is an integrable function of x. 


d'^y 

Wc shall now apply the basic formula 


few standard cases, but before doing so, we must select suitable 
axes of reference. 


4. Axes of reference: In studying the deflections 
of a beam if we take the origin at the left hand support and x 
positive to the right, the deflected beam will usually lie in the 
fourth quadrant and the deflection jy will be negative accord¬ 
ing to the standard cartesian convention. Most of the cases 



A 

Fig. 111 

of beam-deflections which we shall be studying will come 
under this class. It is therefore convenient to alter the conven¬ 
tion to suit our requirements. 

For the beam shown in fig. 112, take the origin at A. We 
shall consider x positive to the right and jy positive downwards. 

Let {x,y) be the coordinates of a point P on tKe~centre 
line of the deflected beam and (x -f Sx, -f- those of a 
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contiguous point Q,. For the beam which is bent as shown in 

dy 

the figure, 87 and are both positive. •— and therefore the 
slope i at P is thus positive. If {i + St) be the slope at Q,, it 
is less than the slope t at P. Therefore St is negative and 

dx 

is also negative. If Af is the bending moment at the section 

—di di 

at P, M = ~ Since is negative, M is negative. 


dx 


dx 



Fig. 112 

We shall therefore adopt the convention that a be nding moment 
which produces' con cavity (of_the_eentre of a beam) u pwar d s, 
will be marked ne gative. Then a bending moment which 
produces convexity upwards will, ipso facto, be marked posi- 

(Py 

live. With this convention when the expression El M 

is integrated twice, the value of y so obtained will be positive. 


end. 


^t^'^Gantilevers: (i) Span 1; a point load W at the free 



A’ 


^ T 

Fig. 113 

Take the origin at the fixed end A and consider a section 
distant x from the origin. 

M, = .\.W{l-x) 
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Integrating, 

dx=^W{l-x) dx. 

dy 

EI-^ {lx -+ C. where C, is a constant 

dx ^ 2 " ^ 

of integration. 

This expression will give us the slope at any section X as 
soon as we evaluate the constant At the fixed end A the 
slope must be zero. 

dy 

Therefore at a: = 0 , Substituting, we get, = 0. 


The expression for slope is therefore, 
dy x^ 


Integrating once more, we get, 

y2 y3 

Ely = W (/---) +C 2 , 


where Cg is a constant of integration. 

At A, ;ic = 0 and j; = 0. 

Substituting these values in the expression, we get Cg = 0. 


The expression for deflection at any jpoint is therefore. 


y2 y3 

EIy = W{l---). 




We are thus able to get the slope and deflection at any 
point in the centre line of the cantilever. The maximum 
slope and deflection occur at the free end. Using the letter 
i for the angle of inclination or slope and remembering that 
tan i = i for very small angles, we get, 

li^/2 

Elit = M/ (/2 - y) = -y, putting x = 1. 

Wfi .. 

Ib = ttetx radians. 
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P WP 

Similarly, Ely^ = = ^ 

WP 

Cantifi^f^ith uniformly distributed load w over 

span 1. 

Take the origin at the fixed end A. At a section dis¬ 
tant X from the origin, 

d^y w{l-~x)^' 

~ t - 



Integrating, 

-0.1=0 -o.-f + c, 

w , wP 

= + — 

Integrating once more, 

w . wP 

EIy^+ — {l-x)^+—.x+C^ 


At 


or 


At 


or 


X = 0, y = 0 
wP 


0 - + ^2 


Cg ~ 


24 


The expression for deflection is therefore, 
Ely 


, w ,, . wP wP 

+ 24 ('-*)*+-e-.»- 24- 
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The maximum values of slope and deflection are at the 
free end. Substituting x = I, we get, 

Eli^ = -^ or tB = 


and EIj>b = 


6 

wl* 


wl* 


6EI 

wl*‘ 

8 


wl^ 


6 24 

If W is the total load, W — wl and the expressions in 
terms of the total load become, 

Wl^ WP 

“ 6£/ ~~^EI' 

(iii) Cantilever with a point-load W, not at the free end. 



Let W be applied at C at a distance /j from the fixed end 
A of 3. cantilever of span 1. Let ic be the slope and CCj the 
deflection at C. The maximum deflection will occur at the 
free end B. Since there is no bending moment anywhere in 
CB, there will be no curvature, the slope anywhere in CB re¬ 
maining constant and equal to t’c. CB will take up the position 
CjjBi in the deflected cantilever. Draw CjB^ perpendicular 
to BB^. Then the deflection at B is. 


— BB-^^ — BB^ -^2^1 — CCj -|- B^i —yc 'i~ (I ^)*'c 


and 


WPr 

3EI 




WPi 

2EI 



2Er 


(iv) Cantilever partially loaded with w from fixed end. 
The slope and deflection at C in fig. 116 are. 


wPi 

6EI 


and jc 


wH 

SEI 
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Jb =^C + (/ - ^i) ic 


wl\ 

Wi 




wli 

Mi' 



Fig. 116 

The slope throughout from C to 5 is constant and equal 

. . wh 

to ic I.e. 

(v) Cantilever partially loaded with w from free end. 
The deflection at any point, in this case, may be looked 
upon as the difference of deflections, at the point, with 

(a) the entire span loaded from d to 5 and 

(b) the portion from A to -C only, loaded. 



Fig. 117 


The maximum deflection will occur at the free end, being 


given by, 

Jb = 

Example 1. 


wl* f 

8£/ I 




A cantilever 5 feet long is loaded with a point load, of 150 lb. at 


the free end and a distributed load of 120 lb. per foot run over 3 feet 
from the fixed end as shown in fig. 118. If the section is rectangular 
3" X 6" deep, calculate the deflection at the free end. E = 1'5 X l(fi 
IblinK 

For the section, / = ^ bdP 


= ^ X 3 X 6 * 
= 54 in^. 
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The deflection at B due to the point load is, 

, _ PVP 150 X 53 6250 

® “ 3£/ “ 3E/ ~ El 

The deflection at B, due to the distributed load on AC is, 
, /; , X 360/27 , 2 X 3'2/ 2295 

® ~ 8£/ 6£/ “ £■/ 1 8 ^ 6 J El ' 

The total deflection at B is, 

, „ 6250 2295 8545 

■’’b “ “eT ^ EI ~ EI ' 


iSOLB 




b 


Fig. 118 


Important note: 


In getting this result, we have used feet units for lengths. 
We shall have to use feet units for both E and / and the deflec¬ 
tion will work out in feet units. To bring it to inch-units, we 
shall have to multiply the result by 12. Usually, spans of 
beams are given in feet and E and I are in inch-units. There¬ 
fore, substituting for E and I in inch-units in the expression for 
Jb and multiplying the result by 12^ or 1728, will give us the 
deflection in inch-units. This makes all numerical work 
in deflections easy and confusion of units is avoided. 

Proceeding with the example and substituting for E and 
I in inch-units, we get. 


8545 X 1728 
-^B “ 1-5 X 10« X 54 


•1823". 


6. P ropped Cantilevers : A cantilever carrying a uni¬ 
formly disfiibuted load w per foot run over its entire span is 
propped at the free end to the level of the fixed end. To find 
the reaction P of the prop, imagine the prop removed. The 

wl^ 

free end B will deflect under the load. The effect of intro- 
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ducing the prop is tojxert an upward force P at the free end 
and thejupward deflection of B due to P will neutralise the 
downward deflection due to the load, if the prop is at the same 
level as the fixed end A. The upward deflection due to the 

PP 

point-load P at B will be 
p/3 u>P 

Equating, 



Fig. 119 
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+ or + ;^. 

For slope and deflection at a section, 
^ = - 1 ^ 


Integrating, 
dx 


Ei:^=-±wlx^^-^ +C^. 


16 


At X — I and 


dy 


dx 

3wl^ wl^ 

0 =^--^+i^+C, 


0. Substituting, we get. 


16 


C\ 


wP 


dy 3 „ wP 

EI^ -- volx^ + — + —. 

dx 16 ^6 48 


( 1 ) 


Integrating once more, 

1,0 

Ely - - ^ 


At 5, a; = 0 and y 
Ely 


0 


+ ^ -^ + ^2- 
^2 = 0 


- ^wlx^ + 

16 ^ 24 


* wP 

H - TTT'X . 


48 


( 2 ) 


Relations (1) and (2) give the values of slope and deflec¬ 
tion at any section of the beam from R to 

If the prop at the free end is 8 units lower than the level 
of the fixed end, P has to neutralise a downward deflection of 

/wP \ PP ( wP \ 

- S j only. Equating ^ to - S j, the magnitude 

of P for a given difference of levels S between the supports can 
be obtained. 


Example 2. 

A cantilever of span I is supported at the free end to the level of the 
fixed end. It carries a concentrated load W at the centre of the span. 
Calculate the reaction of the prop and construct the S,F. and B.M. dia¬ 
grams for the beam. Also find the position and amount of maximum 
deflection. 
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If the prop is removed the downward deflection of B 
would be, 


/ jvfiy. ivp jvp bwi^ 

%EI\2} ^ 2’ 2£/V2/J'®’ 2AEI 16£/ 48£/' 



t) w 
16 



V'vKVVV’V* VW VV vU* 

^ ^ 

S.F 



Fig. 120 


The upward deflection due to P has to neutralise this 
P/3 _ 51473 

Wl ~ isIT 


or 




The bending moment at C is, 


Me = 


f x' 


bWl 

32 


The bending moment at A is, 


Ma 


-P.I+ W.i = 


5W7 m _ 3lVl 
16 2 “ 16 ■ 


The S.F. and B.M. diagrams are shown in fig. 120. For 
the position and amount of maximum deflection, take the origin 
at B and consider a section X in CB at a distance x from B i.e. 

/ 
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Then EI-^ = - P.x 
dx^ 


Integrating, 


" "IT" + 

I dy 
" ==2’ 


Elir. — 


■■■ -"if+ 158 - + “-. 

Integrating once more 

5Wx^ 5Wl^x 

^ “ “qT ^ ~1W + 

At B, X — 0 and y = 0 C^ — Q 
bWx^ , 5Wl^x , 

=-?^F- + -TT^5- + . 


128 ' 

, T?T- 

~m + 

bWx'^ bWl^ 


■' 96 128 . ^ ' 

Relations (1) and (2) will give us the slope and deflection 
at any section between B and C, if I’c is evaluated. 

To evaluate ic consider a section X in CA, at a distance 

of X from B, i.e. ^ 


Now, ==~P.x + W {x-f^) 

Integrating, 


y^x + W{x-L) 


dv 5 W I ^ 


At A, 


I and 


Substituting, 0 


dx 

5W"/2 Wl^ , 
32 8 ^ ^ 1 


C'i = 
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EI-^ = — — Wx^ + -^ (x — rr) + -r^ 

dx 32 2 ^ 2^ 32 

This expression gives the slope at any section between 


C and A. At C, X = ^ and 

’ 2 dx 


tc- 

Wl^ 


rr 5 Wl^ , 

Ellr — -.-k 

32 4 ^32 


Wl'^ 


128 


Substituting for Elic in (1) and (2) above, the slope and 
deflection for any section between B and C are given by, 

rdy 




and Ely — 


5IKx2 

1 

51^/2 

Wl^ 

32 


128 

128 ~ 

bWx^ 


5W"/2a: 

Wl'^ 

96 

+ 

128 

~ 128'^ 

bWx^ 

1 

WIH 

/a 

96 

+ 

32 

-96 


bWx'^ ^ 
32 ^32 


The maximum deflection occurs at the section where 
dx 


= 0 


bWx'^ Wl^ _ 

32 IT ~ 


or 5x^ — 


and 


X = — i= from B. 

V5 


Ely, 


IV T 


U 


96 

WP 


( 3/2 - / 2 ) 


Wjy 

48v'T 


L.i 


In problems with point-loads, a point like C which is common 
to both BC and CA, is very useful for evaluating the constants 
of integration. We made use of the law of slopes for the por¬ 
tion CA to evaluate t'c and then substituted this value in the 
expressions (1) and (2) for slope and deflection in the portion 

BC. 
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There is an elegant method to solve such problems with 
ease. It is described later in art, 11 of this chapter, 

Ty ^Simply supported beams: (i) Span /; Central 
load W. 




w 

ic 


Fig. 121 

Take the origin at A and consider a section X at & distance 
of X from A, in the portion AC. 

Then, 

'*2 2 
Integrating, 

At C, by symmetry, the slope is zero. 

I dy 

.•. At a: =0; substituting, 

0 —- - —h Cj 


or 


c, = 


e 4 

ax 


16 

Wl^ 

16 

Wx'^ 


+ 




4 ' 16 

Integrating once more, 

Wx^ Wl- 

IF + IF-* 

At * = 0 and j = 0 Cg = 0. 

The law of deflection between A and C is, 

Wx^ Wl^ 


Ely = 
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The maximum slope is at A and is given by, 
Wl^ 

Eli^ = + -^ 


'”"16£7- By i. - 

The maximum deflection is at the centre. 

WP WP WP 

96 32 ~ 48 

WP 

^ 48E/' 

(ii) Span 1; uniformly distributed load w per foot run 
over the entire span. 

Take the origin at A and consider a section at a distance 
X from the origin. 

wl wx^ 


Integrating, 
EI^ - 


wlx^ wx^ 

i ^ = 0 

2 ’ dx 

Wp ^ wP I 

~~i6 1 


w/FT. 


ITT X.J. 

|x :c 


Fio. 122 

The law of slopes is, therefore, 
dy wbP w:P wP 
+ -^ 
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Integrating once more, 

wlx^ wx* wl^ , _ 

12 24 24 ® 

At a: = 0 and y = 0 Cg = 0. 
The law of deflections is, 

wlx^ wx^ wl^ 

T2-+l?+l4-*- 

The maximum slope is at the supports, 
wl^ 

- 1 ? 

wP Wl^ . 


^ 2AEI 2AEI 
By symmetry, — — 


, where W is the total load. 


At the centre ^ ^ maximum deflection is given 


wl^ wl* wl* _ ( — 4 + 1 +8) wl* 
' ^ ^ 384 ^ “48' ^ 384 


384 

5 wl* 5 W.P. 


384 El 384 El 


in terms of the total load H\ 


Example 3. 

A timber beam of rectangular section 4" wide and 9" deep is simply 
supported over a span of 12 feet What uniformly distributed load 
should the beam carry to produce a central deflection of Y- Take E = 
1-5 X 10^ Iblin^. 

For the section, / = n ^ X 4 x 9® = 243 in^. 

5 W.l^ 5 W.l2^ X 1728 

~ 384 'El “ 384 ^ 1-5 X 10« x 243 “ * 

/. W = 2344 Ib-wt. 



Art. 7] 


BEAMS AND BENDING-III. 


225 


Example 4. 

A girder of uniform section and constant depth of 6 feet is freely 
supported over a span of 60 feet. Calculate the deflection for a uniformly 
dis ibuted load on it such that the maximum bending stress induced is 
tonsjin^. E = 13000 tonslin^. 

If for the above girder^ the flange areas are so proportioned that 
there is a uniform flange stress of 7\ tonslin^. throughout the beam^ 
calculate the central deflection. 

The central deflection for a girder of uniform section is 
5 Wl^ 

~ 384 ■ El 


The load W is such that the maximum skin stress is 
tons/in®. Now, the maximum bending moment at the centre 
WA ly X 60 X 12 
” 8 “ 8 
= 90H^ ton-inches. 

The moment of resistance — f.Z, =f X 

j 's, j JI2 


T 


X 


36 


24 


= — ton-inches. 


Equating, 


or 


T 

W = 


432 


tons. 


Substituting for W in the expression for yc* 
5/603 

Jo = — X X 


.728 = 1 = 


•865". 


384 432 13000 x / 

If the girder is of constant depth and uniform strength, 
it bends to an arc of a circle of radius R given by, 

f_ 13000 X 72 13000x72 


rf/2 R 2/ 2 X 7-5 15 

The central deflection will now be given by, 
_ 720 X 720 X 15 27 

8R ~ 


inches. 




8 X 13000 X 72 26 


= ^ = 1-04". 
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' Relation between maximum stress and maxi* 
mum deflection: (i) Simply supported beam of span /, 
central load W. 

Let f and 8 be the mziximum stress and maximum deflec¬ 
tion due to the load. 

Then— =f-Z=fx .(1) 

^ . 

Eliminating W between (1) and (2), we get, 

- = V 

“ 48£/ d 6E.d 

This can be rearranged as, 

B d I f 

T^-i=6^T . 

d 

This is a convenient form, in which, - is the ratio of depth 
to span and — is the ratio of maximum deflection to span. 

I 

(ii) Simply supported beam of span I with a uniformly 
distributed load of w per foot run. 

T u- 2/7 

In this case, — = fZ = -=t.(3) 

o d 

K A . 5 ... 

. 

Eliminating W between (3) and (4) we get, 

384 El d 2^'E.d 
This can be rearranged as, 

B d 5 f 

/ ^ “ 24 ^ E .^ ^ 

(iii) Beam of uniform section, span /, subjected to a cons¬ 
tant bending moment M. 
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This beam will bend to an arc of a circle of radius JR = 

M 

The central deflection, 

.(') 


Also M 


Substituting for M in (5), 

^ 2 /./ 1 /./2 

^ ~ 8EI ^ d ~ A ^ E.d 


^ I 4 ^ 


(iv) Beam of ‘Uniform strength’ and constant depth d. 
Let f be the skin stress throughout. This beam also bends to 
an arc of a circle of radius R given by, 
f E ^ E.d 
dl2 R 2/ 

The central deflection S is given by, 

8R AE.d 
In this case too, 

^ d \ f 

_ VX '' /T\\ 


I ^ I 


E 


Example 5. 

A beam of uniform section is freely supported at the ends and 
carries a uniformly distributed load. Find the ratio of depth to span 
so that the maximum bending stress is 8 tonsjin^. when the central 
deflection is of the span. E = 12800 tonslinK 
In this case, 

B d 5 f 
I ^ I ~2A ^ E 
1 d _ 5 8 

480 ^ 7 “ 24 ^ 12^ 

1 - J_ 

I ~ 16* 
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Example 6, 

A timber beam carries a uniformly distributed load of 550 lb. per 
foot run over a span of 20 feet. The ends of the beam are freely 
supported. Determine the section of the beam if the central deflection 
is limited to Y maximum bending stress to 1000 Ibjin^. 

E= 1-5 X 10^ lblin\ 

In the above case^ if the depth of the beam is limited to 15'\ calculate 
the necessary width. 


If both the limits of stress and deflection are to be reached 
simultaneously, the depth d of the beam will be given by, 

S 


1 


2 X 240 


/ 


X 


d 

^1 


5 / 

24 ^ £ 


d 5 
d = 16". 


1000 


1-5 X 10® 


To obtain the width b, the maximum B.M. is 
11000 X 20 


Wl 

8 


8 


X 12 = 330000 lb-inches. This is to be resisted 


at a stress of 1000 Ib/in^. 

Since M =f.Zi 

330000 = 1000 X X i X 16 X 16 
b = 7-73" say, 8". 

A section 8" wide and 16" deep will do. 

If the depth of section is limited to 15", the permissible 
limits of stress and deflection cannot be reached at the same 
time. When the actual deflection at the centre is ^", the actual 
skin stress/will be less than 1000 Ib/in^. and will be given by, 
8^5 f 

- 7 X-r = — X-;;On substituting S = and d = 15" 


24 E 
15 


or 


I I 
1 

rT240 '' 240 
15000 


X 


_ 

“ 24 ^ 1-5 X 10« 


/ 


/ 


16 


= 937-5 lb/in2. 
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Equating the bending moment to the moment of resistance 
at this stress, 

330Q00 =/ X X i X i X 15 X 15 

i = 9-4" say, 9^". 

If the beam had been designed with a depth greater than 
16", the skin stress would reach the permissible limit of 1000 
Ib/in^., while the deflection would be less than the given limit 

of r- 

^^iPropped beams. Rigid and elastic props: In 

a simply supported beam of span I carrying a uniformly distri¬ 
buted load of w per foot run, if a central prop is introduced 
at the same level as the end supports, the reaction P of the 
prop can be obtained by consideration of deflection at the 
centre. 




w/FT. 


pcxrrYYircsacrf. 

YYrrrYYmncxx, 

i 


I'Ni 



Fig. 123 


If the propjs removed, the central deflection will be 
5 wl*' ^ 


yc 




If the prop is placed at the same level as the ends, the up- 

Pl^ 

ward deflection due to P, viz., must neutralise the 

48£7 

downward deflection due to the load. 

P/3 5 wl* 
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P = 4 a;/ = 


where IV is the total load on the 


beam. The end reactions will therefore be each. The 

B.M. diagram for the beam is shown in fig. 123. 

For slope and deflection, take the origin at A and x positive 
to the right. For the portion AC, consider a section X distant 
X from the origin. 

™ ,, 3a;/ wx^ 

Then, Af* = — —+ — 

3/ 

This is zero at a; = 0 and at x = —, the latter being a 

8 

point of contraflexure. The maximum negative moment will 
be at == ^ and its magnitude is, 


16 X 16 +2(16)- 512“^^- 

The maximum positive moment will be at C and is given 
, 3a;/ / w wl^ 

by, M,nax - -ir X ^ + 2* (2^ + 32' 

For slope and deflection, 

Zwl wx^ 


ax 


mi wx^ 


3a;/x2 

32 


WX^ ^ 

+ —+c, 


At C, 


1 , dy 

X ~ — and -f- = 0 

2 dx 

^ 3wP wP ^ 

48 




3wlx^ wx^ wP 

■^384 
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Integrating, 


wlx^ wx' 

Ely = - — + 


4 K,/S 

+ + ^2 


32 24 ' 384 

Since at = 0 and ^ = 0, Cg = 0. 
wlx^ , wx^ wfi 

“ IT “24" 384’*■ 


dy 


For the position of maximum deflection, ^ = 0 

dx 


3wlx^ I wx 
~ 3 ^ ■*■"6 


3 WP ^ 
+ — =0 


384 

or 64x» - 36/.x2 + /» = 0 
Solving, we get, x = ‘27/ 

,.r -01968 , -07292 , 

Er)>max=wl*\ - — - 1 - — - 1 - 


-27 1 
384 J 


ymax — 


L 32 ' 24 

wl^ [- -0006152 + -0002214 + -0007] 
wl^ X -0003062 
0003062w/^ 

El 


Elastic prop: 

If the elasticity of the props is to be taken into account, 
the magnitudes of the reactions will alter. Let a be the stiffness 
of each prop being measured by the force required to depress 
it by unity. If P be the reaction of the middle prop, the 


reactions of the end props will be ~ each. 


The end 


{jjfjl _ p) 

props will be depressed by — - -and the middle prop by 

p 

The difference of levels of the central prop and end props 


will therefore be, 

P {wl-P) _{3P-wl) 
* ~ <T 2a ~ 2a ' 


not 


The upward deflection due to P has now to neutralise, 
5 wl^ 


m El 


‘■“(slr-w-O™’’'' 
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Equating, 

PP 

46EI 

P : 


5 wl^ 
384 'IT 


2AEI 


{3P-wl) 

2a 

{3P-wl) 


^ , 72EI\ ,r. , 24E/1 


or 


wl X 


(* 


24E1\ 
■*" ff/3 / 


( 


If the props have different stiffnesses, the magnitudes of 
reactmns can be similarly derived. 

1^ Simply supported beam with an eccentric load 

W: tet the load W be placed at C, distant a from A and b from 



W 

^ ^J 

1 


^ 


^ L — 



Fig. 124 

B so that a + b = L The reactions at the supports will be, 


Wb 

Ra = — and 


I u . . . . 

—JNow take the origin at A and 


consider a section X distant x from the origin, in the portion 
AC. 

Wb 

Integrating, 

dy _ Wbx^ 

+ 


- R X- 


El 


dx 


21 


ht C, X = a and 


dx 




Wba^ 

••• Elic - - + C^. 


21 


Substituting for Cj, 


EI-^~ 

dx 


Wbx'^ Wba^ 

+ -7^ +EItc. 


21 


21 


( 1 ) 
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Integrating once more, 

Wbx^ Wba^ 

hly =- — 4- '-^.x + Eltc jc + 0. 


( 2 ) 


6 / ' 2 / 

Since j = 0 at * = 0, the constant of integration is zero. 
The expressions (1) and (2) which have been derived for 
slope and deflection at any section in the portion AC, will be 
useful as soon as t'c is evaluated. 

Now consider a section X in the portion CB, at a distance 
X from the origin A. 

-.X W {x — a). 




Integrating, 
. dy 


El 


I 

Wbx^ 


At 


dx 

X 


21 


+ 


lV{x-a)^ 


+ c\ 


a. 


dy 

dx 

Wba^ 


2c 


Wba^ 

C'l = ^ + Eli,. 


Substituting, 

EI^ = 
dx 

Integrating once again, 


Wbx^ lV{x-ay 


21 


+ 


Ely = 


Wbx^ , W{x-a)^ , 
^--1- 


ma^ 

21 

Wba^ 


+ Eli, 


.(3) 


X “1“ EIi,.x C I 


At 


6/ ' 6 • ' 2/ 

B, X = I and j = 0. Substituting, 

^ Wbl^ Wb^ , Wha^ , 

0 =-:::-1- 2 -1--1- Eltc.l + c 2 


C' 


c — 

C, 2 — 


Wb 

6 

Wb 


6 2 

Wba^ 

(/2 

{I + b) (/ b) Wba^ 


Wab {a + 2b) ' Wba^ 


— Elic-l 
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Wab (a-b) 


— Elin.l 


Wbx^ W (x- a)» 
6 / 6 


Wab {a-b) 


— EIL.l 


Wba^ 


.X + EIic.x 


Expressions (3) and (4) give the slope and deflection at 
any section in the portion CB, provided I'c is evaluated. 

The point C is common to both AC and CB and the deflec¬ 
tion of C will be the same whether it is obtained from (2) or (4). 

Substituting x = a in (2) and (4) and equating, 

Wba^ Wba^ 


EIL — 


61 + 

21 

Wba^ 

Wha^ 

61 + 

21 

Wab {a - 

zR 


“ 1 “ Elic^a 
"I" Elic»a ■ 


Wab {a-b) 

3 


Elin-l 


Substituting for Elic in (1) and (2), the expressions for 
slope and deflection for any section in the portion AC become, 

dj Wbx^ Wba^ Wab {a-b) 

~~ ~ ~2l 3^ 


and El y = 


Wb (a2 + 2ab - 3x2) 
61 

Wbx^ Wba^ 


Wab {a-b) 


Wbx{—x^-\-3a^—2a {a — b)} Wbx{a^-i-2ab —x^) 

"" 6/ "" 6/ 

_ Wbx (a2 + 2ab - x^) _ Wbx (/2 -b^- x^) 

^ ~ 6ELI ~ 6EU 

For the position of maximum deflection, 

^ = 0 or a^ + 2ab- 3*2 = 0 
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3*2 = a^ + 2ab and * = 
Wb (a2 4- 2ab)^ 


" WxelT' 

It may be noted that the maximum deflection occurs in 
the larger portion AC of the beam. 

The deflection under the load is, 

Wab X 2ab WaH^ ^ . . 

Vc = -- = nr.rr , SubstltUtlOg X = O. 


SELl 


3E11 


Example 7. 

A 12" X 5" X 32 lb. R.S.J. is simply supported over a span of 
20 feet and carries a point-load of 5 tons at 4 feet from one support. 
Find the position and amount of maximum deflection and also the deflec¬ 
tion at the centre. for the section — 220 in*.; E = 13000 tonsjin^. 

The maximum deflection will occur in the larger segment 
which we shall call a, so that a = 16 feet; b = 4; feet; W = 
5 tons. 


The deflection at a section distant x from the support is 
given by, 

_ Wbx (a2 + 2a^ -*2) 5 X 4 X a: (256 + 128-*2) 

~ 6EI.I ~~ 6EI X 20 

*(384-*2) 

6EI ■ 


. dy 

For a maximum, — = 0 
a* 

.'. 384-3*2 = 0 or *2 =128 
and * = 8 'v/2 feet = 1T31 feet. 
11-31 X (384- 128) 


ymax 


6EI 

482-56 482-56 x 1728 


El 


13000 X 220 


= -2916". 


For the deflection at the centre * = 10. 
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Substituting in the general expression for y, 

10 (384-100) 473-33 473-33 x 1728 

” ^EI ~ El ~ 13000 X 220 “ ’ 
Example 8. 

A 12" X 5" X 32 lb. R.S.J. is freely supported over a span of 
20 feet. It carries two concentrated loads of 3 and 4 tons at 4 and 15 
feet from the left hand support. Find the position and amount of maxi¬ 
mum deflection. Ixx = 220 in^.; E = 13000 tonsjin^. 

The maximum deflection will occur in the portion DE 
(fig. 125). We shall consider a section in this portion and put 
down its deflection due to the loads of 3 tons and 4 tons separa¬ 
tely. The actual deflection will be the sum of the two. 
Taking the 4 ton-load first, let the origin be at A and consider 
a section JST, distant x from A. 



Fig. 125 

= 15'; A = 5'; W tons. 

_ Wbx [a^ + 2ab — 4 x bx (225 + 150 — 

Wi2 6Erx~2d 

X (375-x2) 

“ 6E/ 

Next, consider the 3 ton-load and take the origin at £. 
Let x' be the distance of the section X from B so that 
x' = 20-x. 

Now, a' = 16 feet; A' = 4 feet; fV' = 3 tons. 

_ 3 X 4 X x' (256 -t- 128 -x'2) (384 -x'®) 

~ 6EI X 20 lOEI 

Total deflection y = + y^ = 

30£:^ = 5x (375 - x^) -f- 3x' (384 - x'2), 
where x' = 20 — x. For a maximum, differentiate with 
regard to x and equate to zero. 
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SO^/ ^ = 5 X 375 - 15*2-3 x 384 + 9*'® = 0, 
dx 

since dx' = — dx. 

625 - 5*2 -384 + 3 (20 - *)2 = 0 or, 2*2 + 120* = 1441 
*2 + 60* = 720-5 (* + 30)2 ^ 1620-5 

* + 30 = 40-27 

and * = 10-27 feet. *' = 9-73 feet. 

10-27 (375- 105-47) , 9-73 (384-94-7) 

ymax - 

461-3 281-5 742-8 742-8x1728 

~ El ^ El ~ El “ 13000x 220“’ 


II. Macaulay’s method"': Problems in deflections of 
beams, particularly where point loads are concerned, become 
delightfully simple by a method which will now be described. 
It is due to Mr. W. H. Macaulay and essentially consists in the 
manner of the successive integrations of the expression for bend¬ 
ing moment so that the same constants of integration are valid 
for all portions of the beam even though the law of the bending 
moment varies from portion to portion. The method is best 
understood by a simple example. Let us reconsider the case 
of a single eccentric load on a simply supported beam of 
span /. 



Fig. 126 


The reactions of the supports are, 

Wb Wa 

■Ka = — and 


Take the origin at A. The law of the 
at any section in AC, distant * from A is, 

Mx =- 1 ~’^' * being<a. 


bending moment 


Thu method is originally due to A. Clebsch. 
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The law of the bending moment at a section in CB, distant 
X from A is, 

Wbx 

Mx — - j- + IV (x — a), X being>a. 


We can make one statement of the law of the bending 
moment for all sections of the beam from the end A to B as 
under: 


M - 

—r 


.;e + IV (x-a). 


For sections in AC where is < a, stop at the dotted line . 
For sections in CB (x>a), add the expression beyond the 
dotted line. 


Now integrate for slope, 


El%- = 
ax 


Wbx^ 

21 




IVix-a)^ 


( 1 ) 


It is particularly to be noted that the integration of (x — a) 
has been made for the expression as a whole and not for indi¬ 
vidual terms of the expression. This is just what makes the 
Macaulay method effective because, n ow C .th e constant of inte¬ 
gration is not only valid for slopes at sections in the p ortion / C 
but also for those in the portion CB. 

Consider the point C which is common to both AC and 
CB. ^As a point in AC, the slope io given by, 

Wba^ 

Elic — - nj - 1- Cj, substituting x = a and stopping at 

the dotted line. 


As a point in CB, the slope at C will be obtained by substi¬ 
tuting X = a in the whole expression 

^.dy Wbx^ , ^ , W{x-a)^ ^ ^ 

= -^ + Cl + —^*2-. And we get. 


Elic — 


Wba^ 

21 


+ Cj, as before, since the last expres¬ 


sion is zero when we put x = a. The constant Cj is therefore 
valid both for AC and CB. 


Integrate the expression (1) for deflections. 
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Ely = 


Wbx^ 

61 


+ CyX + C2 + 


W{x-a)^ 

__.fi 


( 2 ) 


Again, the expression (x — a)^ has been integrated as a 
whole so that the constant of integration C 2 is valid for deflec¬ 
tions in AC as well as in CB. 


We have thus worked out expressions (1) and (2) for slopes 
and deflections for all sections of the beam from one end to the 
other. For sections in AC, we stop at the dotted line; for sec¬ 
tion in CB, we add the expression beyond the dotted line. 

We have, now, only to evaluate the constants Cj and C 2 , 
which is easily done because we know two positions where y 
is zero, viz., at A where x = 0 and B, where x = 1. 


Remembering that A lies in the portion AC and putting 

X = 0 and y —0 in the expression Ely = --1- CjX 

+ C 2 , we get Cg = 0. 

Again, since B lies in the portion CB, putting x = I and 

Wbx^ JV (x - a)® 

^ = 0 in the expression, E^ =- — -h C^x + Cg H- ——, 


we get. 


^ WbP ^ , W(l-a)^ . 

0 =- - -h C^.l H- - -, since Cg = 0 


or 0 = C^J ■ 


Wb 


(/* — b^), since I — a = b 


■■ <^i=-6r<' + *> =- 61 —■ 

The expressions for slope and deflection for all sections 
from A to B, are therefore, 


^4 = 

ax 


Wbx^ Wab {a+2b) Wix-a)^ 

• I rt 


21 


61 


^ Wbx^ Wab (a + 2b) W(x-a)^ 

and Ely = - — -j-- '-x -f 


6/ 


61 


It will be noticed that the constant C^ is usually zero, since 
at X = 0, j; = 0. The work thertfore reduces to evaluating 
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only the constant Cj which is done by putting j = 0 at x = / 
in the whole expression for deflection. 

For any section in the portion AC (x<a), 

__ ^ Wat (._+ 2 ^ ^ m ^ _ 3^,, 

0/ 


and Ely 


21 


61 


Wbx^ ^ Wab {a + 2b) fVbx(a^ + 2ab — x^) 


61 '61 6/ ’ 
as already obtained laboriously in art 10. 

We shall now apply the method to examples 7 and 8 above 
so that the simplicity of the method becomes evident. 

Example 7a. 

Referring to example 7, the reactions at the supports are 
7 ?a = 1 ton and /?b = 4 tons; a = 16 feet; b = A feet; 
W = 5 tons in fig. 126. 

Taking the origin at A, the law of the bending moment 
for all sections from A to B is, 

£/g = -l.x +5 (x-16) 

Integrating, 

dv x^ 

EI-£ = -y+C^ +i(x-l6)^ 

Integrating once again, 

EIy = -^ +C^.x+C^ +i(x-i6)3 

Since j = 0 at ;c = 0, Cg = 0. 

To evaluate Cj, put j = 0 at x == 20' in the whole expres¬ 
sion. 

0 = - ^ X 8000 + 20Ci + i X 64 
C-^ = 64. 

The expressions for slope and deflection are, 


T?T 


dy 


5 
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dy 

The maximum deflection occurs in AC where, = 0. 

ax 

v2 

- y + 64 = 0 

or = 128 

and X = 8\/2 = 11’31 feet. 

The maximum deflection is given by, 

Elymax =* (64-y), x being 11-31' 


11-31 (64 


11 :^ 1 ^ = 482-56 


ymax — 


482-56 482-56 x 1728 


= -2916" as before. 


El 13000 X 220 
The deflection at the centre is obtained by putting x = 10 

x^ 

in the expression Ely — —g" + 

r^r 1000 2840 

£^10 ==-?-1" 040 = —::— = 473-33 




6 

473-33 


473-33 X 1728 


= -2861". 


El 13000 X 220 

Example 8a. 

Referring to fig. 125, the reactions at the supports will be, 

o 4x5+3 X 16 
Ra = -- = 3-4 tons. 


20 


Rf. =3-6 tons. 


Taking the origin at A, the law of the bending moment 
for all sections for ^4 to R is, 


Elp-^-2,-^x 

dx^ 


+ 3 (x-4) +4(x-15) 


Integrating, 

El^ = - 1-7x2 + Cl + |(x - 4)2 + 2(x - 15)2 

Integrating once more, 

£/^ = -i^x3 + C,x+0 +^(*-4)3 +f (x-15)3 
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To evaluate C^, put _>» = 0 at * = 20, in the whole expres¬ 
sion for y. 

0 = - y X 8000 + 20Ci -f ^ X 163 + I X 125 
20Ci = 2402 

Cl = 120-1. 

The slope and deflection relations are, therefore, 

= 120-1 +i(A:-4)2 +2 (a:-15)2 

ax 


El 


and = - 1-7— + 120-l;e + ^ (;c--4)3 +|(;c_l5)3 

6 

The maximum deflection occurs in the middle portion, 

dy 

between x = 4 and a = 15. Equating — to zero. We get, 

0 = - 1 - 7*2 120-1 +-!(*- 4)2 

- 3-4*2 ^ 240-2 + 3*2 - 24* + 48 = 0 
or -4*2 -f 24* = 288-2 
^2 60* = 720-5 
{x -1- 30)2 ^ 1620-5 
* + 30 = 40-27 

* = 10-27 feet. 

Substituting 

* = 10-27 in the expression for deflection, 

1-7 


Ely max — 


(10-27)3 -f- 120-1 X 10-27 + ^ (6-27)3 


-613-8 + 1233-4 + 123-2 
742-8 


ymax — 


742-8 742-8 x 1728 


El 


13000 X 220 


= -4488". 


12. Variable loading on a beam of uniform section: 

If the beam carries a system which varies from section to sec¬ 
tion, the slope and deflection at a section can be worked out, 

d^y 

as usual, by successive integration of the relation El ^ = M, 


provided M is an integrable function. 
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There is a more mechanical way in which, by repeated 
integration of the function for the rate of loading at a cross- 
section, we successively derive the S.F., B.M., slope and deflec¬ 
tion at the section. The relations between the rate of loading 
w and F and M at a section are: 


dF , dM 

— =w and —r— 
dx dx 


Since M = El 


F. 

dh> dM „ d^y . 


iFM 


dx 


j^jd^y 

El—. =w. 
dx^ 




Taking the basic relation = ^5 successive integra- 

tion will yield El^y^ or F, EI^^ or M, EI^ and Ely. 
dx^ dx^ dx 


Example 9. 

An 18" X 7" X 75 lb. R.S.B. is simply supported over a span 
of 18 feet and carries a distributed load which varies uniformly from 
1 ton per foot run at one end to 3 tons per foot run at the other. Find 
the position and amount of maximum deflection. For the R.S.B., 
IXX = 1149 in^.; E = 13000 tonsjin^. 



The load may be divided into: (i) a uniform load of 
1 ton per foot run throughout and (ii) a triangular load which 
is zero at A, increasing to 2 tons/ft. at B. The reactions to (i) 
are 9 tons at each end. The reactions to (ii) are ^ x 18 
= 6 tons at A and f x 18 = 12 tons at B. The total reactions 
are, therefore, = 9 + 6 = 15 tons and /?b = 9 -f 12 
= 21 tons. 
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Now take the origin at A and consider a section A' at a 
distance of x from the origin. 

EI^^ = M = -15x+x.^- + ^x^xxx'^ 


= - ISAf + y + —. 


This expression could have been derived by considering 

f 2 a; \ 

the rate of loading at X which is a) = ll + j^l tons per foot 


run. 


El 


d*y 




d^y 

Integrating, £7^ = x + — + 

Integrating once more, 

d^y x^ u. 

£'7-74 = -;—[- _ -f. Fjs^x + 0. since or M is zero 

dx^ 2 54 dx^ 

at a: = 0 . 

It is also zero at a; = 18. 

183 


A 


0 - 162 + 


54 


18F, 


T^a = — 15 tons 


El 


(Py 


dx^ 

first principles. 

Continuing the integrations, 


X^ x^ 

15x ~2 already obtained from 


rdy 


15x2 


EI^ =- „ 

dx 2 


+ T + 2 T 6 


5x2 x^ x® 

and EIv = -— + — + — -h C,x + 0, 

2 ^ 24 1080 ^ ’ 

j = 0 at X = 0. Also at X == 18, j :: 

0 = - 810 + 243 4- 97-2 + q 

Cl = 469-8. 


Since 
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The laws of slope and deflection, therefore, are, 

^i = -—+ T+2-i6+«®-«' 

+ 24 +,^+ 469 - 8 «. 

dy 

For maximum deflection, —'=0 

dx 


\bx^ 


H-h — + 469-8 = 0. 

^ 6 ^216 ^ 


or 


Solve for x by trial and error. Trying x = 9, the expres¬ 
sion reduces to 

-607*5 -f- 121-5 + 30-375 + 469-8 
-f- 14-175, instead of zero. 

A little higher value of x will satisfy the equation. 

Try X = 9-18 
Then, x^ = 84-26 
*3 = 773-4 
X* = 7099 


^6 _ 


65160. 




Substituting in the equation for El —, the R.H. side 


reduces to 
15 


773-4 7099 

^ X 84-26 +-^ + ^ + 469-8 

or - 632 + 128-9 + 32-86 + 469-8 

or - 0*44, which is near enough to zero. 

Ely,^ = X 773-4 + ^ x 7099 + ^^+469-8 x 9-18 

= - 1933-5 + 295-8 + 60-34 + 4312 
= 2734-64 

2734-64 X 1728 


ymax — 


13000 X 1149 


= -3163" 


13. Slope and deflection by the use of the B. M. 
diaj!(ram: The area of the B.M. diagram and its moment 
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can be utilised to evaluate the slope and deflection at any sec¬ 
tion of a beam. 

Let M be the bending moment at a section X of beam 
at a distance of x from A (fig 128). With the origin at 



Fig. 128 

Integrating between and X 2 ^ we get, 




M,dx 


El 


I^iXL 

\dx L 


area of the B.M. diagram between x-^ and x^ 


• • (^*2 ^ l ) — ’’ ’’ ’’ ” ” ” 

The change of slope between two sections of a beam 
_ area of the B.M. diagram between the sections 

Ti .. ( 1 ) 

Similarly, multiply both sides of the equation 
d^y 

M hy X and then integrate between x^ and x^- 


El j 


dx 


El 




moment of the B.M. diagram between 


x^ and ^2 about A. 


or 


El |(Af2l2-J)'2) - (*lh-Jl) j = » 


55 55 55 55 * 


( 2 ) 
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These two relations are enough to obtain the slope and 
deflection in simple cases. 

Consider a cantilever of span I carrying a point load W 
at the free end. We know that the slope and deflection at the 
J472 WP 

free end are and 5 ^ respectively. We can obtain them 
Zbtl 6t,l 



Fig. 129 

easily by the use of the B.M. diagram which is a triangle. 

The area of the B.M. diagram between A and 5 is i Wl.l = 

Wl^ . . . / .. 21 

The distance of its c.g. from .4 is — and from B it is —. 


Now take the origin at B and x positive to the left. 

From equation (1), we get, 

EI{if. — i’b) = area of the B.M. diagram between B 
WP 

and A = —. 

But i’a = 0 

WP 

tB = the negative sign being due to 

2IiI 

our change of direction for x. 

Using the relation (2) we get, 

El [(/ia — J’a) — (0-4 “J’b)] = moment of the B.M. dia- 

. „ WP 21 WP 

gram about B = —. — = —. 

Since i'a and are both zero, we get, 

r,r 

= -T- 
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And 



Wc can similarly obtain the slope and deflection at the 
free end of a cantilever carrying a uniformly distributed load 
w over its span /. 



Fig. 130 


Take the origin at B and x positive to the left. The B.M. 
at a distance x from the origin is, 
d^y wx^ 

Integrating over the whole range, 

(^A — 4) == area of the B.M. diagram between B and A 



o 


Since 


Za — 0, Zb — 


wl^ 

6 £/‘ 


Also EI[{li^ ““Ja) — (0.?B - Jb)] moment of the B.M. 
diagram about the origin B, 

Since z’a and Ja are both zero, 

EI^, - = ^ 

J 2 J 2 8 

o o 

wl^ 

Jb = as before. 

We shall, however, derive regular expressions for the 
slope i and deflection j at any section of a beam in terms of the 
area of the B.M. diagram and its moment. 
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14. Beam supported at the ends: Take the origin 
at A and x positive to the right. At any section X, distant x 
from A, 



Integrating between 0 to x, 

El {ix — i\) = M.dx — Cx where Ux is the area of the 

O 

B.M. diagram from A to X. 

ix = iA+~ .( 1 ) 


This relation will give the slope at any section as soon as 


we evaluate Za, slope at the origin. Multiply both sides of the 

(Py 

relation ~ M hy x and integrate over the whole range 


from A to B, 


We have. 


l' 


M,x,dx, 



== moment of the whole B.M. diagram 


about A = a.jv, where a is the area of the B.M. diagram and 
~x is the distance of its c.g. from A, 

Substituting the limits, 

El [(/zb -JVb) - (O.z'a Va)] = aJ. 

Since and are both zero if the supports are at the same 
level, 
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Ell.in = ax 


ax 


( 2 ) 


This expression for Eli^ can be easily remembered because 
of its analogy with the expressions for the reaction at the supports 
of a beam for a given load system. To obtain the reactions we 
take moments about a support; thus, by taking moments about 
A we have, 

X I = moment of the load system about A. 

To obtain the slope at the support jB, we take moments 
of the B.M. diagram about A and obtain Eli^ just as we get 
for the load system. 

.. a il — lc) 

Similarly, Za =- 'eiT~ . 


In using these expressions, care will have to be taken about 
conventional signs. With the usual loading on a simply supported 
beam, the beam bends concave upwards and therefore, 
according to our convention, the bending moment Af at a sec¬ 
tion is usually negative. The area a of the B.M. diagram will 
be negative and therefore will be negative. Since z’a is posi¬ 
tive, the minus sign is placed before the expression for z’a in (3). 


The slope 4 at any section can now be obtained from (1), 
since z'a is known. 

For deflection, multiplying both sides of the expression 
d^y 

El— M by X and integrating between 0 and x, we get. 



o 


M.xJx 


.-. j;)| = moment of the B.M. diagram 

o 

between A and X, about the origin. 

El {{xix—ji>) — {0.iA — 0)\=a)^x> where a* is the 
area of the B.M. diagram from ^ to .Y and Hx is the distance of 
its c.g. from A. 
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.-. y^x.i 


X 


a*** 

El 


Substituting for ix from (1), 






(x — Xjc) 

El 


But dx {x — Xx) is the moment of the area dx about X, 
Therefore, 

moment of dx about X 

..(4) 


y = xij^ + 


El 


The relations (1) and (4) respectively give the values of 
slope and deflection at any section X in terms of the area and 
moment of the area of the B.M. diagram. It must be remem¬ 
bered that the area dx for a simply supported beam with the 
usual loading is negative. 

We shall now illustrate this method by applying it to the 
standard case of a simply supported beam of span carrying 
a concentrated load W (i) at the centre (ii) eccentric. 



(i) Central load W; span L 
At a section X distant x from 
M = -1 W.X. 

;c Wx Wx^ 

The area 


The distance of its c.g. from X To obtain 2 a take 

6 

moments of the entire B.M. diagram about B. 
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r-T- , 1 , ^ 

Eltj, x/ ^ X / \ — A - 


and 


WP^ 

16 


tA = 


WP 

\6EI 




y = atja + 

_ WP 

~ 16£/’ 


• _ • . ^ _ 

• • 

moment of a* about X 


E.I 


Wx^ 

YIEI 


Wx^ 

4EI 


These results were obtained by integration in art. 7 of this 
chapter. 

(ii) Eccentric load W; span /. 



respectively. 


For a section X at a distance of x from A, 
Wb 


M = - 


I 


-.x where x d a. 


The area a* 


X Wbx 
2' 


I 


Wbx^ 

21 


The distance of its c.g. from X = -. 

6 

To obtain the slope at A take moments of the whole B.M. 
diagram about B. 

Wab b 2b Wab a , a ^ 

We have, EIij^.l = - 7 —-o- — "I-p *2 


I 2 3 


ELU = + a (3i + fl) j 



Art. 75] 


BEAMS AND BENDING-III. 


253 


, ,, , 

= + ^) (^ + 2^)- 


Since (a + i) = I, = 
For any section in AC, 


Wab {a + 2b) 
6EI.I 


Wab (fl + 2b) Wbx^ 
~ 2EII 


lx -lA A- J^I - + 

Wb (fl2 + 2ab - 3x^) 

~ eE.i.i 

moment of a* about X 


and y = a;?a + 


El 


Wab (a + 2b)x Wbx^ Wbx (a^ + 2ab-x^) 
6EII ~~ "MTl 6£././ 
results which have been obtained before by other methods. 


15. Impact loading on beams: If a load W is 
dropped on to the middle of a simply supported beam from 
a height h, the beam will suffer an instantaneous maximum 
deflection 8, vibrate and finally settle down to the position 
which it would have taken if the load W had been gradually 
applied. It is necessary to evaluate the maximum instantane¬ 
ous deflection S because in that position, the instantaneous stress 
induced is also a mziximum and it must not exceed the permis¬ 
sible bending stress for the material. Such problems are best 
solved by working out the gradually applied load P which is 
equivalent to the impact load W. The work supplied to the 
beam and stored by it, in either case, is IF (A S) = F-s, 
where 8 is the maximum inst. deflection and P is the equivalent 
gradually applied load. 


Also, S 


P/3 

48P7’ 


With the help of these two equations, solve for P and 8. 
The maximum instantaneous stress can now be easily obtained. 
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Example 10. 

An 18" X 6" X 55 lb. R.S.B. is freely supported over a span 
of 16 feet. A load of 2 tons is dropped on to the middle of the beam 
from a height of J". Find the maximum instantaneous deflection and 
stress induced in the beam. ^iven. Ixx for the section ^841"76 in^., and 
E = 13000 tonsjin^. 

(A + S) = ^ X 8 


2 (i + 8)-=- X 8 

S (P-4) =2. 

PP 

Substituting for S, 

(P-2)2-152-5 
P-2 = 12-35 
P 


96 X 13000 X 841-76 
163 X 1728 


148-5 


and 




14-35 tons. 
P_d 14-35 

T 


X 16 X 12 


= 688-8 ton-inches. 


Z for the section = 


841-76 


= 93-53 in3 


M 688-8 




= 7-365 tons/in^. 


93-53 

The maximum instantaneous deflection 8 may be obtained 


from 8 = 


8 

192 


X 


P/3 

48p:/ 

18 

192 

8 


or from - 


X 


d 1 f 

T ~ 6^ T' 


1 

6 




7-365 


13000 
= -1933". 


16. Strain-energy of beams: Any system of external 
forces acting upon a structural member does work upon it and 
within the elastic limit, this work is stored by the member as 
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Strain-energy. The expression for the strain-energy in terms 
of the stress induced in the case of a member under axial pull 
/2 

or push is ^ X volume of the member, where f is the uniform 

tensile or compressive stress induced in the section. In the 
case of transverse loading on beams, we have seen that the 
stresses induced at a section are tensile and compressive but 
they vary from zero at the neutral axis to a maximum at the 
extremities. Even the stresses at the extremities vary from 
section to section as the bending moment varies. If f is the 
maximum intensity of bending stress corresponding to the maxi¬ 
mum bending moment on the beam, we can express the 

strain-energy of the beam as c X — X volume of the beam, 

Jb 

where r is a constant depending upon the cross-section of the 
beam and the nature of loading on it. We shall investigate the 
value of r in a few standard cases. 

(i) Simply supported beam of uniform section: central 
load IT, gradurlly applied. 

The work done upon the beam by the gradually applied 
load = average force X displacement 

= \W X S where S is the central deflection. 

Wl^ {^ 2/3 

The work supplied and stored = i x W x , 

^ 48EI 96JE7 

This is to be expressed in terms of the maximum stress / 
and the dimensions of the section. 


Now, maximum B.M. 




m 

T 

8 // 

d 


=fZ- 


d 


Substituting for Wl, 

, / 64 / 2.72 

the strain-energy = X — 

2 p LI 

~ 8' E ^ (P 

I = Ak^, the expression becomes, 


Putting 
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— X X ^ X ^ X / or — X volume of the beam. 

Z <P E 3 E 

2 ^2 

The value of the constant in this case, is 

If the beam section is rectangular of width b and depth d, 
/ == 1 = bd.k^ 

k^ 

i.e. ^ value of c is therefore 

For a beam of solid circular section of diameter d^ 


7 = ;^^* = ? 72 X A-2 
64 4 


k^ 


(ii) Simply supported beam with a uniformly distributed 
load w. 

A uniformly distributed load, or for that matter any load¬ 
ing can be looked upon as a series of point-loads acting on the 
beam. Consider an element of the beam at a distance x 
from the origin. The load on the element is w.^x. liy is the 
deflection, the work done by the load is ^.w^'^xy. The total 
work done by the loading is ll^w.Sxy, Substituting for y and 
integrating over the whole range from ;c = 0 to = /, we can 
work out the value of the work supplied. It is then easy to 
express it in terms of the maximum bending stress f and the 
dimensions of the beam. 


It is however more convenient to derive an expression for 
the amount of work done in terms of the bending moment at 
a cross-section. If M is the bending moment on the element 
8x of the beam, the change of slope brought about is given by 




EI^ =M, i.e. 
dx 


change of slope 8i = 


M8x 
El • 


Now the work done by a couple is measured by the product of 
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the couple and the angle turned through. In this c<ise, since 
the loads are gradually applied, the work done on the element 
= average couple x angle turned through = x St. The 
total work supplied to the beam is, therefore, 


I 


M8x 

El 



M^dx 
El " 


For a beam with a uniformly distributed load 
, ^ wl wx^ 


The energy to be stored 


1 

Yei 


vo^x\i-xf 

J 4 


dx 


o 

2 


W 

o 


j x^{P-2lx f a:2) dx 


w 

81 / 


240£'/’ ^ d 

Substituting for 


16// 


= 


d ■ 


Strain-energy 


I 


256/2./2 16 /2 11 


Putting / = Ak^ 


16 /t2 /2 

— • • -pr X volume of the beam. 

\5 dP‘ E 


For a rectangular section. 


i! 

</2 


^ and c, in this case, is 


— X — or — 

ir. 12 4.V 


A-2 


For a circular section, ^ and f = 

(iii) Beam of uniform section under a constant bending 
moment M. 


Strain-energy = J 


^ M^dx MU 
2EI ~ 2EI 
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Aho, 

Substituting for M, 

c. . I 4/2./2 2.pi.l 

Stram-energy = — x~ 

= 2 X X 4r X volume of the beam. 

b. 

For a rectangular section, = h ^ 

1 

For a circular section "72 ~ ^ “ i* 


17. Deflection of beams by consideration of strain- 
energy: At a distance x from the origin consider a section X 
where the bending moment is M, At a distance (a: + Sa;) from 
the origin consider a contiguous section where the B.M. is 
(Af+SAf). If 8x is made very small, the bending moment over 
the strip will be sensibly M. Imagine an elementary point 
load SPF at a section X^ distant x^ from the origin, where the 
deflection is to be evaluated. Then the work supplied by 
SkF = This is stored. The change of slope brought 

about on the elementary strip 8x due to this elementary load 
Sz 

8 IF is given by = m.SfV, where m is the bending moment 

ox 

at the section X due to a point-load of unity at X^. 


Si = 


m.8W.8x 

El 


The work stored by the strip 8* is equal to the average 
couple X angle turned through. The bending moment at 
the section X is (M -f mhW), the second term being due to the 
elementary load SW^ at X■^^. 

The work supplied by 8M^ and stored by the beam 
= S J (Af + m.m) Si 

, (A/ -f m.8W) m.SH^.Sx 
= i - — - 
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1 / 

~ 2^1 oeglecting small quantities of 


a higher order. 


Equating J SW.ji to M.m.SW.Sx, 

2EIj 


we get, jvi 


.m.dx 

^eT~ 


This expression enables us to evaluate the deflection at 
any section of the beam. 


18. Strain-energy due to shear in a beam: Consider 
an element of length 8x of a beam, at a distance x from the 
origin, where the shear force is F. The intensity of shear stress 
at a distance y from the N.A. in the section is given by, 




yc 


y.8a. 


The amount of strain-energy stored by a strip of thickness 
will, then be 

= PTT-/- X volume of the strip 
2Jy 

= — X z-Sy-Sx, The total energy stored by the element 


of the beam is, 

X -^Sy.Sx. The total amount of energy stored 

yt 2Js 

by the beam due to shear will be. 


w 

o yi 


X z dy.dx. 


We shall apply the formula to work out the shears str 2 iin- 
energy of a simply supported beam of rectangular section b x d, 
carrying a central load on a span 1. At any section, 
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- +^) 

Then, the strain-energy due to shear 

M.+dh J 9 ^/ 2/^4 (pyi , 

^ 1 i^(l6 


1 91^2 j-^4 

n ^ 


dY , J 
6 5 


51 + dl2 


dk 


r^/2 1 ^IY2 p^5 ii { </6-) 

2J{ ^ “T‘T 5‘Te I 


9 J 4/2 ^5 1*^/2 


X 


Pr2 / 


1^2/ 


jVW« 30 J 


30 ^ Md^ 2 20 ^ jV.W 


If 8 be the central deflection due to shear, the work 
supplied = ^W^.Ss. 


Equating, W^.Ss = :^ 


W^.l 


20 Mbd 
^ 3 Wl 

10 ^ M.b.d 

The total deflection at the centre due to the B.M. and S.F. 
will be 

WP 3 Wl _ WP fl 3 E d^] 

~ ^EI lO'.Md ~ W^\i ^ T0’^’l2 J 


19. Laminated Springs: These arc built-up of a 
number of plates, as shown in fig. 134 and are widely used for 
railway waggons and coaches and road-vehicles. They are 
loaded at the ends and supported in the middle. Essentially, 
they are beams of uniform strength and are given such initial 
curvature that the central deflection disappears and the plates 
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become flat when the full load for which the spring has been 
designed, comes upon it. 

Let / be the horizontal span of the spring; let n be the 
number of plates of width 6 thickness t. If the load is fV, the 


maximum bending moment is 


-r- at the 
4 


centre. 


This is to 



Fig. 134 

be resisted by n plates. If/ is the skin stress of the plate section, 
the moment of resistance of each plate is / X ^ it®, n plates 
will therefore offer a resistance of w x / X iit®. 

Equating, 

PVl 

— n xf X from which the maximum stress 

4 

induced can be worked out. 

The plates are bent to a circular arc. 
which the top plate should be bent or its 
which should be initially given so that the plates become flat 
when the full load IV is put, can be easily calculated. We 
know that, 

8R 

tl2 R 

= 5 - 

2/ 4£.f 


The radius if to 
central deflection 


R 


Also, 
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Example 11. 

A carriage spring is to be 3 feet long and built-up of plates 5" 
wide and f" thick. Calculate the number of plates required for the 
spring if a central load of 1500 lb. is to be carried without exceeding 
the bending stress of 12 tonsjin^. What should be the central 
deflection and the initial radius to which the plates must be bent so that 
they straighten out under the load? E = 30 x 10^ Iblin^. 

Wl 

Maximum B.M. = —— x 12 lb-inches. 

4 

1500 X 3 X 12 
4 

-- 13500 lb-inches. 


Moment of resistance of one plate 
=/X i bfi 

= 12 X ^ X 3 X ( 1 )^ X 2240 
= 1890 lb-inches. 


Equating, 13500 — n x 1890 
n = 7*1, say, 8. 

Providing 8 plates, the skin stress in each plate due to a 
load of 1500 lb. will be given by, 

13500 = 8 x/x^x3xp 

f = 24000 Ib/in^. against 12 tons/in^., permitted. 
24000 X 16 

R y 1(2 3 

30 X 106 


128000 


R = 


128000 


= 234’375 inches 


, , P 36 X 36 X 128000 

8 X 30 X lO" • - 


inch. 


20. Beams of variable section: If the beam has a 


varying section, the relation EL 


d^y 


Af, may be re-arranged 


d^y M 

as ~"7”’ integrations will give the slope and 

M . 

deflection if — is an integrable function of x. 
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Example 12. 

A freely supported beam of span I carries a central load W. The 
sectional area of the beam is so designed that the moment of inertia of the 
section increases uniformly from I at the ends to 21 at the middle. 
Calculate the central deflection. 

Take the origin at the left hand support. At a section 
Z, at a distance of x from the origin, in the left hand half of 
W 

the span, M — — -^.x. The moment of Inertia of the section 




dh W 
Now, =-- 5 -, 

WX 


w 

V 




-O-t) i 0+^) J 


4/ 


Wl 




Wlx Wl^ , /, 2x\ ^ 

+ ^log.(l+T)+C: 


4/ 


0 


Integrating, 
dx 

At the centre, x — - and ^ 

2 dx 

••• 0--—+ — log,2+Ci. 

Substituting for 

Wlx Wl^ Wl^, 

+ — + 




4/ ' 81 
Integrating once again, 

^ Wlx^ Wl^x 

^•y = - -in- + 


1 + 


lx 


81 


81 


+ (i + t) - J 
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Wlx^ Wlh 

81 8/ 




+ Co 


Wlx^ Wlh 

81 81 


Wl^f , (\ x\ I /I x\'\ ^ 

+ -^1* log.(2 + t) “ ^ + 2 (2 + t)] + 


At the origin, * = 0 and = 0. 

•’• 0 ^ 2 2 ^2‘ 

Substituting for Cg, 


E.y 


Wlx'^ wi^ r 


8/ 


+ 


8/ 




I WP WP 

At the centre, x = - and = — — + — log, 2 


E.h = 
S = 


WP 
16/ 
•miwp 
\8EI 


-omiwp 


El 


21. Graphical methods: We have seen the relation 
between the rate of loading on a beam at a given section and 
the S.F., the B.M,, slope and deflection at the section. It is 
one of successive integrations and can be utilised to obtain them 
graphically. 

Consider a beam of span I freely supported at the end with 
loading as shown in fig. 135. At any cross-section ^ at a 
distance of x from 
dF 
dx 

Integrating between A and 
Fx-F^ = ^ wdx 
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z= —Rj^ area of the load diagram between A and X. 
The S.F. at any cross-section can then be worked out and 
plotted to a suitable scale. 




Proceeding further, 
ax 

SM=/^.Sx. 

Integrating between A and 


F.dx. 
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Since the beam is freely supported at the ends, 


M, 


F.8x = area of the S.F. diagram between A and X. 


The B.M. at any section is now known and can be plotted. 
Since EI^ = M, 


integrating between 0 to x, 



o 


4 = ^ X of the B.M. diagram between A and X. 

hjl 


We have shown in article 14, how to obtain z’a, the slope 
at the support A, Therefore the slope 4 at any section can now 
be obtained and plotted. 


dy 

Proceeding, — 


dy = i.dx. 

Integrating between A and JST, 


y = 


1 I Ax = area of the slope diagram between A and X. 

o 


The deflection at any section can thus be obtained from 
the slope diagram and plotted. All the diagrams are shown 
in fig. 135. 


There is another graphical method which suggests itself. 
In Art. 6 of Chap. IV, we have seen that a funicular polygon 
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for a given load system on a beam represents, to some scale, 
the B.M. diagram. The proposition was proved for point-loads 
but is is true for any manner of loading, because all loads, 
uniform or variable, can be looked upon as a series of point¬ 
loads. 


We have seen that the relation between the rate of load- 

^ 

ing w and the bending moment Az at a cross-section is 

= Wy for which, therefore, the graphical relation is that of a 
funicular polygon for the load system. 


Now, El—r^ = M. It is clear that the relation between 

dx^ 

ELy and M is exactly the same as that between M and w. 
Therefore, if we treat the B.M. diagram as if it were a load 
system on a beam, and draw a funicular polygon for it, the 
vertical intercept of this funicular polygon at a section, will, 
to some scale, represent Ely and therefore the deflection of the 
beam at the section. • 


EXAMPLES VI 


(1) Calculate the uniform bending moment which must be 

applied to a steel rod Y diameter in order to bend it into a circular 
arc of 50 feet radius. If the bar is 10 feet long, calculate the central 
deflection, taking £'=13300 tons/in^. (152*4 lb-in; 3"'.) 

(2) A cantilever 6 feet long carries a load of 2 tons at the free 

end and 3 tons at the middle. By Macaulay’s method or otherwise, 
calculate the slope and deflection at the free end, given £=13000 
tons/in*, and 7=375 in^. (-001462 radian; -075*".) 

(3) A beam of cast iron, 1^'’ wide and V deep is tested on sup¬ 

ports 3 feet apart and shows a deflection of ^ inch under a central 
load of 2 tons. Calculate £ for the material. (5760 tons/in*.) 

(4) A beam of 20 feet span is freely supported and carries a 

point load at the centre. If the ends slope Y under the load, calcu¬ 
late the maximum deflection. (‘7'".) 
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(5) Three beams, each 12 feet long, placed side by side arc 
freely supported at the ends and carry a central load of W tons. The 
two outside beams are 3" wide and 6" deep while the central one is 
wide and Z" deep. If the stress in any beam is not to exceed 1^ 
tons/in*., evaluate W and the load carried by each beam. 

tons; I ton on each outer joist; ^ ton on inner joist.^ 


(i 11 
\ 16 


(6) A simply supported beam of rectangular section carries 

a central load of 5000 lb. over a span of 20 feet at a stress of 1000 
Ib/in^. Calculate the maximum deflection, given £'=1*75x10® 
Ib/in^. and the depth of section = 16''. Calculate also the necessary 
width of section. (*343"; 7".) 

(7) A beam of length 21 carries a uniformly distributed load 

w per unit run and rests on three supports, two at the ends and one 
in the middle. Find how much must the middle support be lower 
than the end ones in ordei that the pressures on the three supports 
shall be equal. / 7 wl^ \ 

[72 EI J 

(8) A cantilever of span / carries a point load W at half its 
length from the fixed end. The free end is supported to the level 
of the fixed end. Using Macaulay’s method, find the reaction at 
the prop and the position and amount of maximum deflection. 


f5lV I ^ ^ ^ wP \ 

(tt’ vr iwwij 

(9) A cantilever of span I is fixed at one end, the other resting 

freely on the middle of a simply supported cross-beam of the same 
span and section. If the cantilever is now loaded with a uniform 
load of w per unit run, find the reaction at its free end, offered by the 
cross-girder. / 6 , \ 

(10) A beam of rectangular section is freely supported at the 
ends and carries a uniformly distributed load. If the maximum 
stress due to bending is to be ^ ton/in^., determine the ratio of depth 
of section to span so that the maximum deflection may not exceed 

of the span. £=750 tons/in^. (Not less than 1/15.) 


(11) Three rolled steel joists, placed side by side are freely sup¬ 
ported over a span of 20 feet. The two outer ones are 12"x5''x32 
lb., each having /xx=221 in^., the inner one being 12"x6''x54 lb. 
with Zr;c=376 in^. A concentrated load of 15 tons is so arranged at 
the centre of the span that the deflection of each joist is the same. 
Calculate the load carried by, and the stress induced in each joist. 

r 6*9 tons on inner joist; 4*05 tons 1 
1 on each outer joist; 6*6 tons/in*. J 
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(12) An IS"x7"x75 lb. R.S.B. is freely supported over a 
span of 25 feet. If the maximum deflection is not to exceed 

oOO 

of the span, find the maximum permissible uniformly distributed 
load on it and the corresponding intensity of bending stress, given 
Ixx^\\A9 in^.; £=13000 tons/in^. (*64 ton per ft. run; 4*68 tons/in^.) 

(13) A girder is of 50 feet span, 5 feet deep, and is freely sup¬ 

ported at the ends. It carries a uniformly distributed load which 
produces a maximum stress of 7 tons/in®. If £=12,600 tons/in*., 
find the maximum deflection. If the flanges had been so designed 
as to have a uniform flange stress of 7 tons/in^. throughout, what 
would be the maximum deflection? (0*7"'; •833''.) 

(14) A beam of span I is freely supported at the ends. From 
each ( nd, at a distance of a, there is a concentrated load of W on the 
beam. Calculate the deflection under each load and at the centre. 

f Wa^ (3/ - Aa) Wa (3/2 - 4^*] 
[ 6EI ’ 24£/ J 

(15) A 16''x6"x62 lb. R.S.J. carries a load of 12 tons at quar¬ 

ter span. If it is simply supported over a span of 24 feet, calculate 
the position and amount of maximum deflection, given £=13,500 
tons/in2. and Ixx =725-7 in«. (13-42' from end; •4268^) 

(16) The section of a beam freely supported over a span of 20 

feet is a 15''x6''x59 lb. R.S.J. having a 10" xj" plate riveted to each 
flange. Calculate the central deflection when the beam carries a 
uniformly distributed load of 2 tons per foot run. Ixx for the joist 
=628-9 in^.; £=13000 tons/in2. (-45".) 

(17) A beam simply supported over a span of 32 feet carries 
concentrated loads of 4, 2 and 6 tons at 5, 15 and 29 feet from the left 
hand support. Use Macaulay’s method to determine the position and 
amount of maximum deflection. I for the section = 1670 in*.; £= 
13000 tons/in2. 

(15-83 feet; -297".) 

(18) A beam, 20 feet span, freely supported at the ends, carries 
a load of 8 tons uniformly spread over 5 feet from the centre towards 
the right hand support. Calculate the position and amount of maxi¬ 
mum deflection. 7=375-77 in*.; £=13000 tons/in2. 

(10-61 feet from left support; -422".) 

(19) A freely supported beam of span / carries a load which 
varies uniformly from zero at one end to w per unit run at the other 
end. For a section at distance of x from the zero-end, put down ex¬ 
pressions for the rate of loading, S.F., B.M., slope and deflection. 
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Hence, or otherwise, construct the load, S.F., B.M., slope and deflec¬ 
tion diagrams for the beam. State the position and amount of maxi¬ 
mum deflection. . ^ wV^. 

[x=-52l; *00653 -=.) 


(20) A beam 1 inch square in section is freely supported over 

a span of 3 feet. A weight of 10 lb. is dropped on to the middle of 
the beam from a height of 1^ inches. Calculate the maximum ins¬ 
tantaneous stress and the maximum instantaneous deflection. 
^=30xl0Mb/in2. (15,552 Ib/in^.; .112".) 

(21) A 12" x6"x54 lb. R.S. Joist is simply supported over a 

span of 15 feet. A weight of | J;on is dropped on to the middle of 
the beam, producing an instantaneous maximum stress of 7 tons/in*. 
Calculate the height from which the weight was dropped and the 
maximum instantaneous deflection. / — 375*77 in*.; E = 13000 
tons in*. (2*115"; *242".) 

(22) A gradually applied load of 500 Ib-wt., at the middle of a 

simply supported beam produces a deflection of *02 inch. What 
will be the maximum instantaneous deflection produced by a weight 
of 100 Ib-wt. dropped on to the middle of the beam from a height of 
12 inches? (-314".) 

(23) A laminated carriage spring is 36" long and made of 

plates 3" wide and 3/8" thick. How many plates will be required if 
the spring has to carry a central load of 1500 Ib-wt. at a stress not 
exceeding 10 tons/in*.? Estimate the central deflection. £*==30X 10® 
Ib/in*. (Opiates; *6144".) 

(24) A laminated carriage spring 30" long is made up of ten 
leaves of equal thickness and 2" wide. Find the thickness of the leaves 
if the bending stress is limited to 16 tons/in*, when the spring is loaded 
with 1000 lb. at the centre. To what radius should the leaves be 
initially bent for the spring to be flat under this load and what will 
be its central deflection? Take £=12800 tons/in*. (J"; 100"; 1*125".) 

(25) A cantilever of length 5 feet is of rectangular section and 

has a constant width of 4|" while the depth varies from 4 inches at 
the free end to 9" at the fixed end. There is a point load of 1000 lb. 
at the free end. Calculate the deflection of the free end if £=1*5 X 
10® Ib/in*. (-31".) 

(26) A carriage spring is built-up of 9 plates, each 3" wide and 

J" thick. Find the length of the spring so that it may carry a central 
load of 900 lb., the stress being limited to 10 tons/in*. Neglecting 
friction, find also the deflection of the spring at the centre. £= 
30x10® Ib/in*. (L.U.) 

(28"; *5855".) 
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(27) A 2Vx7Y rolled steel joist {Ixx=2^3 in^.) is simply 
supported at its ends on a span of 30 feet and carries a uniformly 
distributed load (including its own weight) of 0-4 ton per foot run. 
Given that, 

(a) the maximum deflection must not exceed Yy ^^e maxi¬ 
mum stress due to bending must not exceed 8 tons/in^. 

Calculate the greatest value of an additional concentrated load 
which may be placed on the joist at the middle of the span. 
£■=12000 tons/in2. (L. U.) 

(7-58 tons.) 

(28) A horizontal cantilever of uniform section and length L 
carries a uniformly distributed load w per unit length throughout its 
length. The cantilever is supported by a rigid prop at a distance 
kL from the fixed end, the level of the beam at the prop being the 
same as that at the fixed end. Determine the value of k which will 
make the bending moment at the prop the same as that at the fixed 
end. 

Sketch the S.F. and B.M. diagrams for the cantilever and show 
on them all maximum values. (L. U.) 

(29) A cantilever of effective length I carries a total load wl 
uniformly distributed throughout the length. If the cantilever is 

propped at a point ^ from the free end and the level at the prop 

adjusted so that there is no deflection at the free end, derive a formula 
for the reaction at the prop and also for the deflection of the beam 
at the prop. Sketch, approximately to scale, the S.F. and B.M. 
diagrams for the cantilever. (L. U.) 

fl6 , wl^ 1 
127“"^’ 6144£/J 

(30) A horizontal steel beam of 1 section rests on a rigid support 
at one end, the other end being supported by a vertical steel rod f" 
diameter, whose upper end is rigidly held in a support 7' S'" above 
the end of the beam. The beam is an 8''x4'' B.S.B. for which the 
relevant I is 55*63 in^., and the distance between its two points of 
supports is 9 feet. A load of 500 lb. falls on the beam at mid-span 
from a height of f*" above the beam. Determine the maximum stresses 
reached in the beam and rod and find also the deflection of the beam 
at mid-span measured from the unloaded position. £=30x 10® Ib/in^. 

(L. U.) 

In beam, 13100 Ib/in*.; 

In rod, 7660 Ib/in*; 1175'. 
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(31) A cantilever of uniform section is 12 feet long. It is 
rigidly fixed at one end and is propped to the same level as the 
fixed end by a rigid prop 4 feet from the free end. The cantilever 
carries a load which varies uniformly from 4000 lb. per foot at the 
fixed end to zero at the free end. Calculate the load on the prop and 
the maximum positive and negative bending moments. (L. U.) 

f 9467 Ib-wt.; Mmax=^+20267 at fixed end, | 
I — 9700 Ib-ft. at 4*463 feet from fixed end. J 

(32) A beam of uniform section and length I is simply supported 
at its ends and carries a distributed load which varies uniformly 
from zero value at each end to a maximum intensity of w per unit 

length at a section ^ from the right-hand end. 

6 

Show that the maximum deflection occurs at a distance approxi¬ 
mately 0*01 I from mid-span and find the deflection at mid-span in 
terms of /, E and I. (L. U.) 



(33) A freely supported beam of span 24 feet carries a distri¬ 
buted load (including its own weight) which varies linearly from 
0*4 ton/ft. at one end to 1 ton/ft. at the other. The beam is IS" deep, 
its second moment of area is 842 in^. and £=13500 tons/in*. Find, 

(a) the position and magnitude of maximum B.M. 

(b) the maximum bending stress. 

(c) the deflection at the centre of the span. (L. U.) 

j"(a) 12*84 feet from left hand end, 50*59 ton-ft.Y 

|(b) 6*489 tons/in2.; (c) *4596". J 

(34) A beam of rectangular section has a uniform breadth B 

and depth which varies uniformly from D at each end to 3D at the 
middle of its length. A second beam, made of the same material as 
the first beam, has the same length and breadth but a uniform depth 
3D. Find the ratio of the strain-energy of the first beam to that of 
the second beam when each is simply supported at its ends and carries 
a central point load W. (L. U.) 

||(9 log.3-8)| 

(35) A timber cantilever of rectangular section is 3*' wide and 
lO'" deep at the fixed end and tapers uniformly to 3^^ wide and V 
deep at the free end. The projecting length is 6 feet and there is a 
load of 400 lb. at the extreme end. 

Calculate the end deflection and the maximum bending stress. 
Take £=2xl0» Ib/in^. (L. U.) 

(0*1872''; 600 Ib/in^. at 4 feet from free end.) 
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(36) An /-section consists of two flanges 12* welded to a 
web 9*Xl*. It is used as a cantilever 3 feet long to carry an end 
load. Estimate the relative magnitudes of the end deflections due 

E 5 

to bending and shear if - = - and find the actual values if M^=2 

tons and E=30xW Ib/in^. (L. U.) 

(8b :8s:: 5*081 : 1; Si=*007^ S^=•001378^) 


(37) A thin flat plate of length Z, breadth B and thickness t 
is built-in along its edges and subjected to a normal loading of w 
per unit area. From consideration of the central deflection, show 
that the maximum bending stress at the centre will be given 
approximately by 

n u) 


(38) A steel girder (7=512 in^.) is simply supported over a 
span of 24 feet. For the middle 12 feet of the span, the girder is rein¬ 
forced with a plate on each flange, giving a total 7=885 in^. for this 
portion. The girder carries a concentrated load of 10 tons at mid¬ 
span together with G tons at a point 4 feet from mid-span. Determine 
the maximum deflection and where it occurs, neglecting the weight 
of the girder itself. £'=13400 tons/in^. (L. U.) 

(Between the loads at 0-38' from centre; 0*696F.) 



CHAPTER VII 


BEAMS AND BENDING —IV. 

Fixed and Continuous Beams 

1. Fixed beams: Fixed, built-in, or encastre beams 
are constrained at the supports so that the slopes at the supports 
when the beam is loaded, remain zero. This is possible only 
if restraining couples are exerted at the supports, their direction 
being opposite to the bending moments producing concave 
bending under a given system of loading. There is a unique 
value for the constraining couple at each support so that the 
support-slope is zero. If the actual moment at a support is less 
than this value, there will be some slope at the support; if more, 
the slope will be on the other side of the zero-position. It is 
necessary to work out the magnitudes of these fixing couples 
at the supports so that the slope at the supports is zero. It is 
then easy to put down the value of the bending moment at any 
section of a fixed beam and work out the slope and deflection 
at the section. This work is even easier than in the case of a 
freely supported beam. 

2. Bending moment diagrams: It is best to look 
upon a fixed beam as equivalent to a freely supported beam 
to which are added fixing couples at the supports of such 
magnitudes that the slope is zero. 

Consider a fixed beam with a given system of loads on it. 
The bending moment at any section X distant x from A will be 
given by, Mx = {Xx + where [ix is the bending moment at 
the section due to the loading as for a freely supported beam 
and [I'x is the bending moment due to the fixing couples Ma 
and Mji at the supports. 

Referring to fig. 136(m), [I'x = Ma + {M^ — Ma)j- ^ 

As for [ 1 x 9 there is no difficulty about calculating it for a 
given system of loads. The bending moment Mx at any section 
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of a fixed beam is therefore given by, Mx = iix + ii'x = + 

X 

— Ma) y and can be calculated as soon as the values 
of A/a and Mb are known. Fig. 136 (to) shows the B.M. 



^ -DIAGRAM 



^-diagram 



Fig. 136 

diagram for a fixed beam. Since [i.* and [i. 'x are opposite in sign, 
the B.M. diagram is partly positive and partly negative. On 
the portions on which the B.M. is positive, the beam bends 
convex upwards and where the B.M. is negative, it bends 
concave upwards. 

3. Support-moments: To evaluate the support- 
moments for horizontal beams of uniform section, consider the 
bending moment at any section of the beam fig. 136(:). 

Then, M* = 

Integrating over the whole length from 0 to I, 
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El (i'b *'a) — ® + a\ where a is the area of the 
[jL-diagram and a is the area of the [jl'- diagram. 

Since the slopes at the supports are zero, 

= /b = 0 and a + a = 0. 

The area under the [i-diagram is numerically equal to the 
area under the [jl '-diagram, since their algebraic sum a a' 
is zero. The area of the [x'-diagram which is a trapezium is 

{M^ + Mb).1 

Equating numerically, 

= -a .(1) 


This provides one relation to evaluate the couples and 
Affi. For one more equation that is necessary, multiply both 
sides of the general equation of moments by x and then integrate 
over the whole range. We have. 


El 



o 



J 

1 \ix.x.dx 


+ 


f 


K.x.dx, 



= ax + a x\ where x and x are the dist¬ 


ances of the jcentres of gravity of the diagrams from the origin. 
£■/j(/in y^) — (O./a — J-a)! ==ax -y ale'. 


Since, z’a, Zb? are all zero, 

aH + a'x' — 0. 


Therefore, the moments of the jx and [x'-diagrams about 
the origin are numerically equal. Since the areas are also 
numerically equal, it is clear that x—x' i.e. their centres of 
gravity lie on the same vertical line. 

The moment of the (x'-diagram about the origin A is, 
II I 21 

(-^a + SAfs) g, if we split up 

the trapezium into two triangles. 
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+ = -ax 

or (Ma + 2Mb) = - .(2) 

With the help of equations (1) and (2), we solve for Ma 
and Mb- When these have been evaluated, the bending 
moment at any section of the beam is known and successive 
integrations will give the slope and deflection at the section. 
We shall now take a few standard cases. 

(i) Fixed beam, span /, central load W, 

By symmetry, the two end-couples are equal and the 
[ji'-diagram is a rectangle. The [x-diagram is a triangle with 

Wl 

the central ordinate of — 

4 



Fig. 137 

Equating the areas a and a\ 


Mj, X / 



X 


Wl 

4 


Ma 



The S.F. and B.M. diagrams are shown in fig. 137. The 
S.F. diagram is the same as that for a freely supported beam. 
The end-couples being equal and opposite balance each other 
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and impose no additional reactions at the supports. 

The points of contraflexure occur at - from the ends, as 

is clear from the B.M. diagram. 

For slope and deflection at any section in the portion AC, 
distant x from A, 


El 


.<Py 


dx^ 
Integrating, 

EI^ = 
ax 


, W Wl 

(X* + iJ -+ Mf,=- — —X -\- -g-- 


Wx“ Wlx , „ . ‘^y r\ t n 

—+ -r +0, ance, * = 0 a' * “ 


Integrating once more, 

, Wlx'^ , „ . 

Ely =- - 7 K- + -TZ- + since y 


0 at X 0. 


12 ' 16 

We have thus got the equations for slope and deflection 
at any section in AC. The maximum deflection occurs at the 
centre and, 

wi^ wi^ wiy 

Efyc = —zz" + 


96 

WP 


64 192 


Vv t 

‘ ~ i92E i ^ ^ freely supported beam. 


The effect of the restraining couples at the supports is to 
reduce the bending moment throughout, the maximum being 
half the value for a freely supported beam. Consequently, 
the slopes and deflections are reduced throughout. The obvious 
effect of fixation on a beam of a given section is therefore, to 
make it stronger as well as stiffer. 

(ii) Span /, uniformly distributed load w. 

The fixing couples are equal by symmetry. The p-dia- 

ivP „ 

gram is a parabola with a central ordinate of Equating 

the two areas a and a'. 
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The bending moment at any section, distant x from the 
left-hand support is, 

, wl wx^ wl^ 

Mx = -h ^ a: + “2-r -jy. 


v/l^ 



Fig. 138 


For points of contraflexurc, 
zvx^ 


wlx wl^ 

“2 F IT 


0 


l.C. 


lx 4- 


/2 


/ / V /2 

I "- 2 ; ==12 


"" " 2 ^ 2 V3 

The points of contraflexure are at 


/ 


2 V 3 


on either side of 


the centre. Their distances from the left hand support are 
=-51 ± -2891 
= -211/ or -789/. 

For slope and deflection at any section, 

ir2 j^/2 

+ 




wlx wx‘ 


12 


Integrating, 

dx 


wlx^ . wl^ , _ . 


dy 

dx 


0 at = 0. 
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Integrating once again, 

wlx^ vol^x^ „ . 

-nr + — + rr- + 0 , since y 


0 at a; = 0 . 


12 ' 24 ' 24 

It will be noticed that the constants of integration give 
dy 

no trouble, -f- and y both being zero at a: = 0 . 
dx 

The maximum deflection is at the centre where, 

Wl^ wl*^ , Wl^ 

Elyc =-+ 


96 


1 


384 
wl^ 


yc 

supported beam. 


384 ^ El 


96 384 

i.e. it is ^ of that for a freely 


Example L 

A fixed beam of 30 feet span carries two point loads of 18 ions 
at 10 feet from each end. Obtain the values of the supporUmoments and 
the central moment. Calculate also the deflection at the centre^ given 
I for the section — 2654 in^. and E = 13000 totisjin^. 

The area of the (Ji-diagram a — 2 X 7 X 180 + 180 x 10 

== 3600 units. 

The area of the [x'-diagram a'~ Mj^ X 30. 



*- 10 '^ 

18T 

^ _ in ^ ^ 

18 T 

1 


III ^ 

' 

^—i u 

1 

L 

) C i 

c 

1 



Fig. 139 


Equating, 

= + 120 ton-feet. 

The central moment = — 180 + 120 = —60 ton-feet. 
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For points of contraflexure, 

Mx = + 120- 18x = 0 
or, •* = T from either end. 

The law of bending moment for all sections from A to B 
(fig. 139) is, 

£/^= + 120- 18x + 18(x- 10) + 18 (x-20). 

Integrating, 

EI^ + mx-9x~+ 0 + 9(a- -10)2 +9(a -20)2. 

Integrating again, 

Ely -I 60a2-3a 3-|-0 -f3(A-10)3 +3(;f-20)3, 


the constants of integration being zero. 


The deflection at the centre will be obtained by 
substituting a = 15, in the expression Ely — 4-60x2 —3 a® 
-f3 (a-10)2 

Elyc = 60 y 152- 3 •' 15® -4 3x5® 


= 3750 

3750 X 1728 
~ 13000 X 2654 


•1878". 


(iii) Span /, eccentric load W, 

In this case, Ma and will not be equal. To evaluate 
them, it will be necessary to equate the areas and also the 
moments of the (jl and [x'-diagrams. 

Wab 


Equating a to a', 

{M^ -f M„) ^ = 


Wab I 

~r’2 


M^+M^ 


Wab 

~T 


( 1 ) 


Equating the moments of a and a' about A, we get, 

3 


(•^A + 2A/b) ^ = —— 


a 

9 X 


M^ab b , , b. 

+ — X 2 X (« -f 3) 
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= ^{2a^ + 3ab +b^) 


61 

Wab {2a + b) 


5 since a -{- b = I 




% 

4 


w 


o 


1 



sJI 

^ 1 > 



^ 1 

V'b 

_i 


V ■- ^\\\ -> 

T 

■^NXX'^ x\'' ' 

I f 


( 2 ) 




Solving for 


Fig. 140 
and Mb from (1) 
WaH 


P 


and (2), 
and Mf, — 


Wab'^ 

P ■ 


For slope and deflection at any section in AC (fig. 140), 
we have, 

— p* + R * —-^-h I Mj^ + {Mb — A/a) j\ 

Wbx Wab^ Wab {a — b)x 
+ + — p — 


Integrating, 

pjdy _ Wbx^ Wab^ , Wab{a-b)x'^ , ^ 

^ dx~ 21 P 2P 

dy ^ 

since — = 0 at ;v = 0. 
ax 
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_ Wab^ Wb^x^ (3a + b) 
~ /2 2/3 


Integrating once again, 


Ely = 
Ely = 


Wab^x'^ Wb^{U-\-b)x^ 


2/2 

WbH^ 

6/3 


6/3 

{3a/ — X (3a -|- b) { 
dy 


+ 0, since j = 0 at jc = 0. 


For maximum deflection, = 0 

dx 

Wab^x Wb^x^ (3a + A) 


/2 


2/3 


=- 0 


or 


X = 


2a/ 


(3a + b) 

Substituting in the expression for y, 


Eh 


Wb^ 




jmax --6/3 ' (3a + 6)2 
„ PFa362 


{Sal — 2a/ j 


(3a + 6)2 

The deflection under the load will be obtained by substi¬ 
tuting X — a. 

Wb\^ 

= ~6^ (a + 6) - a (3a + 6)} 

IFa363 


Jc = 


3/3 

iya363 

SEEP' 


For the point of inflexion in AC, 

mx IFa62 lVab(a-b)x ^ 

al 

{3a + b) 

Locate similarly the point of inflexion in CB. 
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The S.F. and B.M. diagrams are shown in fig. 140. For 
the S.F. diagram, the reactions at the supports must first be 
determined. If Fa and Fb are the reactions to the load W, 
as for a freely supported beam, 


Wh 


and Fb = 


Wa 


To the unbalanced moment 


/ “ / 

[M’a — Mx), the reactions are a force T down at A and T 
upwards at B such that, 

Wab [a - b) 


T.l = Mr, - Ma - 
Wab {a-b) 




T = 


P 




The reactions i?A and at the supports are given by, 
= Fa - r and i?B = Fb + T. 


The S.F. diagram is as for a freely supported beam with the 
base line shifted down by T. 

Example 2. 

A built-in beam of 20 feet span carries a concentrated load of 10 
tons at 5 feet from the right hand support. Find the position and amount 
of maximum deflection, given I for the section = 440’5 in*, and E — 
13000 tonsfin^. 

Wab 10x15x5 ,, , 

(Xc = —j~ =- 20 - ton-feet. 

Equating a and a', 

(Ma -f Mb) =37-5.(1) 

Equating the moments of a and a', 

(Ma + 2Mb). ^ = 37-5 X f X I X 15 -(- 37-5 x f 
X (15 + J X 5) 

37-5 X 700 


Ma -f 2 Mb = 65-625 . 

From (1) and (2), 

Mb = 28-125 ton-feet 
Mj, = 9-375 ton-feet. 


( 2 ) 
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For slope and deflection at any section in the larger 
segment. 

X 

= — Va»x + Ma + {Ad-B — MjC) y 
=-|.^ +9-375 + 


20 


Integrating, 

EI% = 9-375a 
ax 

Integrating again, 


Ely =9-375 


31-25a: 

W~ 

31-25;r2 

40 

31-25x3 

12 ^’ 


being zero. 


For maximum deflection, — = 0 

ax 


the constants of integration 


dy 


9.375,= 0 


or 


40 


ElVmax — 


12 feet. 


9-375 


2 r 

225 

225 X 1728 


31-25 X 12' 
60 


-06789". 


■ 440-5 X 13000 

Example 3. 

A built-in beam of 20 feet span carries a uniformly distributed 
load of ^ ton per foot run over the left hand half of the span. Calculate 
the support-moments. 

The reactions at the supports for a freely supported beam 
are Fa — 3J tons and Fb = 1J tons. 

In the portion AC, 

15 *2 
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or 


(15 

j —X -numerically since (jl;c is otherwise negative. 


15 100 

(^c = "i- X 10- — = 12*5 ton-feet. 

4 4 

The area of the {x-diagram, numerically, is, 

fl=J - -^)dx + ^X 10 X 12-5 

[15x^ 


1 8 12j 


+ 62-5. 

= 104-17 + 62-5 - 166-67 units. 
1 . 


a 

c 

> 

'1 

1^10'—^ 

-< - 1 0 *— 

K 



The moment of the area of the (A-diagram about A, numeri¬ 
cally, is, 


ax 


^ J X 10 X 12-5 X (10 + i X 10) 

o 


'iYl5;r2 

X^ 

V 4 

T 

5a:® 


10 

T ~ 

"16 J 

0 


= 1250 - 625 + 833-33 
= 1458-33. 

Equating a and a', 

{Mj, + Mb) 10 - 166-67 
.-. Ma + Mb - 16-67. 
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Equating the moments of a and a', 
400 

(Mx + 2 Mb) = 1458-33 
Ma + 2Mb = 21-875. 


Solving, 

A/b = 5-205 ton-feet 
Ma = 11-465 ton-feet. 

The reactions at the supports to balance (A/a — A/b) 
= 6-26 ton-feet, will be a force T upwards at A and downwards 


6*26 

at B of magnitude or 


-313 ton. 


The reactions at the 


supports are, therefore, 

if A = + 2” = 3-75 + -313 = 4-063 tons upwards, 
iffl = Fb — 7” = 1-25 • -313 = 0-937 tons upwards. 

4. Effect of sinking of a support: If one of the 
supports, say B, sinks by S, we can calculate the effect at any 
section of the beam as under: 




6Ei8 








^ I' 


Fig. 142 


The rate of loading at any section is zero, 
origin at A, 

EI% = Q. 

dx* 

(fiy 

Integrating, -^2^ = F^. 


Taking the 


Integrating once again, 
d^y 

ElF^.x + Ma, where F^ and are respectively 
dx^ 

the S.F. and the B.M. at A. 
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Proceeding, EI-^ = + M^.x + 0, 

dy 

since — = 0 at 

dx 

And Ely = + Mj^, — + 0, as j = 0 at;« = 0. 

6 Z 

hx. B, X = I and = S 


P P 

EI8 =F^.- +M^.- 


Also, at B, 


0 = + M^.L 

Substituting for Fa, Mf,.P (h — \] 

.r 6F/8 


and Fa = 


12F/8 

P 


M-a — FjJ, Mx 


\2E18 , 6F/8 

~P~ ~P~ 


Thus, if the prop B sinks by 8 below the level of Ay there 

is a shear force throughout of —, while the bending moment 

• u . , . 6£/S , 6£/8 

varies by a straight line law from -\ - at A to -at 

B, as shown in fig. 142. 


If a fixed beam which carries a uniformly distributed load 

has one support lower than the other by S, the support-moments 

, wV , 6EI8 ^ ^ 6EI8 ^ , 

will be, — H-at the higher and —-— at the lower 

support. 


5. Review of methods: In a fixed beam the relation 
between the areas of the [jl and ^'-diagrams is so striking that 
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it was used to obtain the magnitudes of the support-moments. 
Actually, the end conditions of the beam are adequate for 
evaluating the support-moments without any reference to the 
(X and (X'-diagrams. 

Let us reconsider the case of a fixed beam carrying a central 
load W. The support-moments are equal by symmetry. 
Referring to fig. 137, the law of the bending moments from one 
end to the other, with A as origin, is given by, 

W L 

Integrating, 

^dy ,, Wx'^ ^ W , 

—+ “+t'*-2> 

Integrating once, again, 

Ely ^M^.— -r^ + 0 +-^{x- -)3 




W ' 
+ 0 +-^{x- 


The constants of integration are both zero since — and v 

ax 

are zero at A. 

At B, where x = /, 4~ = 0 
ax 

Substituting, wc get, 

0=M^J -_+_(/--)2 


.*. Ma ==-^5 as before, 
o 

Similarly, for a fixed beam carrying a uniformly distribu¬ 
ted load w over the entire span, 
w wx^ 

EI^ 

dx 4 6 


and Ely = Ma,.- 
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At B, X = I and — = 0 
ax 

n \/f 1 ^ 


For a fixed beam with an eccentric load W (fig. 140) we 
have, taking the origin at 

El ^2 = Ma + (Mb — Ma) -j - — + W (x — a) 

„T 4y if nr if Wbx^ Jv, ,, 

••• EI—==M^.x + {M^-M^)— -^ + 0 


jc2 r3 Wbx^ 

and Ely ^ — - — 


W 

0 —fl)® 


At 5, where x ~ 1^ 
Substituting, 


0 and V = 0. 


I Whl W 

0 = --_ + 2 

..J 

or, (Ma + Mb) 2 = ^- T 


Ma 4- Mb 


Also, 0 = MA.-y + (Mb — Ma) -g - g - ^ 'e 

.-. - (2Ma + Mb) — — g-^ 

(« + 2i) 

6 6 

O,. , _fVab(a + 2b) 


2Ma + Mb = 


From (1) and (2), 
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Wab^ 

/2 


Similarly, 


as before. 


6. Degree of restraint at supports for the maxi¬ 
mum bending moment to be as small as possible: For 

a beam with a central load, the end restraints must be such 
that the end slopes are zero. The maximum positive moment 
Wl 

will then be — at the supports while the maximum negative 
8 

moment will be at the centre and of the same magnitude. For 
a beam carrying a uniformly distributed load w, the end-moments 
ivl^ 

must be i y —- or + — so that the central moment is of the 
“ 8 16 

same magnitude but opposite in sign. The end-slopes, in this 
case, will not be zero. With the origin at the left support, 

wl^ wlx wx^ 


Integrating, 

ax 


wlx^ WD? ^ 


At the centre, where x 


I dy 
2 ’ ^ 


0 = + ^ 


1^ ~W 


wl^ wlx^ wx^ 

■■■ -®'i = +-ir*-T- + -6- 

At A, where x 0, 
rrr 

Elif, = 

96 
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*A = 


wP 


i.e. the slope at the supports is one-fourth 


96£/ 

that for a freely supported beam. 

Integrating the expression for slope, 


Ely ^ + 
At the centre, 
Efyc = + 


wl'^x^ 

32 

wl^ 

128 


wlx^ wx: 
l2“ "24 


■4 a;/3 

+ -KF- ^ + 0. 


96 


wl^ wl^ 
"9^ ^ 192 


or 


_ wl^ 

~ 192 
wl^ 

^ 19^’ 

The points of contraflexure will be obtained from 
wl^ wlx wx^ 

+ -16-“—+—“" 

P 

x^~ lx + — =0 

O 


/ 2 /2 
=8 


^ ■ ^ = = I (1 ± -707) = -8535/ or 


^ 2 2V2 


•1465/. 


7. Continuous beams: If a beam is continuous over 
intermediate supports, its curvature at the supports will be 
convex upwards and therefore the support-moments will be 
opposite in sign to those due to the load-system. The treatment 
of continuous beams will be similar to that of fixed beams and 
the bending moment diagram for a continuous beam under 
any loading will be obtained by treating it as a series of discon¬ 
tinuous beams from support to support, for which the usual 
(jL-diagrams, as for freely supported beams, can be easily con¬ 
structed and superimposing upon them the p.'-diagrams due 
to the support-moments, which will be of the opposite sign. As 
soon as the support-moments are evaluated, the B.M. diagram 
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can be completed. The bending moment at any section will 
then be {ix + and the slope and deflection can be obtained 
by successive integrations, as usual. 

It must be noted, however, that the equations which were 
used in the case of fixed beams to evaluate the fixing couples 
at the supports are not applicable to continuous beams because 
the slopes at the supports are not necessarily zero. 

To obtain the support-moments, we shall make use of Clapey- 
ron’s Theorem of Three Moments which connects up the 
support-moments at three consecutive supports of a continuous 
beam. 


8. Clapeyron’s Theorem of Three Moments: 

/. Uniformly distributed loads. 

Consider two consecutive spans AB^ BC of a continuous 
beam. Let AB = and BC = l^ and let and be the 
uniformly distributed loads per foot run on these spans respect¬ 
ively. Let Ma, Mb and Me be the support-moments at 


Ma" 

111 


Fig. 143 



B and C respectively, the supports being at the same level. Now, 
consider the span i?C, taking the origin at B and x positive to 
the right. At a section, distant x from the origin, 


rdPy 




+ ^ + Mb + (Mc-^Mb)^ 


Integrating, 




4 
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dv 

At B, where x — 0, 

ax 

EIh = Cj. 

The expression for slope is, therefore, 
ax 


wj^ 


WoX' 


f + M„.x + (Mo M„) — + EIi„. 
D 2/0 


Integrating, 
Efy = 


12 


+ ^'+M„.^ + (Mo-., ^/ir,x+0. 


since jv — 0 at jc = 0. 

At X ~ I 2 and jv = 0 
W 2 I 2 


0 


12 


^ + (Me - M.) I + 


(2M„ + Ale) I - ^ 


or (2 Mb -|- Mo) I 2 


wJi 


Eli. - 0 


-)- 6£/ib = 0 


( 1 ) 


Next consider the span BA^ taking the origin at B and x 
positive to the left. 

Following the steps as above, we shall get. 


(2Mb + M^) /i - -' 1 ^ + ^EIi\ = 0. 


( 2 ) 


But /'b = — Zb since the direction of x has been reversed. 
Adding (1) and (2) we get, 

^ 9^2 

^A»li + 2Mb (/i + I 2 ) + Mc-l2 ~ —2” -Z~* 


This is the well-known theorem of three moments 
establishing a relation between the support-moments at three 
consecutive supports for a continuous beam carrying uniformly 
distributed loads. 


If a beam has n supports, the end ones being free, there will 
be {n —2) intermediate supports and therefore {n - 2) support- 
moments to determine, the moments at the free ends being zero. 
{n — 2) equations are needed and they will be available on 
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applying the theorem of three moments to consecutive pairs 
of spans—as AB-BC, BC-CD, CD-DE and so on. 

We shall illustrate the method by applying it to a few 
simple cases. 

(i) Two equal spans of I each: uniformly distributed load 
w on each. 

We have already studied this case as that of a simply suppor¬ 
ted beam with a uniformly distributed load and propped at 
the middle to the level of the end supports. We shall now 
obtain the same results by using the theorem of three moments. 

There is only one moment to be determined, viz., Afe, 
since the end moments ATa and Mq are zero. By the theorem 
of three moments. 



Fig. 144 

To obtain the reactions at the supports, the bending mo¬ 
ment at B is, 

I wP 

A/b + wl. 2 = + y. 
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But this is + 


Equating, — R^J + 




R. = 


= Rc by symmetry. 


The reaction R^ at the central prop is therefore, the balance 

^ ^ 3wl 5wl 

i.e. 2wl — 2 X —r— = —:— 


The B.M. and S.F. diagrams are shown in fig. 144. To 
obtain the slope and deflection at any section, take the origin 
at At any section in AB at a distance of a: from A, 


(Pv J, , wx^ wx- 

Ei -^,^ Iwh — 

The point of inflection occurs where, 
o , ^ , 3/ 


-- %wlx + 


-- 0, i.e. where r 


Integrating the expression for l)ehding moment, 

'I T O 

—+ 6 ,. 


At 5, X = I and 


dx 

• • “ Is" 

Integrating once again, 

r^x 1,0 

Ely yvlx^ + -777- + ■ 


- 0, bv svminetrv. 


-.a: + 0. 


The slope and deflection anywhere in AB are therefore 

dy 

known. For maximum deflection, -7- = 0 


h + 
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Sx^ - 9lx^ + = 0 

(l-x) (/2 + /*-8x2) 
8 x 2 -/* =/2 
„ xl /2 


/ 2 _ /2 /2 

'16^ ~ 8 ^ 256 
/ 5-745/ 

16 ~ ^ 16 

^^./ - -4216/ 

Id 

•07494/2 ajid _ 


•03159/4 


Ehma\ — 


•07494 -03159 

16 24 


-a;/4[- -00468 I--00132 1--0088] 

^ -00544 «>/» 

• )Wx “ ‘00544 • 

(ii) Three equal spans, each /; uniformly distributed load 
w on each. 

Mx = Ml) — 0, as the ends are freely supported. 

Mn — Me by symmetry. We have therefore only one 
support-moment to evaluate. Applying the theorem of three 
moments to spans AB-BC^ we get, 

wP wP 

Af, W + 2 Mb V 2/ + Me X / - — + — 

4 4 

wl^ wl^ 

5Mb = — or Mb = — = Me. 

For reactions at the supports, 
wl^ wl^ 

r. 4je;/ _ , 

= -TTr = by symmetry 


Rb — Rc — 
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The B.M. and S.F. diagrams are shown in fig. 145. The 
slope and deflection at any section may now be obtained easily. 





Fig. 145 

(iii) Four equal spans, each 1; uniformly distributed load 
w on each. 




Fig. 146 

In this case = Afu by symmetry and = Me = 0. 
We have therefore to determine and Me- 
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Taking the spans AB-BC, 

Mj, X / + 2Mb X 2/ + Me X / = — + ^ 

4 4 

wP 


4Mb + Me = ^ 


Considering the spans BC-CD, 

wP wP 

M„ ^ I+ 2Mc X 2/ + Mb X / = — + — 

4 4 


2Mn + 4Me = 


wP 


Sf)l\ing for Mb and Me from (1) and (2), 

Mn 




For reactions at the supports, 
Mb — — "2" ~ 

J> _ _ D 

■"a — “?;7r" — -^E* 


28 


Also, 






Rf, X 2/ - X / + 2w/i = 


2wP 

W 


( 1 ) 


( 2 ) 


22a;/ „ . 2wl 32wl ^ , 

+ 2a;/ - — = = /?D by symmetry. 


By balance, 

_ 26a;/ 

“ 28 ■ 

The S.F. and B.M. diagrams are shown in fig. 146. 


Example 4. 

A continuous beam covers three consecutive spans of 25y 30 and 20 
feet and carries loads of 2, 1\ and 3 tons per foot run respectively on the 
three spans. Find the bending moments and pressures at the supports. 

Applying the theorem of three moments to spans 

AB^BCy 
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2 X 25® 1"5 X 30® 

Ma X 25 + 2M^ X 55 + Afc X 30 = — -h —- 

110Mb 4- 30Mc = 7812-5 + 10125 

= 17937-5, since Ma = 0.(1) 



Fig. 147 

Considering the spans BC-CD, 

Mb X 30 + 2Mc X 50 + Mi, X 20 - —^ 

30Mb + lOOMc = 10125 + 6000 

= 16125, since Md = 0.(2) 

From (1) and (2), 

Mb (3-67 - -3) = 597-92 - 161-25 = 436-67 
436-67 

... = 129-6 ton-feet, 

and Mo = 122-37 ton-feet. 

For reactions at supports^ 

25 

-/?A X 25 + 50 X = Mb = + 129-6 

-i2A 4-25-5-18 
i?A = 19-82 tons. 
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Also, 

X 55-Rj, X 30+50x42-5+45xl5=Mc=+ 122-37 
- 1090-1 ~ 30Rj, + 2125 + 675 = 122-37 
-36-34-/2b + 89-25 =0 
/?3 = 52-91 tons. 

And finally, 

-/2d X 20 + 60 X 10 = Me = 122-37 
-/2 d+ 30 =6-12 
/2d = 23-88 tons. 

By balance. Re = 58-39 tons. 

The S.F. and B.M. diagrams are shown in fig. 147. 

11. Theorem of three moments — any loading. 

Consider two consecutive spans AB^ BC of a continuous 
beam carrying a given system of loading. Construct the fx- 
diagrams for AB^ BC treating them as discontinuous freely sup¬ 
ported beams. To obtain the relation between the support 
moments, Ma, Mb and Me, consider the span AB taking the 
origin at A and x positive to the right. 



Fig. 148 


d^y 

Now, El = [jL + [JL , Multiply both sides by x and 
integrate over the whole range from A to B. 

we have, — y J=| +| \'>x.dx 

o o o 

where Cj is the area of the (x- 
diagram and the distance of its centre of gravity from A, 
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while a\ x\ is the moment of the '-diagram about A which 
is 


or 




EIL 


{M^ + 2M„) I + 

(Ma + 2M„) ^ + "-f-i. 


( 1 ) 


Now consider the span BC with the origin at C and x posi¬ 
tive to the left. We shall similarly obtain. 


lo 


EIi\ = (Me + 2Ah) ^2 + 

O /q 


( 2 ) 


where is the area of the pi diagram and x^ the distance of its 
centre of gravity from C. 

But /'jj = — e'n. Adding (H and (2), we get, 


+ 2Mn (/i + k) ^ A/c./ 2 f 




2*^2 


u 


0 . 


"I *^2 

It must be remembered that and being areas of 
pi-diagrams are negative according to the convention adopted 
by us. This is the general theorem of three moments, applica¬ 
ble to beams of uniform section under any system of loading. 

The case of uniformly distributed loads and over 
the spans and /g is a special case of this general theorem. For 
uniformly distributed loading, 


2 ; 

I X X = 


and x^ 


h 


do — 


X 


8 


X L 


wJ?i , _ L 
and *2 = -2 


The equation therefore reduces to 


Ma-Ii + 2Mb (/]_ + I2) + Mq.I^ ~ 

or + 2 Mb (^1 + 12) “f” ^c-^2 ~ 

proved. 


24/i 

WiP\ 


6wJi 

■ ^ 
W 2 II 


= 0 


as already 





BEAMS AND BENDING-IV. 


303 


Art. 8] 

Example 5. 

A continuous beam ABCD, 30 feet long rests on supports A, By C 
and D all at the same level. AB — 12 feet; BC == 10 feet and CD = 
8 feet. It carries two concentrated loads of 9 tons and 8 tons at 4 feet 
and 16 feet from A and a uniformly distributed load of 1\ tons per foot 
run over CD, Find the moments and reactions at the supports. 

Applying the theorem of three moments to spans AB~BCy 
X 12 + 2Mb X 22 + Afc X 10 + = 0. 



4-83T 


Fig. 149 


Now, <7 1*1 = — {^x4x24xfx4 + |x8x24 (4+|-)} 
= - 24 \}i +.f] = - 24 X 32 = - 768. 

And 32^2 = — i J X 6 X 19'2 xfx6 + Jx4x 19-2 (6+'J x4) \ 
= - 19-2 {12 + = - 19-2 X f = - 512. 


.-. 44AfB 4-lOMc = 
since = 0. 


+ 


6 X 512 
10 / 


691-2 


( 1 ) 


Applying the theorem to spans BC-CD, 

IOATb + 2Mc X 18 + Md X 8 + = 0. 

lU o 

In this case, 

fli*! = — 1^x4 X 19-2 xf x4+|^x6 x 19-2 x (4 + J x 6){ 
= -19-2 If + 18} =-19-2 X ^ = -448. 

And fl 2*2 = — fx 12 x8x4 = — 256. 
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10Mb + 36Mc 


6 X 448 6 X 256 

10 8 


- 268-8 + 192 = 460-8 .(2) 

since M^ = 0 . 

From ( 1 ) and (2), 

4;4^+A/c =69-12 
and Me = 12-80 

4-12M„ = 56-32 

Mb = 13-67 ton-feet, 
and Me = 8-97 ton-feet. 

For reactions at the supports, 

X 12 -f 9 X 8 = Mb = -f 13-67 
... + 6 =. + 1-14 

i?A = 4-86 tons. 

Also, X 22 -i?B X 10 -t- 9 X 18 + 8 x 6 = Me --= f 8-97 
22i?A + 10/e„ - 201-03 
2-2 X 4-86 4- i?B 20-103 
i?B — 9-41 tons. 

Also, 

— x 8 + 12 x4=Mc = -(- 8-97 
/?D = 6 — 1-12 = 4-88 tons 
By balance, jRo “ 9-85 tons. 


9. Supports not at the same level: Referring to 
fig. 148, let the support B be Sj below A and 83 below C. 

Then for the span AB, with the origin at A and x positive 
to the right, 

El I -y = El {lii„ - 81 ) = J ^[i.x.dx 4- ^'^\i'.x.dx 

O _ _ O O 

= fliAfi 4- a\x\ 

72 

or Ell^i^ — El 8^ — + (^a + 2Mb) ^ 

6£7ib = (Ma 4-2Mb) 4-^ . (1) 

h h 
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Similarly, for the span BC, with the origin at C and x 
positive to the left, 


6E/i'^ - + 2Mb) + 


6aoX 


2*2 


/o 


+ 


6E/S, 


lo 


Adding (1) and (2), since i's 


fn, we get. 


+ 2Mb (/i + /g) + Mc.4 + ' 

n ‘2 


+ 6EI 




( 2 ) 


Example 6. 


In example 2, the support B sinks hy below A and C, CalcU’- 
late the support-moments if I for the section = 221 in^. and E = 13000 
tonsjin^. 


Considering the spans AB-BC^ 

Si - f fo" = s^. 

The equation now becomes, 


44Mb !- 


lOMc -691*2 + 


6x13000x221 

144 


in 


— - 1 - —= 0 
1-14 l.‘l) / ^ 


44Mu + lOMc - 691-2 f 182-8 - 0 
or 4-4M„ + Me = 50-84. 


For the spans BC-CD, 

s, = -X; ^2 = 0. 

The equation connecting and Ala becomes, 


10Mb + 36Mo-460-8 + ^3000x221 ^ _ 1 ^ _ 0 


10Mb + 36Mo - 460-8 - 99-77 = 0 
10Af„ + 36Mc = 560-57 
or •28 A/b + Me = 15-57. 

Solving for Mb 
4-1 2Mb = 35-27 

Mb = 8-56 ton-feet 
and Mo = 13-18 ton-feet. 
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The reactions at the supports may now be worked out as 
usual. Care must be taken about units in the numerical work 
involved in continuous beams on supports at different levels. 


10. Fixed ends: If the ends are fixed, the necessary 
equations can be easily obtained. Referring to fig. 148, take 
the origin at B for the span AB and x positive to the left. 


Ei<^y 


(A + 


Multiplying by x and integrating from 5 to we have 

\ dy 1 f 

jE/ j a: -- y\ = J \L,x.dx + j [i^.x.dx 

o o o 

= Moment of the (x-diagram about B 

4 - Moment of the fx'-diagram about B 


0 = (/j — x^ + + 2Ma) 


or 2Mj 


A + ".-'i + = 0. 


This relation can be derived by imagining a zero-span to 
the left of A and applying the theorem of three moments, as 
usual. 


Thus, 


^ r 6x moment of about B 

O+ 2 M 4 O+/ 1 ) + Mb X /i + . .^- 


U 


= 0 


i.e. 2 Ma./i + Mb X /j + = 0 

or 2 Ma + Mb + = 0. 

ll 


If the other end is also fixed, an extra equation can be 
similarly obtained by imagining a zero-span to the right of the 
fixed end and applying the theorem of three moments. 
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Example 7. 

In example 5, the end A is fixed while D is free. Calculate the 
support-moments. 

The equations available to evaluate Ma, and Me are; 


12AfA + 44 Mb + lOMc = 691-2.(1) ' 

lOM^ + 36Mc = 460-8 .(2) 


Imagining a zero-span to the left of A, 

2Ma X 12 + 12Mb 

= 7 :,[i X 24 X 8 x-;+ I x 24 x 4 x(8+-|)] 
== 480 

2Ma + Mb = 40.(3) 

Eliminating Ma between fl) and (3), 

38Mb + lOMc = 451-2 
3-8 Mb + Me = 45-12. 

From (2), •28 Mb + Me - 12-80 
3-52A/b - 32-32 

Mu = 9-18 ton-feet 
Me — 10-23 ton-feet 
and A/a = 15-41 ton-feet. 


11. Slope-deflection method: Consider the span AB 
of a continuous beam under a given system of loading. Referring 
to fig. 148, we have seen that, 


rr' 7 ” I + 2Mu) ♦ 

Eliud^ ~ a^x^ H- - -, where is the moment 

of the [jL-diagram about A and A^a and Mr are the support- 
moments. 


Similarly, — Elij^.l^ — a^ (/^ — Xj) 


{Mu + 2AfA) n 
6 


These expressions are easily remembered by the analogy 
to the equations for reactions at the supports of a loaded beam. 
To obtain the reactions, we take moments of the system about 
a support, say and we get, 
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Rn X — moment of the load system about A. Similarly, 
to obtain the slope at -B, we treat the B.M. diagram as if it was 
a load system and taking moments about A, we get, 

EHb X li — moment of the B.M. diagram about A 
= + g (Ma + 2Mb). 

Similarly, taking moments of the B.M. diagram about 
B we have, 

-Eli^ X /j = (/I'-Ij) + g (Mb + 2Ma). 


The relations between the end-slopes and the support- 
moments in a beam AB, of span /, may therefore be stated as 
under: 


ax {M^ + 2Mb) I 

Wi 


(A) 


a {l-x) (Mb +2MJ / 
Ell ^EI 


(B) 


Expressing Ma and Mn in terms of i’a and Zb, 


Mb 


2a 

T 


6ax 2EI 

1^ + T 


^*a) 


and Ma. — 


4<2 (>ax 

T^~W 


2EI 

I 


(2^A ^ b ) 


(C) 

(D) 


These four expressions are known as slope-deflection equa¬ 
tions and form the basis of the slope-deflection method for solving 
problems on framed structures. We shall illustrate the use of 
this method on problems on continuous beams. We shall re¬ 
solve questions 4 and 5 of this chapter by the slope-deflection 
method. 


Referring to fig. 147, consider the span AB and take moments 
about A of the B.M. diagram. We get, 

Elij, X 25 xf x25x"f -+ MBxix25x§x25 


625x25 , 25 __ 
E:Eb =-j-2-HyMn. 


12 


( 1 ) 
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For the span BC, 

Elio X 30 = X f X 30 X 15 + (Afe + 2Mo) ^ 
and-Elis X 30 = - X f X 30 X 15 + (Me + 2 Mb) 

Eli^ = 1687-5 - 5 (2Mb + 2Mc).(2) 

and Elio = — 1687-5 + 5 (Mb + 2Mc) .(3) 

Now consider the span CD; taking moments about D, 

— Elio X 20 = — 150 x|x20xl0 + Me x | x 20 x | x 20 

£/io = 1000-f Me.(4) 

Equating (1) and (2), 

- 625 X 25 + 100Mb = 1687-5 x 12-60 (2Mb + Me) 

220Mb + 60Mc = 20250 + 15625 = 35875 

3-67Mb + Me - 597-92 .(5) 

Equating (3) and (4), 

- 1687-5 + 5 (Mb + 2Mc) = 1000 - f Me 

- 5062-5 + 15 (Mb + 2Me) - 3000 - 20Mc 

15M„ + 50Me = 8062-5 

-3Mb + Me = 161-25.(6) 

Solving for Mb and Me from (5) and (6), 

3-37Mb -436-67 
or A/b -- 129-6 ton-feet 
and Me — 122-37 ton-feet, as before. 

To solve question 5 by this method, refer to Hg. 149. For 
the span AB, taking moments of the B.M. diagram about A, 

X 12 = -124 X i X f X 4 + 24 X I- (4 -f i) I 
+ Mb X ^ X I X 12 
= - 24 X 32 + 48Mb 

£74 - - 64 + 4M„ .(7) 

For the span BC, 

Elio X 10 = - {19-2 X f X f X 4 + 19-2 x f x (4 -f J X 6){ 
+ (Mb + 2Me) 

- - 19-2 X + (ATb + 2Me) ^ 

Elio --= - 44-8 -f |(Mb + 2Me) 


( 8 ) 
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And 

- EIU, X 10 = - } 19-2 X f X § X 6 + 19-2 x | x (6 + i)} 

+ ^ (2M„ + Me) 

= - 19-2 >; f f ^ (2M3 + M^) 

Eli^ = 51-2 -f (2 Mb + Me).(9) 

Finally, for he span CD, taking moments about D, 

- Elio X 8 = - 1 x 12 X 8 X 4 + Me X I X I X 8 

F:/ia = 32--^-Me.(10) 

Equating (7) and (9), 

- 64 + 4Mb = 51-2 - f (2M„ + Me) 

- 192 + 12Mb = 153-6 - 10Mb - 5Me 
22 Mb + 5Me = 345-6 


4-4Mb + Me = 69-12 .(11) 

Equating (8) and (10), 

- 44-8 + i (Mb f- 2Me) - 32 - f Me 
... _ 134.4 ^ 5Mb + lOMc = 96 - 8 Me 

5Mb + 18Me = 230-4 

-28Mb t-Me = 12-8.(12) 

From (11) and (12), 

4-12Mb - 56-32 

Mb = 13-67 ton-feet 
and Me = 8-97 ton-feet, as before. 


12. Uneven supports: If the support at 5 is S lower 
than the support A, in the span AB of a continuous beam, the 
expression for i'b will now be, 

El {Ih - S) - flx -f (M^ + 2M„) 


Zb 

Similarly, 
— Za 


I S ^ (Ma + 2Mn) I 

lii^l Wi 


(13) 


a{l-x) S (M„+2M^)/ 

ELI I 6£/ 


ELI 


(14) 
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Expressing and Mb in terms of U and Jb, 



Expressions 13, 14, 15 and 16 are slope-deflection equa¬ 
tions in the most general forms. Their use in a practical form 
will be dealt with later. 


13. Method of Moment Distribution: This elegant 
method due to Prof. Hardy Cross is so important and of such 
wide application to framed structures that it will be treated in 
a separate chapter. 


EXAMPLES VII 


(1) A horizontal beam, 16 feet span, is built-in at one end and 
the other end rests freely on a support. It carries a concentrated 
load of 5 tons at 4 feet from the fixed end. Determine the reaction 
at the support and the bending moment at the fixed end, using Macau¬ 
lay’s method. Draw the S.F. and B.M. diagrams for the beam. 

• (-43 ton; 13-12 ton-feet.) 

(2) A horizontal beam ABy 20 feet span, is built-in at A and 

rests freely on a support at the other end B, It carries a uniformly 
distributed load of 1 ton per foot run over the whole length and also 
a concentrated load of 20 tons at the middle. Use Macaulay’s me¬ 
thod for the fixing moment at A and the reaction at B, Draw the 
S.F. and B.M. diagrams. (125 ton-feet; 13*75 tons.) 

(3) A beam, 24 feet span, has its ends built-in and carries a 
uniformly distributed load of 300 lb. per foot run. Find the maxi¬ 
mum B.M. and construct the B.M. diagram. (14400 lb-feet.) 


(4) A horizontal beam of span / is fixed at both ends. Two 
equal loads fV each, are placed at equal distances a from the ends. 

fVa^ 

Prove that the bending moment at the centre is -y- and that the 


deflections under either load and at the centre are 


and 


(31--4a) 
24EI 


respectively. 


Wa^ {2l-3a) 
6ELI 
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(5) A built-in beam of 20 feet span, carries a load of 8 tons at 
the centre and loads of 5 tons at 3 feet from each end. Calculate the 
maximum bending moments and the positions of the points of contra- 
flexure. (+32*75 tons-ft.; — 22*25 ton-ft.; 4*4375 ft. from the ends.) 

(6) A beam, 24 feet span, is built-in at both ends and carries a 
uniformly distributed load of 1J tons per foot run. It also carries two 
point-loads of 15 tons each at 6 feet from the ends. Draw the B.M. 
diagram and state the maximum values. State the position of points 
of contraflexure. (+139*5 ton-feet;—58*5 ton-feet; 4*74 feet from ends.) 

(7) A built-in beam of 20 feet span carries a uniformly distri¬ 
buted load of J ton per foot run from one end to the centre ol* the 
span. Find the fixing couples at the ends. (7*81 ton-ft.; 17*19 ton-ft.) 


(8) A built-in beam of 18 feet span carries a load of 8 tons at 
6 feet from one end. Find the position and amount of maximum 
deflection, if / for the section =221 in^. and E — 13000 tons/in^. 

(•113'^ at 10*29' from the other end.) 

(9) A built-in beam of 20 feet span carries two loads of 6 tons 

and 12 tons at 4 feet and 15 feet from the left hand end. Find the 
fixing couples at the ends. (26*61 ton-ft.; 37*59 ton-ft.) 


(10) A beam of span I is fixed at both ends. A couple jx is 
applied to the beam at the middle about a horizontal axis at right 
angles to the beam. Prove that the fixing couple at each support 

is ^ in the same direction and that the slope at the centre is r^irr* 
4 .1 ^EI 

(C. U.) 


(11) A beam of span I carries a central load W, It is so cons¬ 
trained at the ends that when the end-slope is f, the restraining couple 
at the supports is u.z. Prove that the magnitude of the restraining 
nW.l^ 

couple at each end is - {\l.I-\-2EI) and that the magnitude of 


the central deflection is 


Wl^ /p./ + 8E/\ 

\92EI\^.1-{-2EJ). 


(C. U.) 


(12) A beam of 20 feet span is built-in at both ends. When a 
uniformly distributed load of f ton per foot run is placed on the beam, 
the level of the right-hand support sinks below that of the left 
hand one. Find the magnitudes of the support-moments, given / for 
the section = 221 in^. and E = 13000 tons/in^. 

(37*5 ton-ft. at left; 12*5 ton-ft. at the right-hand support.) 


(13) A beam 45 feet long is freely supported at the ends. It 
carries an intermediate support at the same level as the ends dividing 
it into two spans of 25 and 20 feet. On the longer span there is a 
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uniformly distributed load of \ ton per foot run and on the other, 
the rate of loading is | ton per foot run. Calculate the moment at 
the central support and the reactions at all the supports. 

(38*37 ton-feet; 4*72 tons; 17*2 tons; 5*58 tons.) 

(14) A girder 100 feet long rests on five suppoils at the same 
level forming four equal spans of 25 feet each. If it carries a uni* 
forrnly distributed load of \ \ tons per foot run, calculate the reactions 
and moments at the supports. 

J14-73; 42*86; 34*82; 42*86; 14*73 tonsl 
|0; 100*45; 67; 100*45; 0 ton-feet.J 

(15) A girder 50 feet long, carrying a uniformly distributed 
load of 2 tons per foot run, covers three spans, the end spans being 
15 feet each and the central one 20 feet. Calculate the maximum 
bending moments and the positions of the points of contraflexure. 
( \ 63*20 ton-f('ct; — 36*80 ton-feet; 10*79 and 18*93 feet from ends.) 

(16) For the girder in the above question if the loading consists 

of 2 tons per foot run for the central and one outer span and 1J tons 
per foot run on the remaining span, calculate the reactions at the 
supports. (10*66; 39*76; 34*60; 7*48 tons.) 

(17) A girder 160 feet long is continuous over three spans. The 
two end spans are each 50 leet long, the central one being 60 feet long. 
The loading on the spans is 1, 2 and 3 tons per foot run respectively 
from left to right. Determine the moments and reactions at the 
supports. 

(0; 413*1; 804*24; 0 ton-feet; 16*74; 86*74; 157*6; 58*92 tons.) 

(18) A girder 50 feet long is supported at the ends and has an 

intermediate support at 30 feet from one end. It carries a concen¬ 
trated load of 12 tons at the middle of each span. Find the reactions 
at the supports. (4*05; 16*875; 3*075 tons.) 

(19) In the above example, if the central prop is lower than 
the end supports, calculate the reactions, given I for the section = 
725 in^. and F; = 13000 tons/in^. (4*50; 15*74; 3*76 tons.) 

(20; A beam ABCD, 40 feet long is continuous over three spans. 
AB = 16 feet; BC — 12 feet and CD — 12 feet; the supports being 
at the same level. There is a uniformly distributed load of 1^ tons 
per foot run over BC. On AB, there is a point-load of 15 tons at 4 
feet from A and on CD, there is a point-load of 20 tons at 9 feet 
from D. Calculate the moments and reactions at the supports. 

rO; 21-71; 27*76; 0 ton-feet,1 
|9*89; 13*63; 26*79; 2*69 tons.J 

(21) In the above example, if the support B sinks calculate 
the reactions at the supports, / for the section being 375 in^. and 
E = 13000 tons/in2. (10*72; 10*8; 29*68; 1*8 tons ) 
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(22) In example 20, if the ends A and D are both built-in, 
calculate the support-moments. 

(33*10; 12*55; 26*31; 14*97 ton-feet.) 

(23) A beam ABCD, 28 feet long is continuous over three spans 
of 10, 10 and 8 feet. The ends are freely supported and all the 
supports are at the same level. There is a uniformly distributed load 
of \\ tons per foot run over each of the 10 ft. spans and a load of 
2 tons per foot run over the 8 feet-span. Use the slope-deflection 
method to evaluate the support-moments. 

(0; 15*44; 13*24; 0 ton-feet.) 

(24) In example 23, if the support B sinks by J'', calculate the 
support-moments, using the slope-deflection equations. I for the 
beam section = 145*6 in^.; E = 13000 tons/in*. 

(0; 10*41; 16*91; 0 ton-feet.) 

(25) A beam AB of uniform section, simply supported at its 

ends distant 4a apart is propped at the mid-point C to the same 
level as the ends. A concentrated load W is applied at the mid¬ 
point of AC and a concentrated load nW at the mid-point of CB, 
Show that by a suitable choice for the value of n, it is possible to 
arrange that the slope of the beam at the end A is zero. Assuming 
this value for «, determine the slopes at B and C in terms of W and 
a and the flexural rigidity EL (L. U.) 

J M = 3; EIib =- EIic = —^ V 

(26) A continuous beam ABC has two spans AB = and 
BC = / 2 * The beam simply rests on the end supports and it carries 
a uniformly distributed load of w per unit length on its whole length. 
If the support B sinks an amount S below the level of the supports 
A and C, show that the reaction at B is 

r. _w [k + k) w + £1) 3£:/S(/i + k) 

® 2 8 / 1/2 (L. U.) 

(27) A beam AB of uniform section, is positioned-fixed and 
direction-fixed at both ends of a span of 24 feet. At a point 15 feet 
from the left hand end, a connection made to the beam exerts a 
vertically downward force of 8 tons and also a clockwise couple of 
20 ton-feet in a vertical plane of bending; in addition, the beam 
carries a uniformly distributed load of J ton per foot run on the whole 
span. 
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Determine the fixing moments and reactions at the supports 
and make dimensioned sketches of the B.M. and S.F. diagrams. 

(L. U.) 

(5 11 

\Ma — 22— ton-ft.; Mb =41— ton-ft.; 


’16 
23 

/?A ^4-— tons; 


16 
41 

= 9— tons. 
d4 


(28) A beam AB of length / and uniform flexural rigidity El 
is fixed horizontally at A and pinned at B at the sam^ level as A, 
An anticlockwise moment M is applied at B. Neglecting the weight 
of the beam, find the reaction and fixing moment at A^ the slop^^ of 
the beam at B and th^ position and magnitude of the maximum 
deflection. 

Tf drops an amount S relative to A^ find the new values of 
the reaction and moment at A and of the slope at B, (L. U.) 

Ma = iM; — Ib = 




(i) Ra = 


i^max '= 


(iij Ra 


21 ’ 
Ml^ 
27EI 
3M 
21 


AEI' 


21 


at from fixed end. 


+ 


SjB/S 


Ma = 


M 

2 


3EI8 




Ml 

AEI 


21' 


E ’ 2 ' E 

(29) An unloaded horizontal beam ABC of constant flexural 
rigidity El and length 21, is rigidh fixed to stanchions at each end 
and simply supported at the mid-point B. The left hand end A 
remains piecisely horizontal but due to the bending of the stanchion 
at C, that end is rotated through a small anticlockwise angle 0c. 
Determine the values of the bending moments and reactions at A, 
B and C in terms of the given symbols and give dimensioned sketches 
of the S.F. and B.M. diagrams which result from the change of slope 


at C. 


Ma = 


Ra 


EIOc 
21 ■ 
3EIQc 
2E 


Mb = + 


EIQc 


Mr -= 


(L. U.) 

7EIQA 


Rb — 4 


6EB}c 


=- 


21 

9EIQc 

2/2 


(30) A beam of length 100 inches is built-in at each end and 
loadc'd at the centre by a load of 10000 lb. Under load, one end 
r(‘mains fi^f'd horizontally and without vertical movement but the 
other \ields vertically F' x 10 •* inch under a vertical load of F 
11). and rotates through an angle of M X 10 • radians under a 
binding moment of M lb-in. The \alue of El — 650 X 10« Ib-in^. 
Sketch the B.M. diagram and determine the fixing moments at each 
end. (L. U.) 

At the fixed end, + 243784 lb-inches. 

At the other, — 20720 lb-inches. 


{: 


nches. 1 

s. I 
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(31) A horizontal beam of 21 feet span for which El is 1-6 X 

10® ton-in^, is fixed at each end. The fixings are not rigid but their 
stiffness is such that the inclination of the beam 6 at the ends is given 
by 6 = 0-0023 Af, 0 being in degrees and M the fixing moment in 
ton-inches. Find the fixing moments at the ends of this beam when 
a vertical load of 7-5 tons acts at 9 feet from one end. Neglect the 
weight of the beam itself. (L. U.) 

(11-69 ton-feet; 13-86 ton-feet.) 

(32) An encastre beam of span I carries a load wl uniformly 
distributed over the span. The second moment of area of the beam 

section is not the same throughout; for a length ~ at each end, the 

value is 21 and for the middle length ~ it is 7. Determine the bend¬ 
ing moments at the ends of the beam and sketch the B.M. diagram 
showing on it the values at the ends and at mid-span. (L. U.) 

[a u ^ 

At each end, + 

1a ie/2 

At centre, - — 



CHAPTER VIII 


DIRECT AND BENDING STRESSES 

1. Combined bending and direct stresses: Often 
a structural member has to resist a bending moment as well 
as direct axial loading which may be tensile or compressive. 
This happens when the load coming on it is eccen tric. Wind 
pressure on a wall or chimney shaft, water or earth pressure 
on a wall — as in the case of dams and retaining walls — are 
also instances in which a section is subjected to direct loading 
accompanied by a bending moment. In the study of beams 
we have seen that the nature of stress set up across a section is 
tensile and compressive, varying from zero at the neutral axis 
to a maximum at the extremities of the section. For a mem¬ 
ber subjected to a direct load and a bending moment, the actual 
stress set up at any point in the resisting section will therefore 
be the algebraic sum of the stresses due to the direct load and 
the bending moment. 


Eccentric loading: Consider a short strut subjected 
to a longitudinal push P, which is off the geometric axis by e. 
If we introduce two equal and opposite forces P --- at the 
axis, the system reduces to: 

(i) An axial force P and 

(ii) A couple M = P,e. 

Any normal section of the strut will have to resist these 

P 

two actions. The resistance to the axial load P is ~ — 

A. 

where A is the area of the resisting section, and is uniform 
throughout the section. The resistance to M will, as usual, 
be tensile or compressive depending upon the position of the 
point with regard to the neutral axis. For a point in the sec¬ 
tion at a distance y from the N.A., the bending stress will be 
M,y 

p = and the total stress at the point will be or 
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/P M,v\ 

I the sign depending upon its position. The maximum 

bending stress pb is at the extremities of the section, its value for a 

symmetrical section being pb ~ where ^ is the modulus 

of section. The total stress across the section due to both the 

actions will vary by a straight-line law from pjam — po— pb ^ 

PM PM , . . 

, to p„,ax = po pb = as shown in fig. 150. 



Whether the stress will be of the same sign throughout 
the section depends upon the value of pb- If pb ^ po^ the stress 
will have the same sign as pc,; if, however pb > poy the stress will 
change sign, being partly tensile and partly compressive across 
the section. The three possible distributions are indicated in 
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fig. 151. It may be noted that when pb = po, the value of 

pmax ~ ^Po* 



3. Limit of eccentricity: It is interesting to investi¬ 
gate the limit of eccentricity which may be permitted for diffe¬ 
rent sections so that the stress across the section does not change 
sign. For the stress to be of the same sign, 

pb — po 

(M ^ P 

i.e. 

P.eJ ^ P 

2/ “T 

P.e.d ^ P 
2A.k^~ A 

2k^ . . 

or e ^ — 5 where k is the radius of gyration of the 
a 

section with regard to the N.A. and d is the depth of section. 

For a rectangular section of breadth b and depth 1— 
if the load line is in the vertical plane bisecting b, 

P P 

j M 6Pe 

and pt - ^ 

If pb <po 

6f.g ^ 

b<P ^ bd 
i.e. e < Jrf. 
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The load can be eccentric on either side of the geometrical 
axes. Therefore the stress will be of the same sign throughout 
the section if the load line is within the mi ddle thir d. If the 
load line is in the vertical plane bisecting theUepth^ the permis¬ 
sible range of eccentricity will be — as shown in fig. 152(fl). 



It is possible that the load line is on neither of the principal 
axes. It must however lie within the rhombus whose diagonals 

are ~ and ^ on the respective principal axes. This rhombus 
3 3 

is known as the “Core” or “Kernel” of the section. | Let 
(^,T)) be the coordinates of the point of incidence of the load 
line on the section, referred to XX and TT 2 ls the axes of refer¬ 
ence fig. \b2{b). 


There will thus be a bending moment = P.T) under 
which the section will bend about the axis XX^ accompanied 
by a bending moment under which there will be 

bending about the axis TT. In fig. 152(A), the point C will 
have extreme intensities of stress, both tensile, due to the two 
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moments. The bending.stress at C due to and A/g will be: 

/ Wfyi 

Since =~u hy — 12 the bending stress 

6P.n 6f^ pm 6n\ 

“ J4> + 4.i2 ~ mV / 

The total stress at C is, therefore, 


{- 


66 St]- 


For the stress to remain of the same sign throughout the 
section, 

iPo^pb) must be positive, i.e., 
a 0 

h “ 

The deviation of the load line is governed by the straight- 

line ^ ^ = 1, whose intercepts on the axes are respectively 

d b 

d b 

— and This is true for the load line in the first quadrant. 
6 6 

For positions in other quadrants, the limiting lines will be the 
sides of the “Core” rhombus. 

For a hollow rectangular section: Let the dimensions of the 
section be jB x jD external and b x d internal as in fig. 152((r). 
If the load is eccentric by e on the axis XX, 

^ BD^ -b(P ^ M ^P.e.D 

^ “ 6D and ^ - ^^3 _ ^^3 


The limit of eccentricity on either side of the centre is 
given by, 

6P>e.D ^ P 
BD^-bd^- {BD-bd) 

{BD^ - b(P) 

‘ - 6D {BD - bd) 
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Similarly, if the load line is on the axis TT^ the limit of 
eccentricity on either side of the centre will be, 

DB^ ~ db^ 

6B {BD - bd) 

For a solid circular section of diameter rf, 

_ ,o , Af 32 P.e 

^ = 32 “^ and ^ 

The limit of eccentricity is given by, 

32 P.e 

4P 
- TC(fi 

i.e. ^ ^ The ‘‘Gore” in this case is a circle with the 
8 


same centre and diameter = [See fig 152(rf)]. 

For a hollow circular section^ ext. diam. Z), int. diam. d. 


z 


TZ (/)“ 


and pb ■■= 


32 P.e.D 


322) ru ^ ^2)4 _ (/4) 

The limit of eccentricity will be obtained from 
32 P.eD ^ 4P 


TT {D* - d*) 


I.e. 


' 71 (Z)2 - rf2) 

/Z>2 + rf2\ 
\“8^ / 


The core in this case is a concentric circle of diameter, 
D^ + (P 
42) 


For an /-section, the core can be similarly obtained. 
[See fig. 152(«)]. 

Example 1, 

A steel flat 6" wide and f" thick is subjected to a pull of 18 tons, 
which is off the geometrical axis by J inch in the plane which bisects the 
thickness. Determine the maximum and minimum stress intensities set 
up in the section. 



Art. 3] 


DIRECT AND BENDING STRESSES 


323 


P =18 tons 
A = 6 X I = sq. in. 

M — P.e — 18 X ^ = 2*25 ton-in. 

Z — ^b(P = ^ X X 36 = 4*5 in®. 



Fig. 153 

"" :i "" 4^5 tons/in®. 

M 2-25 ^ „ 

ph ==— = — =- -5 ton/m2. 

pmax == + /^/; = 4 + *5 = 4*5 tons/in^., tensile. 

p^^^ z=zp^ —pij = 4 — *5 — 3-5 tons/in^., tensile. 

The stress distribution is shown in fig. 153. 

Example 2. 

A short CJ, column of hollow circular section has a projecting 
bracket carrying a load of 5 tons. The load line is off the axis of the 
column by 12 inches. The external diameter of the column is IT and 
the thickness of metal is 1", Find the maximum and minimum stress 
intensities in the section. 


The area of section A = ~ (12^-- 10^) 


Modulus of section 


= IItt in^. 

= 34-56 in2. 

^ _ 7C 244 X 44 
^ 12 
= 87-84 in®. 



5 

34-56 


= '1447 ton/in^., compressive. 
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Pb = 


M 5 X 12 


•6831 ton/in® 


^ 87-84 

pmax = po + pb — ’1447 + -6831 = *8278 ton/in®., compressive. 
pmtn —po—pb = ‘1447—6831 =—5384 ton/in^., 
i.e. -5384 ton/in^., tensile. 

Example 3. 

A mild steel strut of Tee-section 6" X 4" X ^ carries a load 
of 10 tons in the central plane bisecting the web at T5" from the base. 
Calculate the maximum and min. stress intensities induced in the section. 
For the 6" x 4" x Y Tee-section, A = 4-771 in\; J = -968"; 
fx = 6-07 in^.; lyy = 8-64 in^. 

The eccentricity of loading e = 1 *5 — -968 = '532 inch. 


M 

J’c 


= P.e = 10 X *532 = 5-32 ton-inches. 
= 3-032"; yi = -968". 


Pc = 


bt = 


M.yc 5-32 X 3-032 
6-07 

5-32 X -968 


^XX 

M.vt 


6-07 


2*657 tons/in^., compressive. 
= *8484 ton/in^., tensile. 


po — 


10 

4*771 


= 2*096 tons/in^., compressive. 



pmax = po + pc = 2*096 + 2*657 = 4*753 tons/in^., compres. 
pmtn = po — pt 2*096 — *8484 = 1*248 tons/in^., compres. 
The stress distribution is shown in fig. 154. 

Example 4. 

A flat bar 5" wide and Y carries an axial pull of 12 tons. 
A Y' diameter hole is punched with its centre at a distance of lY from 
the axis of the bar. Find the maximum and minimum stress intensities 
at the weakest section. 



Art, S] 


DIRECT AND BENDING STRESSES 


325 


At the weakest section, area of section 
A ^(5-i) X 1 = 2-25 in2. 


-A 


5-33 tons/in^., tensile. 


Let X be the distance of G the centre of gravity of the net 
section from the axis 2^2^ of the bar. 




Fig. 155 


The net section consists of: 

(i) area = 5 x J = 2*5 in^., distance of its c.g. from 
the axis being zero, 

less (ii) area a« = I X i = -25 in^., the distance of its c.g. 
from the axis FT being -f". 

. — _ ^2*2 _ ® t) _ Iff 

~ ~ 2-5--25 “■®' 

The eccentricity of the load line from the c.g. of the net 
section, is, thus, J". 

M — P.e = 12 X ^ = 2 ton-inches. 
y, =2-5-^ =2-33" 
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yt 

= 2-5 + ^ = 2-67" 


^yy 

— ~ X 

— 12 

1 X 53 - 

X 


_ 125 

21 

-\i^ + U = 

125 

24 

■^GG 

II 

1 

2-25 (1)2 = 

4-1 

A 


2 X 2-33 


pc 

_ 

Igg 

“ 4-58 


pt 

M.yt 

2 X 2-67 


Igg 

4-58 


pmax 

— po + pt — 5*33 + 

1-: 

pmin 

-po~ 

pc — 5-33 — 

i-( 

The stress 

distribution 

is 

4 

Wind 

pressure on 


lO*) 


1-166 tons/in^., tensile. 

166 == 6-5 tons/in^., tensile. 
)17 = 4-31 tons/in^., tensile. 


The intensity of stress set up on the base of a wall or chimney 

W 

shaft to resist its own weight is po =- —j-, where W is the weight 


and A the area of the base section. If llie density of masonry 
is p, W p.i4./7., where h is the height of wall or shaft of uni¬ 
form section A, The intensity of direct stress po is, therefore, 
equal to pA. If there is a horizontal wind pressure of unifinmi 
intensity p acting on a side of width /;, the force of wind F 

p.b.h. This will exert a bending monn nt on the base of 
The base section has therefore to resist the direct load accom¬ 
panied by a moment AI - ^ stress intensiti(‘s at the 

base will, therefore, be 


pmax — po + pb 
pmin ~ po pby 

the base section. 


where 



Z being the modulus of 


Example 5. 

A masonry wall, 20 feet high, is of solid rectangular section, 
12 feet wide and 4 feet thick, A horizontal wind pressure of 30 lb. 
per sq. foot acts on the 12 ft. side. Find the maximum and the mini- 



Art. 4] 


DIRECT AND BENDING STRESSES 


327 


mum stress interunties induced on the base, if the density of masonry is 
140 lb. per cubic foot. 

= pA = 140 X 20 = 2800 lb-ft2, 

P =p.b.h =30 X 12 X 20 = 7200 Ib-wt. 

Af = ^ = 7200 X 10 = 72000 lb-feet. 


^ X 12 X 42 = 32 ft®. 


Pt--^^ 


72000 


= 2250 lb/ft2. 



Fig. 156 

prnax — Po pb = 2800 -|- 2250 

= 5050 Ib/ft^., compressive. 

Pmin ^ po Ph — 2800 2250 

= 550 compressive. 

The stress distribution is shown in fig. 156. 

Example 6. 

A square chimney 80 feet high^ has an opening of 4 ft. by 4 ft. 
inside. Find the necessary thickness of brickwork at the base if the 
maximum permissible stress on brick masonry is limited to 7 tonsjft^. 
The horizontal intensity of wind pressure is 28 Ibjffi. and density of 
masonry is 126 Ibjffi. 
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Let the external dimension of the shaft be D feet. The 

126x80 


intensity of direct stress po — pA 


2240 


4*5 tons/ft^. 


Since p^ax is limited to 7 tons/ft^., the maximum permis¬ 
sible value for is 7—4*5 ==2-5 tons/ft^. The force of wind 
pressure on a side of the chimney shaft is given by, 

P = p.D.h = 28 X 80 X Z) = 2240Z) Ib-wt. 

= D ton-wt. 


P.k D X 80 


D^-d^ 


= 40Z) ton-feet. 


-€ = 


Pb 


- 256 


6D 6D 

M 40D X 6 Z) 


Equating, 


D* 

240Z)2 


256 
= 2-5 


ft3 

240Z)2 
B* - 256 


and 


D* - 256 
D*~256 = 96Z)2 
(i)2-48)2 = 256 + 2304 
= 2560 
£)2 48 50-59 

Z)2 98-59 

D = 9'928 feet, say, 10 feet. 

The thickness of brickwork at the base 

D-d 10-4 , ^ ^ 

= —^ = —X— = 3 feet. 


5. Coefficient of wind-resistance: Wind pressure is 
usually specified as a horizontal force on a unit area of a verti¬ 
cal plane, on which it acts normally. The shape of the object 
exposed to the wind will however, affect the magnitude of the 
force exerted by the wind on it. If the area presented to the 
wind pressure is curved, as in the case of a cylindrical chimney 
shaft, the magnitude of the force will be less than when the area 
is a flat surface. The reduction factor c, depending upon the 
shape of the area exposed to the wind, is called the coefficient 
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of wind-resistance. Its value varies from *5 to -75. For cylin¬ 
drical shafts, it is usually taken as *6, though theoretically its 
value will be This can be proved as follows: 

Let p be the conventional intensity of horizontal wind press¬ 
ure per square foot of a plane vertical area on which it acts 
normally. Let d be the external diameter and h the height of 
a cylindrical shaft. 


I 



Consider elementary strips of the exposed surface, subtend¬ 
ing an angle S6 at the centre, at angle 0 on either side of the axis 
XX (fig. 157). 

The force of wind reaching each strip is p.rSO.cosO.A, where 
r is the external radius. Resolving normally and tangentially, 
the normal component 8P„ on each strip = (/>.rSO.cos0.A) cos0, 
the tangential component 8P( blowing off. Compounding the 
two normal components 8Pn into a single resultant 8P, we have, 

8P = 28P„. COS0 in the direction of XX. 

.•. 8P = 2p.r.A.cos®0.80. 

Integrating over the whole exposed surface from 0—0 
to 0 = 90°, we have. 
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TZ 

P = = [ 2.p.r.h. cos^OrfG 

b 

= p,d,h.^y which proves the proposition. 


Example 7. 

A masonry chimney^ 60 feet highy of uniform circular sectiony 12 
feet external diametery 5 feet internal diameter has to withstand a hori¬ 
zontal wind pressure of 24 lb. per square foot of projected area. Find 
the maximum and minimum stress intensities at the basey if the density 
of masonry is 130 lb. per cubic foot. 

= pA = 130 X 60 = 7800 lb-ft2. 

P = 24 X 12 X 60 = 17280 Ib-wt. 



17280 X f = 518400 lb-feet. 




n{D^-d^) 7r(144-l-25) (144-25) 


32D 


32 X 12 


=- 164-6 lb-ft3. 




p„jay^ = p^ Pl^ z=z 7800 + 3150 = 10950 Ib/ft^., compressive. 
z=z p^— p^ ^ 7800 — 3150 = 4650 Ib/ft^., compressive. 


Example 8. 

A cylindrical steel chimneyy 120 feet high, 5 feet external diameter, 
is exposed to a horizontal wind pressure whose intensity varies as the 
square root of the height above the ground. At a height of 49 ft. the 
intensity of wind pressure on a flat surface is 42 lb. per square foot. 
If the coefficient of wind-resistance is -6, calculate the bending moment 
at the foot of the chimney. 


Consider an element of the exposed surface of thickness 
^x at a height x above the ground. The intensity of wind pres¬ 
sure p = k^/ X, where A: is a constant. To evaluate k, p — A2 
Ib/ft^., at ^ = 49 feet. 

42 = ytV49 
A: = 6 and p = 6\/ x. 
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On the element the force of wind pressure, 

SP = c.p.d.Bx 

=-6 xSVxXbx^x 

= 18 \/x dx. 

The moment of SP about the base is x8P or 18^;^ dx. 

Summing up the moments of all these elementary forces 
8P, we get the total moment, 

f l‘20 

I8x'^dx 

6 

[ 5-1120 _ 

|jc'-Jo -'t? [120 X 120 X Vl20] =1135000 Ib-ft. 


Example 9, 


A chimney shaft 100 feet high, tapirs from 10 feet external dia^^ 
metei at the base to 4 feet external diameter at the top. If the hori¬ 
zontal intensity of wind pressure is 50 lb, per square foot of flat surface^ 
calculate the bending moment at the base due to the force of the wind^ 
taking the coefficient of wind-resistance as |. 


Consider an element of the exposed surface of thickness 8x 
at a height a; feet above the ground. The external diameter 

6x 

at this In'ii^ht is (10 force of wind pressure 


on 


the elementary 
8P = c.p (10- 


stnp is, 
6x 

ioo^ 




2 

S 


A 50 (10 - 


Gat 

Too 


) 8;c. 


The bending moment at the base, 

"*’100;c 6 a: , ^ 

-TT- (10-77^^) dx 

3 ^ 100^ 


M = Sa:.SP 

100 r 
3 L 


=r 


5a;2. 


2^3 -I'oo 


1003 


[5-2] 


= 1000000 lb-feet. 
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6* Water and earth pressure: Walls retaining water 
or earth etc. have lateral forces exerted on them due to the pres¬ 
sure of the retained material. The base of such a wall will have, 
besides the dead load coming on it, to resist the bending moment 
due to lateral pressure. Stability of dams and retaining walls 
will be studied, in detail, later. It is sufficient to indicate here 
that the problem is one of direct and bending stresses. 

Example 10. 

A masonry dam^ 20 feet high^ 4 feet wide at the top and 12 feet 
wide at the base has its water-face vertical and retains water to a depth 
of 18 feet. Calculate the maximum and minimum stress intensities 
induced at the base if the density of masonry is 140 Ibjffi. and that of 
water 62•S Ibffi. 


C D 



Consider a foot-length of the wall. The weight of masonry 
V = 140 X I X (12 +4) X 20 
= 22400 Ib-wt. 

To locate its line of action, divide the dam section into, 

(i) a rectangle 4' X 20', the distance of its c.g. from the 
face AC being 2 feet, and 
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(ii) a triangle whose area is \ (12—4) x 20 i.e. 80 sq. 
feet with its c.g. at (4 + J X 8 ) feet from AC. The distance 
of the c.g. of the section from AC is given by, 

+ ^2^2 80 X 2 + 80 


X 


X = 


+ ^2 


80 + 80 


= ^ = 4-33 feet. 


On the water face, the intensity of water pressure is zero 
at the surface increasing uniformly to wh at the bottom, where 
h is the depth of water impounded and w the density of water. 
Per foot length of wall, the lateral thrust P due to water pres¬ 
sure = average intensity of pressure X the area = J wh.h = 


wh^ . A - , , 

—Ib-wt. acting at — irom the bottom. 
2 3 


In our case, 

P = A ^ = 10125 Ib-wt. at 6 feet from A. 


The forces W and P can be compounded into a single 
resultant R. Let E be the point of incidence of R on the base 
AB and let its distance from A be z- The force R will have to 
be balanced by an equal and opposite reaction at the base 
AB. Resolving the resultant R normally and tangentially at 
£, the normal component W will be balanced by the normal 
stress intensities at the base, while the tangential component 
P will be balanced by the frictional resistance against sliding. 

The effect of the water thrust P has thus been to shift the 
incidence of the load line from F to E. The eccentricity e of 

the load on the base is where AE = z and b is the bottom 

width of the section. To locate £, take moments about A of 
W and P and equate the sum to the moment of the resultant. 

We have, 

W.z = Wl X P 

- h P 

or z ^ 3 ^ IV 
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In our problem, 

^ = 4-33 + - = 4-33 + 2-71 = 7-04 feet, 

f - 7-04= 1-04 feet. 


On the base, 

M =W.e = 22400 x 1-04 Ib-fcct. 

^ = 3^62 _ 1 X 1 X 12 X 12 = 24 ft3 
M 22400 X 1-04 


Pb 


Z 


24 


- 970*7 lb-ft2. 


: -\- pij = 1867 + 970*7 = 2837*7 Ib/ft^., compressive 


Pmax 

at B. 

pmm — po - pb = 1867 -970*7 = 896*3 Ib/ft^., compressive 
at A. 


EXAMPLES VIII 

J^) The section of a masonry pier 16 feet high is a hollow rec¬ 
tangle, external dimensions 12' X 5', internal dimensions 10' X 3'. 
A horizontal thrust of 2^ tons is exerted at the top of the pier in the 
vertical plane bisecting the length. If the density of masonry is 140 
lb. per cubic foot, calculate the maximum and minimum stress 
intensities at the base. 

(1*976, *0243 ton/ft^., compressive.) 

(2) A 22" X 7" X 75 lb. R.S.J. is used for the vertical post of a 
crane. When the crane is lifting a load of 5 tons, the distance of the 
load line from the c.g. of the section being 12 feet, find the extreme 
intensities of stress induced in the section, given that, for the 22" X 7" 
R.S.J., area of the section A =22*06 in^. and / = 1676*8 in^. 

(4*95 tons/in^.j compressive; 4*5 tons/in^., tensile.) 

'^3) A hollow C.T. column of rectangular section, 24" X 12" over¬ 
all and 21"x 10" internally, carries a load of 150 tons which is off the 
geometric axis by 4" in the vertical plane bisecting the thickness. 
Calculate the extreme intensities of stress induced in the section. 

(3*1; *743 tons/in^., compressive.) 
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(4) A short wooden pillar is rectangular in section, 15'' wide 
and 9" thick. It carries at the top two point-loads and Pg 
vertical plane bisecting the thickness, Pj acting at 2" from the centre 
on one side and Pg at 3" on the other side. If the stress is throughout 
compressive, and the extreme intensity of stress on the side in which 
Pi acts is three times the extreme intensity on the other side, calculate 
the ratio of P^ and Pg. (17:3.) 

n/(5) a short hollow C.I. column, 9" external diameter, thickness 
of metal 1", carries an axial load of 25 tons. It also carries a load of 
5 tons on a bracket, the load line 15" from the axis of the column. 
Find the maximum and minimum stress intensities on the section. 

(2*85 tons/in^., compressive; *46 ton/in^., tensile.) 


(6) The principal section of a crane-hook is a trapezium of 

depth 3", inner width 2J" and outer width 1|". If the distance of the 
load line is 2" from the intrados, calculate the safe load in tons if the 
maximum permissible tensile stress is 6 tons/in*. What then is the 
minimum stress induced in the section? Neglect the effect of initial 
curvature of the hook. (4*92 tons; 5-29 tons/in*.) 

(7) A short hollow cylindrical C.I. column is 12" external and 
9" internal diameter. In casting, the bore got eccentric so that the 
thickness varies from 1" at one end to 2" at the other. If the column 
carries a load of 80 tons along the axis of the bore, calculate the 
extreme intensities of stress induced in the section. 

(2*54 ton/in®; 0*877 ton/in*., compressive.) 

(8) A 12" X 8" X 65 lb. R.S. section is used for a column to 
transmit a load of 60 tons. The load line is eccentric, being 2" above 
XX and 1" to the right of TT, Find the maximum and minimum 
stresses induced in the section, given area of section = 19*12 in^.; 
I^^ =487*80 in^.; lyy =65*20 in^ 

(8*3 tons/in^., compressive; 2*018 tons/in^., tensile.) 

(9) A tie bar 9" wide and f" thick transmits an axial pull of 30 

tons. A hole IJ" diameter is drilled through the bar with its centre 
at a distance of 2" from the axis of the bar. Find the maximum stress 
induced in the material. (6*8 tons/in*., tensile.) 


(10) A masonry pillar d feet in diameter is subjected to a hori¬ 
zontal intensity of wind pressure of p Ib/ft*. If the coefficient of 
wind-resistance is c, prove that the maximum permissible height for 
the pillar so that no tension is induced at the base, is given in feet by 

^\6c^p ^ P density of masonry. 


h = 


(11) A cylindrical chimney shaft of a hollow circular section, 
7 feet external diameter, 3 feet internal diameter, is 80 feet high. If 
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the horizontal intensity of wind pressure varies as x\ where x is the 
vertical height above the ground, calculate the overturning moment 
at the base due to the force of wind pressure, taking the coefficient of 
wind-resistance as *6. Given that the horizontal intensity of wind 
pressure at a height of 64 feet is 20 Ib/ft^. If the density of masonry 
is 140 Ib/ft®., calculate the extreme intensities of stress at the base. 

(104*4 ton-ft; 8*21, 1*79 tons/ft^., compressive.) 

(12) A tapering chimney of circular section 150 feet high, 12 
feet external diameter at the base and 8 feet external diameter at the 
top is subjected to a uniform wind pressure of 21 lb. per square foot 
of projected area. Calculate the overturning moment at the base. 
If the weight of the chimney is 600 tons and the internal diameter at 
the base is 4 feet, calculate the maximum and minimum stress- 
intensities induced in the base section. 

(984*4 ton-ft; 11*84; *09 ton/ft*., compressive.) 

(13) A masonry wall, 8 feet long, trapezoidal in section with 
one side vertical, is 20 feet high, 4 feet wide at the top and 12 feet at 
the bottom. A thrust of 17*32 tons is transmitted at the top, on the 
vertical side, in the middle of the length, at an angle of SO"" to the 
horizontal. If masonry weighs 140 lb. per cubic foot, calculate the 
extreme stress-intensities on the base. 

(1*524, *3232 ton/ft^., compressive.) 

(14) A masonry retaining wall, 21 feet high, is trapezoidal in 
section, 3 feet wide at the top and 8 feet at the base, with one side 
vertical. If the lateral pressure exerted by the retained material on 
the vertical face varies from zero at the top to 500 lb. per square foot 
at the base, calculate the maximum and minimum intensities of stress 
induced in the base, the density of masonry being 130 lb. per cubic 
foot. 

r 3828 Ib/ft^., compressive. 

1^ 75 Ib/ft^., tensile. 

(15) A steel rod K diameter is placed inside a cast iron tube 

3" outside diameter and 2" inside diameter, 8 feet long. The rod 

passes through a rigid cover plate at each end of the tube, and nuts 
are screwed on to the projecting ends of the rod so that the cover 
plates bear on the ends of the tube. Find the maximum stress in 
the cast iron tube, if one of the nuts is tightened so as to stretch the 
rod i", 

(a) if the rod is concentric with the tube 

(b) if it is i* out of centre. 

E for C.I. = 15 X 10« Ib/in®. 

E for steel = 30 x 10« Ib/in*. (L.U.) 

Ka) 7812 1b/in*. (b) 11420 lb/in*.j 
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force. Calculate the pull in the guy rope and the maximum stress 
in the mast if the top end B is deflected 2'" in the direction of the 
1-ton load. E = 13000 tons/in^. (L.U.) 

(2*22 tons; 10*06 tons/in^.) 

(19) A brick chimney weighs 160 tons and has internal and 
external diameters at the base of 6 feet and 10 feet respectively. 
Owing to settlement, the chimney leans to one side and the centre 
of gravity is 6" from the vertical through the centre of the base. 
Calculate the" maximum horizontal force applied 40 feet above the 
base in order that there shall be no tension in the chimney. (L.U.) 

(4*8 tons.) 

(20) A tie rod of constant circular section is required to with¬ 

stand a maximum tension of 50*3 tons but the end fixing is such 
that the line of action must be offset 0*3" from the axis. Determine 
to the nearest J", the minimum diameter of the tie rod if the maxi¬ 
mum allowable stress is 8 tons/in^. (L.U.) 

{ 31 ". \ 

(21) A 12" X 6" B.S.B. is used as a stanchion to carry two 
loads W and 2 IV, which act in directions parallel with the axis of 
the stanchion. The load IV acts on the j|^-axis and 8" from the 
xx-axis. 


(a) Find the boundary within which 21V must act if there is 
to be no tension. 


(b) If 2 IF acts on the ATAc-axis, find the magnitude of IV and 
the position of the line of action of 2 IV if the greatest and least stresses 
are 7 tons/in^. and J ton/in^., both compressive. Ixx = 375*8 in^.; 
lyy = 28*28 in^.; sectional area = 15*89 in^. Make a diagram of the 
section showing the load positions and the boundary required. 

(L.U.) 


(a) Boundary lines bounded 

(b) W = 19-68 tons; (± 


2 d by r 0,1-914*; 0,-9-914*; 

^ I-288*, 0;--288*, 0. jl 
-17*, 0.) J 


(22) A 15" X 6" B.S.B. is used as a column to carry a load 
acting in a direction parallel with the longitudinal axis of the column 
but not passing through either of the principal axes of the section. 
The magnitude and line of action of the load are such that the stress¬ 
es at the corners A, B and C are as shown in fig. 158(r). Determine 
the magnitude and location of the load, the stress at D and the posi- 
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tion of the neutral axis and make a diagram of the section showing 
these values and the reference letters. For a IS'' x 6" 

= 491-9 in^; lyy = 19-87 in^; A = 13-24 in^. (L U.) 


U 18 tons/in^. 
tensile 


2L. 

4-63 tons/ini 
compressive 



-A 

7*52 tonslinl 
compressive 


Fig. 158(c) 


' P = 42 tons at X = + -228% ^ = - 4 537"; 1 
- Stress at D = 2-71 tons/in*., compressive; I 
•482 Ar--387;> + 3-172 =0. 



CHAPTER IX 


COLUMNS AND STRUTS OF UNIFORM SECTION 

1. Axial loading: For a short column under axial 
loading the relation between the load P and the stress induced 
is given by P = p.A^ where A is the area of resisting section and 
p the intensity of stress. If the column is loaded to destruction, 
the crushing load Pc = where fc is the ultimate crushing 
stress. Adopting a suitable factor of safety, a safe working 
stress for the material may be selected. For ordinary struts 
and columns, however, it cannot be said that failure will occur 
purely by crushing. At a certain critical load, an ordinary 
strut will start bending. Once this process of buckling comm¬ 
ences, failure is inevitable. This critical or bucking load for 
a given section and length of strut is less than the crushing load 
Pc for failure by pure compression. Its value depends on how 
the ends are gripped and upon the ratio of its length and the 
dimensions of its section. 

PI 



Fig. 159 

It is therefore necessary to investigate this crippling load 
for a strut of given length and section for given end-conditions. 
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Consider a straight column of length / and sectional area 
A, Let it be loaded axially by a load which increases gradually 
until at some load P, elastic instability occurs and the column 
bends. Referring to fig. 159, at a section X, at a distance oi 
X from A, the load P is now eccentric by jy. The section has 
therefore to resist an axial load P accompanied by a moment 
P.jy. The section which has the largest moment coming on it, 
is at C the middle of the column where the eccentricity is e. 
The maximum and minimum stress intensities will be given by, 


P P.e 

pmax = po A- pb — ^ ^ ~~Z 

^ P P.e 

and pmin — po ' Pb — ^ ^ 


Failure will occur either by pmax i-e* {po + pb) reaching the 
ultimate crushing stress fc for the material or [po — pb) becom¬ 
ing tensile and reaching the ultimate tensile stress for the mater¬ 
ial. In either case, failure is not due merely to po or the direct 
stress offered to the critical load but also to the added effect 
of the bending moment accompanying the buckling of the 
column. 


2. Very long columns—• Euler’s formulae: We 

shall first consider the case of very long columns for which the 
crippling load is low, so that the effect of direct stress po is 
negligible as compared to pb the bending stress. In other words, 
we shall consider the failure to occur because of bending only. 

We shall consider a straight column of length /. The 
crippling load P at which it starts bending will depend upon the 
sectional area and the end conditions. We shall consider four 
standard cases. 


Case /. One end Jixed, the other free: 

Let the end A be direction-fixed as well as position-fixed 
while the end B is free. Let P be the critical load under which 
the column deflects and let a be the deflection of the free end B 
from the original centre-line of the column. Referring to 
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fig. 160 (a) 5 consider a section X of the column at a distance x 
from the fixed end A and let be its deflection from the initial 
centre-line. The load P is now acting on the section at an 
eccentricity of [a ~~y ). The bending moment at the section 
is P[a —y) and we have, 



d^y 

EI-^^ = + P{(^ — y)-> according to the convention we have 


adopted. 


Re-arranging, 

dh ^ _ Pm 

^2 ^ Ej-y - £/• 


Solving the differential equation, 


y = Cicos]/ + Cgsiii 


l/ P 

y —X -J- a, where and Cg are 


constants of integration. To evaluate the constants we have 
the end conditions at A, where ^ = 0 and y == 0 and also 

f^ = o. 

dx 


0 = Cj + 
Cj = — 
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Also, & = -C,.j/^sinl/^,+C,]/^co,y^ 

^2 — 0> since P is not zero. 

The column therefore takes up a cosine-curve given by 


j = a(l-cos 
At B, where x = I, y = a 
a = a — cos / 

0 


i.e. 


cos/ 

I 


y] 

y\ 


by, 


or 


£ 

Ei 

P TV 3k 5k 

^ = 2’ y* T’. 

Taking the first value, the least magnitude of P is given 


y 


Ei 


K 

2 , 
7t2£/ ; 


4/2 


, which is the crippling load. 


Case II. Both ends free or hinged: 

If the ends A and B are free and axial loading commences, 
they will no longer be position-free but direction-free and, at 
the critical load P, the column will bend as- if the ends were 
hinged — not free to move out of position but free to adopt 
another angular position. 

Consider a section A” at a distance x from A and let be 
its deflection from the centre-line as in fig. 160(A). The 
eccentricity of the load P on the section is nowjj' and therefore 
the bending moment is P.y. Since the column has bent concave 
to its original centre-line, according to the convention we have 
adopted, 








mechanics of STKL'CTT/jjes 


[ Ck . IX 


c/^y 

a'Sr- y ■ 


The solution of this differential equation is, 
y = C^ cosjc ]/^ + Cg sin^y 
At a: = 0 and y = 0 

Cl =0 

At B, X — I and y — 0 
0 = Cg sin^y 

' hi 

This is possible if is zero, in which case, the column has 

^ilF 

not bent at all or sin/1/ — 0 

' El 

/ y^ = 0, 7r, 27t, Sti,. 

Taking the least significant value, 

'VS- 


—, which is the crippling load in this case. 


Case III, Both ends fixed: 

Fig. 160(r) shows the deformation of the column. From 

I 

A to Z), for a length of — it is convex; from D to E for a length 

4 

/ . . / 

of — it is concave and for the remaining length of — from E to 

J5, it is convex towards the original centre-line AB, The 
column can therefore be looked upon as being equivalent 

I 

either to (i) a column of length - with hinged ends or to (ii) a 
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I 

column of length - with one end fixed and the other free. 

The crippling load P will be 
n^EI Tzm . AKm 


I 2 

(j). 


or 


/ 2 

4(j) 


i.e. 




We have derived the crippling load —— by looking 

upon the column as equivalent to cases I and II, the equivalent 

I I 

length being - and ^ respectively and quoting the formulae 

for crippling loads for these cases. 

For a direct proof, consider, as usual, a section Z at a 
distance of x from A and let the corresponding deflection be y. 
As the ends are fixed, there will be fixing couples and Mb 
at the ends, as in the case of a built-in beam. These w’ill be 
equal by symmetry. The bending moment at the section 
X will, therefore, be Ma P.y. 

We have, EI^ = Ma - P.y 
dx^ 


dh P 
dx^ El'^ 


A/a 

El' 


Solving the equation, 

y cos x]/+ Cg sin x]/y + 


M, 

P 




dx 

At A,x = 0,y- 

0 = Cj -f- 


= 0 and ^ = 0 
dx 

Ma 


and 


0 =c,]/. 

Cg = 0 and Cj = 


P_ 

El 


P 
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The equation of the curve is, therefore 
y = -Ci {i-cos x]/^^ 


At B, X — l and j = 0 


0 = 


-Cl |i - cos ■ 


Either Ci is zero, in which case, the column has not bent 
at all, or ^1 — cos is zero, i.e. 


cos /y^=i 

^ = 0, 2n, 471, Gtt, 


.(1) 


dy 


At B also, — = 0 
dx 


El 


i.e. 


sin I 


i/ p 

^ F — =0, since Cj cannot be zero. 

’ El 

^y^ =0, u, 27:, 371, .(2) 

l/“p 

The minimum value ^ f ^ consistent both with (1) and 


(2) is 27:. 


/ 


or 


^|- = 

f El 


P = 


2n 

/2 • 


We could also have obtained the result by putting 

dy r. ^ , I 

-f- = 0 at C where x = -. 
dx 2 
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/ -l/P 

sin - = 0, since C, i 

= 27 ^,... 


IS not zero. 


Taking the minimum significant value, 


47z^EI 
/2 ‘ 


Case IV. One end fixed the other hinged: 

Let the end A be fixed and B hinged as in fig. 160 (a?). 
Since B is position-fixed, though direction-free, it cannot retain 
its position unless the hinge exerts a horizontal force F on it. 
The bending moment at a section X at a distance x from A 
will be, 

cPy P F{l-x). 


dx^ ^ EI^ 


Solving the equation, 

j’ — Cj cos x^ ^ + C '2 sin • 


At A, X — 0, y = 0 and -r— 

dx 




— -p- and C 2 


pip 
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At jc — I, y 
0 


' £/ ^ 'El 


- Cj cos I I 


Substituting for Cj and Cg, 


0 = 


cos 


El 




The value of I 


]/^ in radi 


radians has to be such that its 


tangent is equal to itself. The only angle whose tangent is 
equal to itself is about 4-5 radians. 


^ El 


4-5 


^ 2QIEI . ^ , 2izm 

or r = ——5 approximately —— 

crippling load in this case. 


which is the 


Equivalent length: 


We have worked out the crippling loads for columns of 
length /, under different end-conditions. It is enough to 


remember the value of P = 


/2 


for the case of hinged ends. 


The others can be deduced from this standard case by using 
an equivalent length. Thus, a column of length /, one end 
fixed, the other free, is equivalent to a column with both ends 
hinged, the length being 2L Similarly, a column of length I 
with both ends fixed, is equivalent to one with both ends hinged. 


the corresponding length being —. 


The equivalent lengths for the four cases already discussed 
may be stated as under: 
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Case I 


Case II Case III Case IV 


Equivalent . 

length: 

Crippling tz^EI tz^EI 

load:'(^°’^‘'4F 'W 


L — 

2 V2 

tz^EI Atz^EI tz^EI 2tz^EI 

(7/2)2~F" (7^2°*'“72— 


These are the well-known Euler’s formulae for long 
columns. As bending under the crippling load will take place 
about the axis of least resistance, the value of I in the formulae 
will be the least moment of Inertia of the section, unless special 
constraint compels the column to bend differently. 


Taking the case of both ends hinged as standard, the 
ti^EI n^E.A.k^ 

crippling load P ^ - - - - =-• The crippling load per 

P tz^E 

square inch of section is therefore given by ~ which 

as will be seen, is not a constant but varies inversely as the 

I 

square of — where / is the length and k the minimum radius 
K 

I 

of gyration of the section. — is known as the “Slenderness 

K 

ratio” of the column. 


These formulae have been theoretically derived on the 

I 

assumption that the slenderness ratio ~ is so large that the 


failure occurs due to bending, the effect of direct stress po being 
negligible. For mild steel, taking the crippling stress at 21 
tons/in^. and E as 13500 tons/in^., we can deduce the value of 
the slenderness ratio upto and beyond which, Euler’s formula 
is valid. For the case of hinged ends, the crippling load is 


P n^E 
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or 


/ 2 ^ ^ 

/ 2^ 13500 X 7t2 

^k’ - 2l 


I 

k 


6346 

79-66, say, 80. 


For both ends fixed, 
P ^ti^E 
A 


I 2 

<F> 


4tc2F^ 
I 2 
(*> 


I 


<21 i.e. 160 

■“ k 


Example L 

A series of struts^ both ends fixed^ has slenderness latio of 40^ 
60^ 80. , . .upto 200, Using Euler'"s formula, calculate the collapsing 
load per sq, inch of section, taking E = 13000 tonsjin'^. 


The crippling load per sq. inch is. 


P 

A 


An^E 513400 




tons. 


Substituting the given values of - 7 , the crippling load in 

K 

tons per sq. inch can be calculated and tabulated as under: 
: 40 60 80 100 120 140 160 180 200 


: 321 142-6 80-2 51-34 35-65 26-2 20-05 15-84 12-84 

It will be seen from the table, that for a steel strut with 

I 

both ends fixed, Euler’s formula is valid for values of -r of about 

k 
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160 and more. For smaller values of - Euler’s formula is 

k 

not applicable as it gives too high a value for the crippling 
stress. The material will have already got crushed to destruc¬ 
tion before reaching that load. 

Example 2. 

A mild steel tube 1" internal diameter^ thickness of metal 
length 10 feety is used as a struts one endfxed, the other hinged. Calcu¬ 
late the collapsing load using E — 13500 tonsjin^. 

/for the section — {D^ — d^) = ^ (l-25^+l) (T25^— 1) 

o4 d4 

= -07076 in^. 

^ 20-25 X 13500 X -07076 

^ = 20 ^— =-^- 

= 1-34 tons. 


3. Empirical formulae: Rankine’s formulae: 

For a short column where failure will occur by pure com¬ 
pression, the ultimate load is given by Pc = fc-A^ where fc is 
the crushing stress for the material. For a long column with 
such a slenderness ratio that the Euler formula is valid failure 

n^EI 

is due to bending and the crippling load is Pe — —for hing¬ 


ed ends. For ordinary struts and columns which can neither 
be classified as very short nor very long, failure will be due to 
combined direct and buckling stresses. To arrive at the cripp¬ 
ling load in such cases, Rankine proposed an empirical rela¬ 
tion which is named after him. The structure of the formula 
is so ingenious that it covers all cases ranging from very short 
to very long struts and columns, so that the crippling load by 
this formula approximates to in the case of short struts and 
to Pe in the case of long ones. 


For the crippling load P, Rankine proposed the relation, 


j. 

P 



where Pc = fc^A, the ultimate load for a 
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short strut and Pg is the Eulerian crippling load being 
for hinged ends. 

In this expression, for a given column-section of a given 

material, Pc is a constant and therefore is constant. If the 

Pc 

TC^jEZ 

column is short, Pg being — is large and therefore its reci¬ 
procal -^is small. As I diminishes, ^ also diminishes, until, 

in the expression ^ becomes negligible as compared 

Pc Pe Pe 

to which remains constant. 

■*c 

As / diminishes, 

P^Pc 

or P-*- Pc. ^ 

On the other hand, if I is large, Pe is small and its recipro¬ 
cal is large. As I increases, ^ will also increase until in 


Pc 

. . 1 1 
the expression ^ + 

Pc 


1 


ble as compared to 


Pc' Pc 
1 


which is constant becomes negligi- 


Pc 

As I increases, 

1 1 
—-^ - 

P Pc 

or P-^P, 

The value of P obtained from the formula „ = —h 

P Pc Pe 

will, therefore, cover all cases ranging from short to long 
columns and struts. The expression can be re-arranged as: 
O Pc Pc Pc fcA 


Pc+Pc 




1 


fcA.l^ 

■ TZ^E.I 
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“ f I 

fc 

For a given material, the expression is a constant. 

Replacing it by a, the formula becomes: 

P — — - -, where fc and a are constants for a given 

1 

material. This is Rankine’s classical formula for struts and 
columns. 

It will be noted that in deriving the formula, we substi- 
n^EI 

tuted — 7 : 5 — for Pg, The constant a in the formula is, therefore, 
for a column with both ends hinged. If the column has both 
ends fixed, the value of Pg is —and the constant in the denomi- 

a 

nator of the Rankine formula will be Similarly, for a column 

with one end fixed and the other free, it will be 4^; while for 

a 

one end fixed and the other hinged, it will be —. 


Though the formula is empirical, the value of the constant 
a is not derived from the values o{ and E but determined 

experimentally. The formula has therefore practical validity. 
The following table gives the values of Rankine’s constants fc 
and a for the materials most commonly used for struts and 


columns. 

No. 

Material 

fc 

tons/in^. 

a 

for ends hinged 

1 

Wrought iron 

16 

1 

1 

9000 

2 

Cast iron 

36 

1 

1600 

3 

Mild steel 

21 

1 

7600 ' 

4 

Strong timber 

3-2 

1 

760 
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If we examine the Rankine formula, it will be seen that 
the crippling load P is less than fc.A — the ultimate load for 
the column under pure compression witlf no possibility of buck¬ 
ling — the reduction-factor being- ^The value of the 

1 


reduction-factor depends upon the slenderness ratio To 

K 


arrive at the safe axial load for a strut of given length, section 
and end-conditions, use a suitable factor of safety for the mater¬ 
ial. The factor of safety is about 3 to 4 for mild steel. 


Example 3. 

A 10'' X 6" X 40 lb. R.S.J. is used as a stanchion^ length 15 
feet^ one end fixed, the other hinged. Using Rankine^s constants and 
a factor of safety of 3, find the safe axial load for the stanchion. Area 
of section = 1U77 in^.; Ixx = 204*80 in^; lyy = 21*76 in^. 

The crippling load will be given by, 

f A 1 

P = - fc = tons/in^., and a === 

To obtain k, 

lyy = Ak^ 

21-76 = 11 - 77^2 

A2 = l-85in2. 

Substituting, 

21 x 11-77 247-17 247-17 

1 180 x 180 ^1-1-1-17“ 2-17 

^ 15000 ^ Tss 

= 113-9 tons. 


The crippling load is 113-9 tons whereas it should have 
been fcA = 247-17 tons for pure compression. 


The safe load = 


113-9 


37-97, say, 38 tons. 


3 
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Example 4. 

A cast iron column of hollow cylindrical section 16 feet long^ with 
ends firmly built-in^ has to carry an axial load of 30 tons. Determine 
the section^ using Rankine's constants and a factor of safety of 8, Inter¬ 
nal diameter to be ^ of the external diameter. 

Let D be the external diameter in inches. 

The internal diameter d — ^SD inches. 

The sectional area A = ^ {D^ ~ d^) — •097rZ)^ in^. 


^ i)2 + rf2 1.642)2., 

— - ~ - in-. 

16 16 

The crippling load P — 8 30 — 240 tons. 

Using Rankine’s formula, 

f A 

p - 2 —where fc==36 tons/in2., and a = 


we get, 
240 


36 X -OOTtiJ^ 


1 192 X 192 X 16 

■^6400 1-64Z)2 


36 X •09ui)^ 
i)2 + 56-2 

• D* = 23-58 (Z)2 + 56-2) 
(Z)2-11-79)2 = 1325 + 139 
= 1464 


i)2- 11-79 = 38-26 
2)2 = 50-05 

and D = 7-07", say 7". 


The internal diameter d = ‘8 x 1 — 5-6", say, 5i". 


The thickness of metal will be 


7 -5-5 


4 


2 
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Example 5. 

A mild steel strut, 5 feet long, of angle-section 2 ^" X 2 ^ X 
is fixed at one end and hinged at the other. Find by Rankine^s formula 
the safe axial load for the strut, using a factor of safety of 3. For the 
2Y X 2Y X Y section = 1*19 in^. Minimum 

radius of gyration = -49^'. 


The crippling load P = 


fc-A 


1 + - — 
^ r 


21 X 1-19 
1 602 
15000 ^ -492 


The safe axial load = 


25 


1 + -9995 
12-5 


= 12*5 tons. 


4'17 tons. 


It should be noted that for an angle section, the least mo¬ 
ment of inertia is not about the usual axes XX and TT but about 
an inclined axis about which it will bend. Structural steel 
tables therefore give the value of minimum radius of gyration 
for each angle section. 

Example 6. 

A steel stanchion is built-up of two 10" X standard channels 
placed 4\" apart back to back with two 12” X plates riveted to each 
fi^tige If the ends are hinged, find the safe axial load for 

a length of 20 feet, using a factor of safety of 4. For the 10" x 
channel, the area of section = 7'19 in^.; Ixx = 109'42 in*.; I^y = 7’42 
in*.; distance of c.g. from the base = '97". 

Area of the built-up section 

= 2 X 7*19 -t- 4 X 12 X ^ = 38*38 in2. 

Ixx = 2 X 109*42 + 2 X 12 X 1® + 12 X (5*52)} 

4 , = 2 X X 1 X 122 + 2 {7*42 + 7*19 (2*25 + *97)2} 

= 288 + 14*84 + 149*10 
= 451*94 in^. 

4 is the lesser of the two: Hence the required 
451*94 
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Crippling load P 


21 X 38-38 


1 + 


1 


Safe load 


7500 
= 487-8 tons. 
487-8 


X 


2402 

11-78 


= 122 tons. 


806 

1-652 


Example 7, 

A braced crane-jib is built-up of 4 — 3^ X 3\’' X f " angles 
forming a square section 18" overall as in fig. 88{J). If the length is 
30 feet and the ends are considered hinged, calculate the safe axial load 
using Rankine's constants and a factor of safety of 3. For the 
3^ X 3\" X f" angle, area of section = 2-49 in^.; J = 1", 
Ixx = lyy = 2-80 in*.; kmin = -68". 


The moment of inertia of this section has been worked 
out in example 20 of chap. V. / = 648-64 in^. and k^ = 65-2 in^. 

4 X 2-49 X 21 209-16 


Crippling load P — 


1 + 


1 


7500 
= 165-3 tons 


X 


360 X 360 1-265 

65-2 


Safe load = 


165-3 


= 55-1 tons. 


Spacing of braces: 

The lattice-bars used for bracing are usually flats about 
2" to 3" wide and to |" thick. In regard to their spacing 
i.e. for the unsupported length / (see fig. 161), we may proceed 
thus: 


Let L be the length of the built-up strut. If the section is 
properly braced, the load P coming on it will be shared equally 
by the four angles comprising the section and each angle will 


get 


-7 as the axial load on it. 
4 


Taking the end conditions for 


each individual angle as hinged at the rivets attaching the braces, 
the maximum unsupported length / so that the angle does not 
buckle under the load coming to its share will be given by: 
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7 =-, where A is the area of the angle section 

1 

and k is its minimum radius of gyration. 

For the built-up section, as a whole, 

fc X 

p — — -where K is the radius of gyration of the built- 

1 + 

up section and the ends arc considered hinged. 

fcA fa 

/2 £_2 

1 + 1 + 

I L . , A- 

k=K = 



Fig. 161 

If the end conditions of the built-up section are different, 
say both ends fixed, we have, 

„ fc X 4 A 


.a Z.2 
1 +4 X 
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Therefore, 

fc X A 


1 + a- 


fc X A 

a £2 
‘+4-P 


or 


i.e. 


i! 

il- — 

^ 2 ^ K‘ 


The maximum permissible spacing of braces in example 
7 will be, 

k *68 

/ = - 360 X — - 30-34", say, 2' 6". 


4. Design of struts and columns: From the previous 
examples it is clear that it is easy to apply the Rankine formula 
to work out the crippling or safe load for a strut or column of 
given section, length and end-conditions. 

In designing, however, we know the length, the end-condi¬ 
tions and the safe load that has to be transmitted and we have 
to work out the necessary section from the Rankine formula 

^ ^ where P the load to be carried and f the working 


1 -j~ 




stress for the material are known. Until the section has been 
determined in shape and dimensions, its minimum radius of 
gyration is not known. Only in the case of a circular section, 
it is possible to make a straight use of the formula to determine 
the necessary diameter since, both A and k are functions of the 
diameter. 

In all other cases, it is necesssiry to assume a reasonable 

I 

value of the slenderness ratio — and work out the safe load per 


unit area fr = 


/ 


1 + a 
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Then the section area 
P=frXA 


A required will be obtained from. 


i.e. 




Now, from the structural steel tables, select a suitable 
section whether it is /, Z or T and check up the calculations 
by using the correct value of k for the selected section. 

P . I 

It is convenient to plot a graph of — against — as in fig. 162 

A K 


and select the value of -- for an assumed slenderness ratio from 

A 


the graph. 



5. Other empirical formulae: Johnson’s parabolic 
formula: Straight line formula: For a short strut the safe 
axial load P =f-A, where /is the permissible compressive stress 
for the material and A is the area of section. Due to the possi¬ 
bility of buckling in struts which cannot be classified as short, 
the safe load will no longer hef.A but less; in other words, the 
permissible load per unit area will have to be reduced from f 

to a smaller amount, depending upon the slenderness ratio 

K 

P f 

In the Rankine formula — =-this reduction has been 

1 
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effected by dividing/ (i.e. the permissible stress for a short strut) by 
/2 

(1 + ^ factor evidently more than unity. Another way 

of effecting the reduction would be to subtract from / a suitable 
amount which is a function of the slenderness ratio. Thus, 

A =/- -P (*) 

I ^ 

If for (p (—) we put /> (-^) the expression becomes 

P / 2 

- = f -- b (—) where A is a constant. 

A K 

This is known as Johnson’s parabolic formula, since, if 

P . I 

— is plotted against -7, the curve is parabolic. The constants 
K> 

f and b in the formula being given, Johnson’s formula is easier 

to work than Rankine’s. 

/ . I 

If the function 9 (-) is made simpler still as c.(-) where 
K K 

p 

c is a constant, the formula for — becomes, 

A 

P - f ^ 

P I ... . 

If ~ is plotted against — it is a straight line relation and 
A K 

the formula is therefore known as the straight line formula. 
For mild steel, the constants are about 16000 Ib/in^. for f and 
about 60 to 80 for c for different end-conditions. Thus, the 

P I 

safe load in lb. per sq. inch — — 16000 — 80-7 for both ends 

A K 

p i 

hinged and - = 16000 -60— for both ends fixed. If the load- 
A K 

p I 

ing is expressed in tons/in^., -j = 7-5 -025 -7 for fixed ends, 

A K 

which indicates the value of the constants. The formula is 
valid for slenderness ratio > 90. 
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Mention may be made of Gordon’s formula which is similar 
to Rankine’s but simpler to use. 

By this formula, 


p = 




5 where b is the lesser overall dimension of 


the section and is a constant. If we re-arrange Rankine’s 

M 


formula as P ■ 

a.b^ 

'W 


ab^ 

^ ~W‘ b^ 


it will be seen that Gordon’s cons¬ 


tant IS 


and is therefore not a mathematical constant like 


Rankinc’s. Its value will depend upon the material and the 
shape of the section. 

6. Long columns under eccentric loading: When 
a short column is under an eccentric load P, the amount of 
eccentricity from the geometric axis being e, we have seen that 
the maximum intensity of compressive stress is given by, 

P P.e 

pmax — po + Pb ~ ' 

^ I 

Since, Z - — —-5 we get, 

jc yc 

h -4-- ri 

Pmax - Ak^ ~ 

If f is the permissible stress for the material, the safe load 
for a column of given section with a given eccentricity e is 
obtained from. 


i.e. 


P= - 


M 


O+f) 


If the buckling effect is taken into account we have seen 
that in the Rankine relation, the safe axial load is reduced by 
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the factor 


1 


1 + a 




The Rankine formula for a column under eccentric load¬ 
ing may therefore be modified to take into account both eccen¬ 
tricity and buckling and be stated as: 
f.A 

P= -^if the column has both ends 

a 

hinged. The value of the constant will be -- for both ends fixed 


and ~ for one end fixed and the other hinged. If the value of 


f in the formula is the ultimate stress for the material, the 
corresponding value of P will be the crippling load. 


The modified Rankine formula is empirical. We shall 
now investigate, from first principles, the value of the crippl¬ 
ing load for a column of given length, section and end condi¬ 
tions and given eccentricity. 


Consider the case of a column AB of length I with one end 
A fixed and the other end B free, on which the load is eccentric 
by €. Let P be the critical load at which the column deflects 
and let a be the deflection of the free end B. Consider a sec¬ 
tion JST at a distance x from A and let y be its deflection. 


The eccentricity of the load P on the section X is, therefore, 
{a + e ~y). 


El 


d^y 

dx^ 


P {a + e -y) 


d^y P P (a + 

^ Ti 


Solving the equation, 

y —C-^ cos* \ — + ^2 sin* y — + («+«) 
' El ' El 
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And 

dy 

= — Cj V— sinAT l/ 

i+c,V 

El ' 

Ip 1 

/- 


dx 

El ' 

El 1 

' El 

At A, 

X =■ 

0 and jv — 0; also 

II 

o 




0 = 

+ (fl + ^) 



And 

0 = 

c,^|^ 






^ ' El 





C2 = 0. 



The equation of the curve which the column takes up 
is, therefore. 


y = 

[a + e) . 


cosx 

Vi! 

At X = 

1 and y 

= a 


a = 

V 1 

+ 

[- 

- cos 1 

VS 

• “f* 

cos 1 l/_ 

p _ 

- e 



f El 



i.e. {a e) = e sec 


l~p 

FT 



Of the sections of the column, that at A has the largest 
eccentricity of loading, viz., {a + e) and has consequently the 
largest bending moment coming on it, viz., P{a -f e). 
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Since (a + e) = e sec I 



the maximum 


sisted by the section is P,e sec I 



B.M. 


to be re- 


The maximum compressive stress induced in the section 
at A is, therefore, po + pb 

p 

^ ^ — 

In a short column with an eccentric load P, the bending 
moment at all sections is P.e. In the case of a long column 
the maximum bending moment is increased by the factor 

sec / l/— so that it is P.e sec / l/— instead of the usual P.e 
^ El ^ El 


for a short column. 


If both ends are hinged, it can be similarly shown that 

I 

the maximum bending moment is P.e sec — while, for 

both ends fixed, the expression is P.e. sec ~ |/ 

It is good to remember the expression for maximum bend¬ 
ing moment for the standard case of both ends hinged which 

is P.e. sec—l/:^. It is then easy to put down the correct 

2 r £/ 

value for other end-conditions. 


Example 8. 

A C.I. column of hollow circular section^ 7" external diameter^ 
thickness of metal f", length 16 feet has to take a load of 12 Hons at an 
eccentricity of from the geometrical axis. If the ends are fixed^ cal¬ 
culate the maximum and minimum stress intensities induced in the sec¬ 
tion^ taking E = 6000 tonsjin^. Also calculate the maximum permis¬ 
sible eccentricity so that no tension is induced anywhere in the section. 

The area of section ^ ~ (7^ —5*5^) == 14*73 in^. 

4 
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I = ^(7*-5-54) = 72-93 in*; A (72+5-52) =4-95 in2. 
64 

P 19 J 79*QS 


The maximum B.M. will be P,e. see 


w, 7 I/Z. i^l/__ = 48 X -0052^ 

4 f £/ 4 ' 6000 X 72-93 

=- -2513 radian or 14-40°. 

sec 14-4° = 1-032 

M = 12 X I X 1-032 = 9-288 ton-inches. 
M 9-288 

Pb = -446 ton/in-. 


48 X -005236 


= -446 ton/in2. 


20-84 . ‘ 

pmax — po -\-pb = *815 + -446 ^ 1-261 tons/in2., compressive. 
pmtn —po—pb — "815 --446 — -369 ton/in2., compressive. 

If tension is just on the point of being induced in the sec¬ 
tion, Pb = Po =‘815 ton/in2. The corresponding eccentricity 
will be, 

,, •815 X-” ^1.37-. 


Example 9. 

The built-up stanchion in example 6, is subjected io a load of 80 
tons. If the maximum permissible compressive stress is 5 tonsjin^,^ 
calculate the maximum permissible eccentricity of the load line from the 
axis YY of the section, the load line being in the vertical plane through 
the axis XX. E — 13000 tons/in^. 

The area of section == 38-38 in^. 

451-94 

4, = 451-94 in*.; ^ ^^=.11-78 in2. 

451-94 

— —g— — 75-32 m®. 

80 

po - 3 ^ 2-084 tons/in2. 
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The maximum permissible bending stress 


pi, = 5 — 2*084 = 2*916 tons/in^. 

Mmax = 2*916 X 75*32 = 219*7 ton-inches. 


P.e. sec 


219-7. 


Now, 




80 


13000 X 451-94 


120 X -00369 


= -4428 radian or 25°22'. 


sec^l/-^ = sec 25°22' = 1-107 

.*. 80 X ^ X 1*107 = 219*7 
and ^ =2*48". 


From the examples worked out above, it is seen that if the 
column section, length and end-conditions are given, it is easy 
to work out the extreme stress-intensities due to a given load 
with a given eccentricity or to calculate the permissible eccen¬ 
tricity for a given load and a given permissible stress. How¬ 
ever, if the safe load for a given section at a given stress and 
limit of eccentricity has to be determined, the necessary formula 
will have to be thrown into a workable form. 


7. Prof. Perry’s formula: Consider the standard 
case of a column with both ends hinged. Let p be the maximum 
permissible stress and e the eccentricity of loading. 


Then, 


^max 


— P— Po-\-pb— + 


P.e.sec— 


P ^P.e.yc 


Z 


LVL 

2 ' El 

= +^'.se4y|:') 




Ei 
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P. = 


n^EI 

/2 


•Prof. Perry found that the expression sec 




2 ^ El 


or 


sec 


Tui/P . , _ , 1-2P. ^2^ 

~ ^ — approximated very closely to or 


Pe-P Pe-po 


Substituting, we get 

e.yc 1 - 2 ^ 




p — po I'l + 


(■' 




1 '2e.yc 


This is Prof. Perry’s approximate formula. In this form, 
it is easy to work out po for given values of p and e. 

Example 10, 

For the column in example 6*, calculate the permissible load with 
an eccentricity of 1^ inches from the axis TT if the maximum compres¬ 
sive stress is limited to 5 tonslin^. E = 13000 tonslin^, 

__ n^EI 7r2 X 13000 X 11*78 X A 

Pf — 


r2 V 


240 X 240 
13000 X 11-78 


240 X 240 


26-24 tons/in^. 


Substituting in Perry’s formula, 


/5 , W. po \ 1-2 X 1-75 X 6 

M 26-24j ” 11-78 


(5-p„) (26-24- 


^ ^ 26-24 X 12-6 , 

~ 11-78 

= 28-07 p„ 


12-6 

11-78 


po^- Po -\-m-20 =0 

(/»„-29-65)2 = 879-131-20 = 747.30 
\po - 29-65) = - 27-35 
i.e. po — 29-65 — 27-35 = 2-3 tons/in2. 

The safe load P = 2-3 x 38-38 = ^-27 tons. 
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8. Initial curvature on long column: Axial load¬ 
ing: Consider a column AB of length I hinged at both ends, 



Fig. 164 


with an initial curvature such that the central deflection is 
Let jv' be the deflection at a section X distant x from A. Taking 
the origin at A and assuming the initial shape of the column 
before loading as a sine curve, we have, 

y e . 



At the critical load P let the column deflect into the shape 
ACB (fig. 164). If y is now the deflection of the section 
the bending moment at the section is Py which brings about 
the change in the deflection fromj' to We have, therefore, 
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EI^^ly-y)^-P.y. 




Re-arranging and substituting for from (1), 

^ Z. 

dx^ EI^ ~ dx^ 

Let the solution of this differential equation be: 


Tz^e . nx 

'W ““ T 


TZX 


A ^ 

““*5 = 


Xtt* , . nx 
~W‘" sm -j- 


( 2 ) 


jy = X.e' sin —, where X is a constant of integration. 

dy \tz , TZX 

Then, — = . g cos — 

dx I I 


To evaluate the constant X substitute the expressions for 
y and ^ in (2). We have, 


Xrt* TZX P TZX 

^2 . e sm ^ \e sm ^ 


/2 


. e sin 


7ZX 

T 



The equation of the curve of the deflected column is, there¬ 
fore, 


y = 



e .sm 


TZX 


(3) 


The maximum deflection yc will occur at the central 

/ 

section C, Putting = —, 


yc = 


Pe 


Pe-P 


.e\ 
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The maximum bending moment will be at the centre, 
being, 

p P-Pe , 

P-y. or . 

The maximum compressive stress pmax at the central sec¬ 
tion is given by. 


P M 

pmax — po pb — 


I , / 21 . 

A ^ {Pe-P)' ‘ Ak^ 


or 


'"{'* 1 ^ 3 ] 

. 


9. Perry-Robertson formula: If a strut has initial 
curvature, the initial central deflection being e\ the relation 
has worked out as in (4) above. For a straight column under 
eccentric loading, the amount of eccentricity being Perry’s 
formula gave, 


(pmax i\ /i Po\ 

[po )[ Pe)~ ' 

The form of these formulae—for initial curvature and 
eccentric loading—is exactly alike. Therefore, if the maximum 
deviation from straightness due to both causes, viz., initial cur¬ 
vature and eccentric loading be specified as being (l*2e + e)^ 
a column initially bent and also eccentrically loaded may be 
considered as equivalent to an axially loaded column with 
augmented initial curvature given by — (1*2^+^'), for which, 
the maximum compressive stress induced is given by. 






If pmax is allowed to go upto/, the permissible stress, sub¬ 


stituting f for pnuix and f] for the expression becomes, 
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To obtain po^ the permissible load per sq. inch of section, 
we may re-arrange the expression as under: 

{f’—po) {pe~~po) = T[pope 

or po^—po \ f + (1 + T]) } -\r/• pe — 0. 

Solving for po^ 

f/, f pe + T))]^ _ (1 + T])]^ r. 






f ^ pe (^ + 7]) 


f pe (1 + Tj) 




where T] = and pe — - 2 hinged. 

(a) 

In Rankine’s and other empirical formulae, the column 
was expected to be perfectly straight and the loads to be truly 
axial, neither of which conditions can be assured in actual 
practice. 


./+ACL+jn) 1/ r/+A (1 + 7 ])' 


-f.pe is Prof. 


Perry’s formula for the permissible load per square inch of sec¬ 
tion, allowing for such imperfections as initial crookedness, 
initial eccentricity of loading etc. In this formula, the term T] 

which is is an unknown factor, depending as it does on 

the maximum deviation of the load line from the geometrical 
axis of the column. Prof. Andrew Robertson, on examining 
the available experimental observations, came to the conclusion 
I 

that Y) = *003 (“) represents well a very large number of experi¬ 


mental results. The British Standards Institution has adopted 
this value as a basis for calculating the safe loads for steel columns. 
The permissible loads per sq. inch for mild steel sections in the 
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British Standard Specifications have been determined by using 

130007t2 


the values of /= 18 tons/in®., pe = 




T) = 'OOSt^ and 


dividing the value of po obtained from the Perry-Robertson 
formula by 2*36. 

Example 11. 

The cross-section of a steel stanchion is made up of a 10" x 6" x 
40 lb. R.S. section with one 12" x plate riveted to each flange. If 
the stanchion is 16 feet long, ends hinged, calculate the safe load it will 
carry, from the Perry-Robertson formula. The area of section for the 
10" X 6" R.S.J. = 11-77 inK; hx = 204-80 in*.; lyy = 21-76 in*. 

The area of the built-up section = ll-77H-2xJxl2 
= 23-77 in®. 

lyy = 21-76 -f 2 X X J X 12-’ = 165-76 in^. 

2 165-76 c n-7-1 - 2 

= 6*974 m®. 

k = 2-64". 


Now / = 192", 


l_ 

k 


192 

2-64 


= 73. 


In the Perry-Robertson formula, 

= *003 X j = -003 X 73 = *219. 

po = — 7 p— = 24-08 tons/in®. 

/ + ^ (1 + T)) 18 -f 24-08 X 1-219 18 -f 29-36 

2 ~ 2 “2 


23-68 




]/{. 


/+^ (1+T 1 ) i/r/+/>«(! +Ti)i® 


f-u. 


23-68 - V(23*68)2- jg x 24-08 
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= 23-68 ~ 11-29 = 12-39 tons/in^. 
p = p,A = 12-39 X 23-77 = 294*5 tons. 

Dividing by 2*36, the safe 


294-5 

load = = 124-8 


2-36 


tons. 


Note: B. S. 449 now uses / = 15*25 toris/in" and a load factor of 2 against 2*36. 

10. Struts with transverse loading: If a strut, be¬ 
sides carrying an axial load, has also loads acting on it at right 
angles to its axis, the section will have to resist a direct thrust 
and a bending moment due to the transverse loading. If the 
strut is long, the direct thrust which may be truly axial at the 
ends, will itself impose an additional bending moment at a 
cross-section, being eccentric to the extent of the deflection of 
the section under the transverse loading. The bending stresses 
at the section will be the algebraic sum of those produced by 
transverse loads and those produced by the eccentricity of the 
longitudinal load. 

We shall consider the case of a strut, of length I with hinged 
ends, carrying a uniformly distributed load of w per unit run 
transversely. Let the longitudinal thrust be P, 

The maximum bending moment due to longitudinal and 
transverse loading will be at the centre and may be put down as: 

M = — - \- P,yc approximately, where yc = 

The extreme intensities of stress at the section will be given 


by, 

pmax — po pb 
and prnin ^ po — pb ~ 


P M 

A 


P 



Fig. 165 

Proceeding from first principles, consider the strut in fig. 
165 carrying an axial load P at the ends and a uniformly distri- 
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buted transverse load w per unit run across its entire length /. 
Taking the origin at A, the bending moment at a section Z at 
a distance x from A is given by, 

wl WX^ ^ 

H—2- ^ being the deflection at X, 

^ P _ wx {l-x) 

EI'^ 2EI 


Solving the differential equation, 

^ l/^ , ^ • l/^ 

= Cjcos « — + CgSinAT y 


El 


2P 


p2 


At A, X = 0, y = 0 
wEI 

pi 


0 — ^ or Cj — 


wEI 

pi 


At C, X — and ^ = 0 
2 dx 


“=-Vs ^ ^““ jV 

^2 ~ 9 V 


El 2 

T 

El 


£ 

El 


Substituting for Cj and C^, the expression becomes, 

^ »Vs + •“” 5 Vs* Vs} 

WX (/ — x) wEI 

2 P W 


.*. At the centre. 



The maximum B.M. due to both the transverse and longi¬ 
tudinal loading occurs at C, being, 
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M, 


Wl^ p 

= --3 -P.J. 




wl^'y 

”^1 


wEI 
P ■ 




Using the expansion of sec6, viz.. 


secO = 1 + — + 


02 

V. 


56^ 610« 


4! 


+ 


6! 


p2 


61/« 


_ a;£:/r/2 P 51* 

"" ~ ~ “[8 ‘ El ^ 384:' £2/2 + 720 x 64 

+ 00 . •S-'Pj approximately, 


P 

- 


X 


p3 


+ 


} 


Other terms. 


5 

I 8 ' 384 is7 

It will be seen that the first term represents the B.M 


£3/3 

neglecting 


due to the transverse loading and the second term, the B.M. 
due to the longitudinal load being eccentric to the extent of the 
central deflection under transverse loading. 

If the strut has a concentrated load W acting transversely 
at the middle, we may similarly state that, approximately, 
Wl ^ , Wl^ 


■Me 


— + P.yc, where > 


48£/ 


EXAMPLES IX 


fl) A mild steel tube, 1" external diameter, thick, is 10 feet 
long and used as a strut, free at both ends. Calculate the collapsing 
load by Euler’s formula. E = 13000 tons/in^. (-3 ton.) 

(2) Find the crushing load by Rankine’s formula for a hollow 

C.I. column of 12" external diameter, thickness of metal IJ" and 25 
feet long, if both ends are fixed. (891 tons.) 

(3) A 10"x6"x40 lb. R.S. joist is used as a strut, 20 feet long, 
one end fixed, the other hinged. Calculate the crippling load by 
Rankine’s formula. Compare this with the load obtained by the 
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Euler formula, taking E = 13200 tons/in^. For what length of this strut 
will the two formulae give the same crippling load ? For the joist, 
area of section = 11*77 in^.; Ixx =204*80 in^.; lyy =21*76 in^. 

(80*26 tons; 101 tons; 33 feet.) 

(4) A strut, 18 feet long, ends free, has to be erected to with¬ 

stand a load of 40 tons. Two sections are available: (i) A 12^x6'' 
R.S.J., thickness of flanges •72'^, thickness of web •4'^. (ii) A C.I. 
section, 9" external diameter, thickness of metal V, Which is more 
suitable? Use Rankine’s constants and a factor of safety of 3 in 
both cases. (The C.I. section.) 

(5) A 10" X8'' R.S. section, flanges I" thick, wel) thick, is used 
as a strut, 16 feet long, both ends fixed. Estimate the safe axial load 
that it will carry, using Rankine’s constants and a factor of safety of 4. 

(65 tons.) 

(6) Find by Rankine’s formula the safe axial load which an 

angle iron strut 2J" X 2|" x 6 feet long, one end fixed, the other 
hinged, will carry, using a factor ol'safety of 3. For the angle, area 
of section = 1*46 in^.; minimum radius of gyration = *48". (4*09 tons.) 

(7) A 4" X 3" X I" Tee is used as a strut, 8 feet long, ends hinged. 

Calculate the safe axial load by Rankine’s formula, using a factor of 
safety of 3. (8*6 tons.) 

(8) A C.I. column of hollow circular section has to transmit a load 

of 80 tons. Calculate the external diameter if the column is 22 feet 
long, both ends fixed. The thickness of metal is to be IJ". Use Ran¬ 
kine’s constants and a factor of safety of 8. (10".) 

(9) A mild steel stanchion is built-up of one 6" X 5" X 25 lb. 
R.S.J. with one 6" x plate riveted to each flange. If it is 12 feet 
long, with one end fixed and the other hinged, calculate the safe 
axial load by Rankine’s formula using a factor of safety of 4. For the 
joist, area of section = 7*35 in*.; /xx= 43*61 in^.; lyy—9*116 in^. 

(41*7 tons.) 

(10) A stanchion is built-up of two 10" X 5" X 30 lb. R.S. Joists 
placed 6" centre to centre with two 12" X plates riveted to each flange. 
If it is 20 feet long, both ends fixed, calculate the safe axial load using 
Rankine’s constants and a factor of safety of 3. For each joist, area 
of section=8*82 in*.; Ixx = 145*6 in^.; lyy—9*19 in^. (248*9 tons.) 

(11) A strut is built-up of two 6"x3"x|" Tee sections riveted 
back to back on the 6" sides so as to form the section of a cross. Use 
Gordon’s formula to determine the safe load for the strut, length 12 
feet, ends fixed. The constants may be taken as 21 tons/in*, and 

for hinged ends. Use a factor of safety of 3. (28*7 tons.) 
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(12) A double angle strut is made up of two angles 

riveted together along the longer legs with Y separators in between. 
Calculate the safe axial load for the strut, 8 feet long, ends fixed, the 

1 jr 


safe load in lb. per sq. inch being 16000- 




for fixed ends. For 


each angle area of section =2:8 6 in^ ; x = •693''; y = 1*68''; Ixx = 7-24 
in^.; lyy = 1‘97 in^. (36 tons.) 


(13) A stanchion has to transmit an axial load of 35 tons. 
The length is 14 feet, ends hinged. Select a suitable R.S. section, 
using Rankine’s formula with a factor of safety of 3. 

(12" X 6" X 54 lb.) 


(14) A stanchion is built-up of a 15"x6"x59 lb. R.S.J. with 
one 8"x6"x35 lb. R.S.J. riveted symmetrically on each side of the 
web to form the section of a cross. For the smaller joist, area of sec- 
tion = 10-29 in^; /;tje = 110-5 in^.; ^ = 17-95 in^.; for the bigger joist, 
area of section = 17*35 in^.; =628-9 in^; =28*22 in^.; thickness 

of web Y- Calculate the safe axial load for this stanchion of 25 feet 
length, ends fixed, using the safe load in tons per sq. inch at 

(7*5—025^) for fixed ends. (214*1 tons.) 


(15) The stanchion in question 10, transmits a load of 150 tons 
with an eccentricity of 2" from the axis YT, the load line being in the 
vertical plane through the axis XX, Calculate the extreme inten¬ 
sities of stress induced. E = 13000 tons/in^. 

(7*64 tons/in^., compr.; *435 tons/in^., tensile.) 


(16) A stanchion, 18 feet long, ends free, is built-up of two 15" x 4" 

standard channels placed 6" back to back, with one 16" xj" plate 
riveted to each flange. It carries a load of 130 tons, which is off the 
axis YYy in the vertical plane through the axis XX, Calculate the 
permissible eccentricity if the maximum permissible compressive 
stress is 7 tons/in^. For each channel, area of section = 12*33 in*.; 
distance of c.g. from base=*935"; Ixx=^n in^.; 7^ = 14*55 in^.; 
E = 13000 tons/in*. (2*54".) 

(17) In the preceding question, if the maximum eccentricity 

is limited to 2", estimate the safe load for the stanchion if the maximum 
compressive stress is not to exceed 7 tons/in*. (135*0 tons.) 

(18) A stanchion is built-up of an 8"x6"x35 lb. R.S. section 
with a 9" X plate riveted to each flange. Estimate the safe load for 
this stanchion, length 14 feet, ends hinged, from the Perry-Robertson 
formula, using the constants specified by the B.S.S. For the joist, area 
of section=10*30 in*; /x;c=l 15*06 in*; j^j>=19*54 in*. (91*5 tons.) 



Ex. IX] 


COLUMNS AND STRUTS OF UNIFORM SECTION 


379 


(19) In an experimental determination of the buckling load 
for Y diameter mild steel pin-ended struts of various lengths, two 
of the values obtained were: (i) length 20", load0*98 ton (ii) length 
8 ", load 2*65 tons. 

(a) Make the necessary calculations and then state whether 
either of the values conforms with the Euler formula for the critical 
load. 


(b) Assuming that both values are in agreement with the 
Rankine formula, find the two constants for this formula. Take 
E = 13200 tons/in 2 . (L. U.) 


I (a) Yes for (i); No for (ii); (b) /c=20 tons/in®; a = 3 ^! 

(20) A bar of circular cross-section, 10 feet long, weighing 15 lb., 
initially straight, is freely supported at its ends in a horizontal 
position. The central deflection due to its own w^eight is 0*72". If 
this bar is used as a vertical strut, position and direction fixed at 
both ends and loaded axially, find the theoretical buckling load by 
Euler’s formula. (L. U.) 

(1285 Ib-wt.) 

A vertical stanchion 20 feet long consists of an /-section 
8 "x6*^(i4 = 10*3 in^.; /xx = 115*l in^.). An eccentric vertical load 
P is applied to the stanchion, its line of action being in the plane 
of ^-axis and at an eccentricity of 6 " with respect to the ;cx-axis. 
Treating the ends as hinged, find the value of the load P so that the 
maximum stress in the stanchion is 8 tons/in^., 


(0 A 


(a) neglecting deflection; 

(b) taking deflection into account and proving any formula 

used. E = 13500 tons/in^. (L. U.) 

I (a) 26*19 tons; (b) 21*73 tons. ( 


(22) Derive a formula for the maximum compressive stress 
induced in an initially straight slender, uniform strut when loaded 
along an axis having an eccentricity e at both ends which are pin- 
jointed. 

A straight steel pin-jointed strut is 2" in diameter and 50" long. 
Calculate: (a) the Euler crippling load when loaded along the 
central axis, 

(b) the eccentricity which will cause failure at 75% of this 
load if the yield point stress of the material is 18 tons/in*. 

Take £=13400 tons/in®. (L. U.) 

Ua) 41*57 tons; (b) ^=*0423". f 
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(23) Two 10"x3'' mild steel channels are welded together at 
their toes to form a box section 10''x6''x20 feet long. The 
beam is hinged at its ends and carries a uniformly distributed load 
of 0*2 ton per foot run of a G"" side and an axial end thrust of 30 tons. 
If the beam is prevented from bending in a lateral direction, find 
the maximum deflection and the maximum stress in the material. 
Area of beam section = 11-34 in^.; I of section about axis of bend¬ 
ing =165-3 in^. £'=13200 tons/in^. (L. U.) 

(•3639"; 6-6 tons/in«.) 


(24) A thin vertical strut of uniform cross-section and length 
/ is rigidly fixed at the bottom, and the top end is free. At the top, 
there is a horizontal load H and a vertical downward load W acting 
through the centroid of the section. Prove that the horizontal deflec- 


1 • H(X.2in\Ll A , O /T TT \ 

tion at the top is - IJ where (L. U.) 


(25) An initially straight strut, I inches long, has lateral load¬ 
ing w per inch and a longitudinal load P applied with eccentricity 
e inch at both ends. If the strut has area A, relevant second moment 
of area I and section modulus ^ and the end moments and lateral 
loading have opposing effects, find an expression for the central 
bending moment and show that the maximum stress at the centre 
will be equal to 



(L. U.) 



CHAPTER X 


RADIAL PRESSURE — GYLINDRIGAL AND 
SPHERIGAL SHELLS 

1. Thin seamless cylindrical shells: Consider a 
thin cylindrical shell of internal diameter thickness of metal t 
and length subjected to an internal pressure of intensity p. 
Consider a longitudinal section XX of the shell through its axis, 
dividing the shell into two portions A and B as shown in fig. 
166(a). Now consider two elementary strips of the shell sub¬ 
tending an angle 80 at the centre, at an angle 6 on either side 
of the vertical through the centre O. The effect of the radial 




Fig. 166 

intensity of pressure p on each strip is a normal force SPn = 
/^XrS6 X /, where r is the radius of the shell. The resultant of 
these two normal forces is, evidently, SP = 2SPn cos6 = 2/?.rS0./. 
COS0, acting along the vertical centre line in fig. 166(fl). The 
total effect of the radial pressure on the portion A ov B oi the 

TC 

shell is, therefore, a single bursting force P = 2prd%Acos% 

TT 

= 2prl 1 cos0.(/0 = 2p.r.l =^p.d.L 

•I n 

The bursting force P is given by the product of the intensity 
of radial pressure and the projected area. 
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is the uniform intensity of stress set up across the section 
XX^ the resisting force 2Lt^ 2Lt being the area of the 

resisting section. 


Equating the bursting force on A or B to the resisting force 
set up at the section, we have, 
p,d.l X 2Lt 

fi — ^5 which is a wholly tensile stress across the sec¬ 
tion XX. If we take any other longitudinal section through the 
axis of the shell, the result will be the same, viz., a wholly normal 

stress across the section of intensity Because the direction 


of this stress is along the circumference of the shell, it is known 
as the circumferential or hoop stress. 


Next consider a section TT of the shell at right angles to its 
axis, dividing the shell into two parts A and B as in fig. 166(A). 
The effect of the radial pressure p on the portion A of the shell 

is a bursting force P — p x the effect of the pressure p bear- 

4 

ing on the cylindrical portion being self-balanced. If /g is the 
uniform intensity of stress set up by the section XT to resist this 
bursting force, the resisting force = /2 ^ izd.t being the 

area of the resisting section. 

Equating, 


p X = /2 X Tut// 



which is a wholly tensile stress across 


the 


section TT. If we take any other circumferential section at right 
angles to the axis of the shell, the result will be the same, viz.. 


a wholly normal stress /g across the section of intensity 


pd 

47 ' 


Because the direction of this stress is along the length of the shell 
it is known as the longitudinal stress. It may be noted that its 
intensity is one-half of the intensity of circumferential or hoop 
stress. 
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At any point in the metal of the shell, then, the circum¬ 
ferential stress across the longitudinal section is while the 

pd 

longitudinal stress across the circumferential section is —. 

These are both tensile and being wholly normal stresses are the 
principal stresses at the point, the planes across which they act, 
being the principal planes. 

Since we have seized upon the principal planes and principal 
stresses at any point in the metal of the shell, we can work out 
any desired result without difficulty. For instance, the maximum 


r _ r 

intensity of shear stress at the point will be i.e. on 

diagonal planes mutually at right angles and inclined at 45° 
to the principal planes. 

The circumferential strain which is the major principal 
strain will be given by, 

e = = A. (1 _ JL) = _^(1 _ J_) 

^ E mE E ^ 2m’ 2tE^ 2m’' 


(1_L) 

2tE ^ 2m’' 


Similarly, the longitudinal strain is given by. 


^ E mE E m’ 


2tE '‘2 m’ 


The changes in the dimensions of the shell may now be 
worked out. 

, . change of circumference 

Circumferential strain = 


original circumference 


= ^ from which the 

TC.fl d 

change of diameter M may be evaluated. 

8 / 

Similarly, the longitudinal strain = — = from which 

the change of length 8/ may be obtained. For the change in 
volume, 

V = 

4 
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SF = + 2 X 

4 4 

if- 

T ~ 


8/ 2S</ 

— + — = ^2 + 2 ^ 1 . 


The relation enables us to work out the change of volume 
SF that takes place under the radial pressure p. 

If/is the permissible tensile stress for the material of which 
the shell is made, the major piincipal stress must not exceed 
the working stress / 

. pd 

" 2t 




If the thickness of the shell has to be designed for a given 
working pressure in the shell at a stress not exceeding a given 
working stress for the material, the necessary thickness will be 
obtained from the above relation, viz., 
pd 

W 


t 


Example L 

Calculate the vecessary thickness of metal for a seamless pipe, 
2 feet in diameter, to carry fluid under a pressure of 250 Ibjin^., at a 
stress not exceeding 12000 Iblin^. 

^ pd ^ 250 X 24 _ ^ „ 

^ - 2/ - 2 X 12000 - * ■ 

Example 2. 

A cylindrical shell, 8 feet long, 3 feet in diameter, thickness of 
metal is subjected to an internal pressure of 200 Ibjin^. Calculate 
the maximum intensity of shear stress induced and also the changes in 
the dimensions of the shell. Given E — 30 X 10^ Ibjin^. and Poisson^s 
ratio = ’3. 

Circumferential stress f^=z^ = - f - = 7200 Ib/in^. 

zt A X ^ 

Longitudinal stress = ^ = 3600 Ib/in^. 



Ex, X] RADIAL PRESSURE-CYLINDRICAL AND SPHERICAL SHELLS 417 


(15) Calculate the thickness of the shell of a bomb calorimeter 
of spherical form, 4" internal diameter, if the allowable working 
stress is 4 tons/in^., and internal pressure is 2 tons/in^. (G. U.) 

(• 52 ^) 

(16) A thick-walled cylinder S'' internal diameter is to contain 
fluid at a pressure of 3*5 tons/in^. Find the necessary thickness 
if the maximum shearing stress is not to exceed 6 tons/in^. What 
will then be the maximum and minimum values of the hoop stress 
in the material ? 

If the inner surface becomes corroded and the cylinder has 
to be re-bored, by how much can the inside diameter be increased 
without raising by more than 5% the maximum shearing stress 
induced by the same internal pressure? (L. U.) 

r (i) t = 2-2"; 8*5 tons/in^; 5 tons/in^. 1 
1 (ii) -262". J 

(17) A cylindrical thin-walled vessel wdth closed ends made 
of an alloy has an internal diameter of 8" and a wall thickness of y. 
The cylinder is strengthened by surrounding it with a single layer 
of steel wire of diameter closely wound under tension. Deter¬ 
mine the minimum tension under which the wire must be wound 
if the hoop tension in the cylinder is not to exceed 7000 Ib/in^. when 
the cylinder is subjected to an internal pressure of 750 Ib/in^. Find 
also the final tension in the ware. E for steel — 13500 tons/in^.; 

E for the alloy — 6750 tons/in^., and = 0-33. (L. U.) 

(11110 lb/in2.; 25470 Ib/in^.) 

(18) A long copper cylinder with closed ends, 51" external 
diameter and wall thickness I", is to be reinforced by winding on 
a single close layer of steel wire 0-064'^ diameter. Calculate the 
necessary winding tension in the wire if an internal gauge pressure 
of 1500 Ib/in^. in the cylinder is to give a tensile stress of 6 tons/in®, 
in the cylinder walls. Determine also the final stress in the wire. 
Take E for copper as 0*6 times that for steel and Poisson’s ratio 0*3. 

(L. U.) 

(20640 Ib/in*.; 48640 Ib/in*.) 

(19) A cast iron cylinder has outside and inside diameters of 
8'' and 5". If the ultimate tensile strength of cast iron is 10 tons/in^., 
find, according to each of the following theories of failure, the inter¬ 
nal pressure which would cause rupture: 

(a) maximum principal stress theory, (b) maximum strain 
theory, (c) maximum strain energy theory. 
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Assume no longitudinal stress in the cylinder. Which of the 
results obtained, do you consider should be applied to this case? 
Take Poisson’s ratio = (L. U.) 

{(a) 4-382 tons/in^.; (b) 3-95 tons/in^.; (c) 3-687 tons/in^.} 

(20) , A steel cylinder of outside diameter 12'' and inside dia¬ 
meter 10" is shrunk on to one having diameters 10" and 8", the inter¬ 
ference fit being such that under an internal pressure j&, the inner 
tensile stress in both cylinders = 12200 Ib/in^. 

Find the initial difference in the nominal 10" diameters and 
the value of if £■ = 30 X 10« Ib/in^. (L. U.) 

j 0-001054"; 5360 lbs/in2.} 

(21) A compound steel cylinder has a bore of 4" and an out¬ 
side diameter of 8", the diameter at the common surface being 6". 
Find the radial pressure at the common surface which must be 
provided by shrinkage if the resultant maximum hoop tension in 
the inner cylinder under a superimposed internal pressure of 4 
tons/in2. is to be half the value of the maximum hoop tension which 
would be produced in the inner cylinder if that cylinder alone were 
subjected to an internal pressure of 4 tons/in^. 

Determine the final hoop tensions at the inner and outer sur¬ 
faces of both cylinders under the internal pressure of 4 tons/in^. and 
sketch a graph to show how the hoop tension varies across the 
cylinder wall. (L. U.) 

Radial pressure at 3" radius — 0-41 ton/in^. 

Final stresses: 

Inner tube Outer tube 

X = 2" X = y X = y X = V 

5-2 tons/in2. 2*64 tons/in^. 5-16 tons/in^. 3-72 tons/in^. 



CHAPTER XI 


RIVETED JOINTS 

1. Introductory: In the study of thin cylindrical shells, 
it was mentioned that a boiler shell of requisite capacity has 
to be built-up by jointing plates longitudinally and circum¬ 
ferentially. We use a joint only when we must, the effect of 
jointing being necessarily to weaken the plate. In structural 
steel work as in roof-trusses and bridge-trusses, joints are neces¬ 
sary to connect members. Rivets may be used for the joints 
which may also be effected by welding. We shall now investi¬ 
gate the strength of riveted joints, bearing in mind the fact that 
it is extremely difficult to gauge accurately the stress-distri¬ 
butions in a riveted joint. Theoretical considerations, however, 
are a useful guide and will be studied as such. 

2. Forms of riveted joints: Fig. 174 shows the usual 
forms of riveted joints. In {a) and (6), the plates to be jointed 
are lapped and riveted. In (c) and (d), they butt against each 



other and are connected either by a single cover on one side 
or by two cover plates one on each side. Fig. 174(^) shows 
chain-riveting while fig. 174(y') shows zigzag riveting where 
the spacing of rivets is staggered. 
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Fitch of rivets: 

The distance, centre to centre, of rivets in a row is 




Fig. 174 (^) Fig. 174 (/) 

known as the pitch of rivets and is usually denoted by the 
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letter p. Since we are concerned with the strength of a joint, 
we shall look upon the pitch as the length of plate in charge 
of a rivet (or rivets, as the case may be) which is responsible for 
its safety. 

Single and double shear: 

When the jointed plates are in tension, a rivet section is 
likely to be sheared off' and will have to set up shear stresses 
against the pull on the plates. In fig. 174(fl) and 174(6) and 
the single cover butt joint in fig. 174(r), the pull has to be 
resisted by one section of a rivet. The rivet, therefore, is in single 
shear; while in the double cover butt joint in fig. 174(^) and 
in fig. 174(d/), the pull will be resisted by two section of each rivet. 
The rivets, are, therefore, in double shear. 


Thickness of cover plates: 


If t is the thickness of plates to be connected by a butt joint, 
it is evident that the thickness of cover plate should be at least 

t 

t for a single cover and at least — for two covers. To ensure 


against any possibility of failure of cover plates, the thickness 
provided is invariably more, being of the order of 1^^ for single 
cover and f/ for double cover. 


3. Possible ways of failure of a riveted joint: 

Let us consider a single riveted lap joint in a plate. Failure 
will take place either by the plate giving way or by the rivets 
failing. We need consider only a pitch-length of plate, as 
shown in fig. 175 (a) since the rivet is responsible for that length 
of plate. 


The plate can fail by tearing off across the pitch length 
as shown in fig. 175(c) or it can tear off at the edge, as shown 
in fig. 175(rf), if the distance of the edge of the plate from the 
rivet hole is not sufficient. Such a failure of the joint is 
inexcusable and can be avoided by making the distance of the 
edge of the plate from the centre of rivet not less than 1 \d, 
where d is the diameter of the rivet. 


The rivet can fail in two ways. It will either shear off 
across its section under the pull on the jointed plate, or it will 




iilRi 
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as shown in fig. 175(^), across the thickness of plate, on the 
upper part of the rivet in the top plate and the lower part of the 
rivet in the bottom plate, as shown in fig. 175(/) and also by 
the thickened lines in fig. 175(A). This pressure will be com¬ 
pressive and if the rivet is not able to resist it, it will fail by 
crushing. 

4. Strength of a riveted joint: A riveted joint will, 
therefore, fail either (i) by the plate tearing across the pitch 
length, or (ii) by the rivet shearing off or getting crushed. 

In a given joint, it is possible to estimate the pull on the 
plate at which the joint will fail and also the manner of its 
failure, if the strength of the plate and rivet material is known. 
For instance, if// is the ultimate tensile strength per sq. inch 
for the plate-material and / and fb the ultimate shearing and 
crushing stresses per sq. inch, respectively, for the rivet-material, 
we can calculate the pulls required on the plate to (i) tear the 
plate, (ii) shear the riv^ct and (iii) crush the rivet. 

Per pitch length p: 

(i) The pull required to tear the plate, 

Pt = ft X resisting section 

=ft {P “ ^5 where d is the diameter of the rivet- 

hole and t is the thickness of plate. 

(ii) The pull required to shear the rivet, 

P^ = X if the rivet is in single shear. 

4 

or X 2 X ^ if the rivet is in double shear. 

(iii) The pull required to crush the rivet, 

Pb = intensity of radial pressure X projected area 
=fb X d X t. 

Obviously, failure will occur^w the least of these three 
pulls, Pt, Ps or Pb, because a higher wlue of the pull will never 
be reached, the joint having already failed, either by the tearing 
off of the plate, or the shearing or crushing of the rivet. The 
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strength of the joint is, thus, the least of Ps and Pb* The 
efficiency of the joint will be the ratio of the strength of the 
joint and the sticngth of an unjointed plate. The pull required 
to tear a solid plate will he P ^ ft p \ t. The efficiency of 
the joint will be given by, 

least of P/, P^ and Pb 

= p • 


If a joint is double riveted as in fig. 174(i) or fig. 174(^), 
two rivets are responsible for the safety of the pitch length p 
of the plate. In this case. 


Per pitch length: 

Pt 

rivets. 


{P ^ T/y failure taking place across either row of 


Ps — 2 V y f for rivets in single shear, 

4 

or = 2 X 2 y X f for rivets in double shear and 
Pb^2 X ddfb. 

Similarly, if there are n rows of rivets with pitch p, ?i rivets 
are in charge of the pitch length of the plate. And, 


Per pitch length: 

Pt = {p d) t ft, failure taking place across any row of 
rivets. 

Ps — n X ^ d^ X f, for rivets in single shear, 

or = n X 2 X X fs, for rivets in double shear and 
Pb —n X d.t.fb. 


Example 1. 

A double riveted doubU^ver butt joint in plates thick is made 
with 1" rivets, at 4" pitch. If f for the plates is 28 tonsjin^., and 
fs and fb for rivets are 20 arid 40 tonsjinK, respectively, calculate the 
pull per pitch length at which the Joint will fail and also its efficiency. 
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Per pitch length of 4", 

P, = (/, d) t ft = {A 1) X I X 28 = 52*5 tons. 

Since two rivets are in charge of the pitch length, 

P, = 2>2x^</2x/, = 4x -7854 x 20 = 62-83 tons. 

and Pb = 2 / d X t X fb — 2 X 1 xfx 40 — 50 tons. 

The joint will fail at a pull of 50 tons on the plates, the 
rivets giving way by being crushed. 

The strength of the solid plate, 

P == p,t, = 4 X f y 28 = 70 tons. 

The efflcicncv of the joint _ ,...5''^^“;. "‘■j”” ,. 

strength ol solid plate 

Y] = ^or71-4%. 

Example 2. 

Two single-iiveted lap joints in plates are made as under: 
ij) with Y rivets at 2^ pitchy 
[ii] with 7J-" rivets at 3^ pitch. 

State which joint is stronger; given, the permissible stresses as 
8 tonslin^., in tension for the plates and 6 tonsjin^., and 10 tonslin^., 
in shear and bearing respectively for rivets. 

Taking the first joint. 

Per pitch length of 2J", 

Pt ^ (jO d) tft = (2| t) >' 2 ^ 8 = 6-5 tons. 

Ps = ^ J (I)' X 6 = 3-6 tons. 

Pi ^ dt fb — ^ X \ X 10 = 4-375 tons. 

The maximum permissible pull on this joint is therefore 
3-6 tons. A solid plate would have taken a pull of P = p.t.f 
= 2| X I X 8 = 10 tons. 

The efficiency of this joint is, 

Til = ^ or 36%. 
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Taking the second joint, 

Per pitch length of 3J", 

Pi ^ {p ~ - d) tft = (3| 1^) X I X 8 = 9-5 tons. 


= ^ X 6 = 6 tons. 

Pf, dt fb — X ^ X 10 = 5-625 tons. 

The maximum pull this joint will safely take is, thus, 
5-625 tons. The safe pull on a solid plate of this pitch length 
is P = p,t, fi ixS — 14 tons. 

The efficiency of this joint is given by, 


The second joint, with its higher efficiency, is stronger. 


5. Design of a riveted joint: The thickness of the 
plates to be jointed is usually designed so that the tensile stress 
at the section or sections through the rivet holes does not exceed 
the working stress for the material. We have, therefore, only 
to select a suitable diameter of rivets and then calculate their 
spacing or pitch. 

If d is the diameter of rivets, let p be the pitch i.e. the 
length of the plate to be entrusted to the rivet or rivets in 
charge. 

The pull to be taken by the plate, per pitch length, is 
Pt ^ {p d) t. ft where f is the permissible tensile stress in the 
plate. Under this pull, the permissible stresses in the rivet, 
for shearing and bearing must not be exceeded. If fs and f 
respectively are the permissible values for these stresses, the 
pull in the plate at which will be reached in the rivet is given 

by, 

Ps=^d^ X fs, if the rivet is in single shear. 

7C 

or = 2 X — X fk' X rivet is in double shear. 

Similarly, the pull in the plates at which will be reached 
in the rivets is Pj = d.t. ft for a single riveted joint. 
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In order that neither fs nor fb in the rivet is exceeded, 
the permissible pull on the plates will be Ps or P/,, whichever is 
less. 

The pitch of rivets will therefore be determined on the 
basis that the pull P/ = {p d) t.fty coming on the pitch length 
of the plate must not exceed the strength of the rivet or rivets 
in charge, i.e., 

Pt ^ the strength of the rivet or rivets in charge 
or ip d) tff ^ 

^ Py or P/,, whichever is less, from which, the 
pitch p can be obtained. 

Of the two elements of the joint, viz., the plate and the 
rivet, the rivet will thus be the stronger, so that if the plate 
does not fail, the rivet certainly will not fail. The strength of 
the joint is, evidently, P/. The efficiency of the joint, if it is 
designed in this manner, is given by, 

== II ^ t _ i 

^ ~ P p.t.ft ” p • 

For the size of rivets to be used for plates of a given thick¬ 
ness t, a suitable diameter may be selected. As a guide, 
Unwin’s formula d=^-l-2\/t may be used, where d is the 
diameter of rivets and t the thickness of plates in inch units. 

Example 3. 

Calculate the pitch and diameter of a single-nveted lap-joint in 
plates I" thick^ if the permissible stresses are: 

j] =^51 tons/in^., for plates; f — 5 tons/in^. 

//, — 12 tons/in^., for rivets. 

Using Unwin’s formula, 

d =. 1-2V^ - 1-2VI =- -735" say, f". 

The strength of. one f'' diameter rivet in single shear is, 

= \ ^ tons. 

The strength of one f" diameter rivet in bearing is, 

= (///j = I X f X 12 = 3*375 tons. 
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The maximum permissible pull on the plates is therefore, 
the strength of one rivet i.e. T, — 2-2 tons. If p is the pitch 
of rivets, 

Pi = {p-d) tft = {p-l) x|.x5-5==:2|(/» 3) tons. 

This must not exceed the strength of the rivet in charge. 

fl, (/--|)^2-2 

-75+ 1-07 
^ 1-82. 


Make p = 
p — d 


1 3" 

^ '4 ' 


The cfliciency of the joint will be, 
1 = 1- 57-2%. 


If 


Example 4, 


Calculate the pitch of y* diameter rivets necessary for a double- 
riveted^ double-cover butt joint in plates Y thick^ if f for plates - 
6 tonsjin^,; f for rivets = 5 tonsjin^. and ft, == 10 tonsjin'^. 

If p is the pitch of rivets, the pull to be taken is, 

Pt = {p- d) tft=-{p~ -|) X J ;< 6 = 3 {p- 1) tons. 

The strength of one rivet, in double shear, is. 


Ps = 2 X ^d} x/, = 2 X ^ X (1)^ X 5 = 6 tons and in^bearing 

Pb = dt fb = I X J X 10 -4-375 tons. 

The strength of one rivet is 4-375 tons only. Since the 
joint is double riveted, two rivets are responsible for the safety 
of the pitch length of plate. 

.-. Pt^2 y 4-375 
.-. 3 ip I) ^ 8-75 
.*. ^-875 + 2-917 

^ 3-792". 

Therefore make p — 3^". 

The thickness of cover plates will be or , 5 " in this case. 
The efficiency of the joint = I 5 i.e. 75%. 

P 
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Some text-books suggest the design of a riveted joint such 
that it is equally strong in tension of plates and shearing and 
bearing of rivets. If p is the pitch length, the pull to be taken 
is -= {p — d) tft. If, at this pull, the rivet must reach the 
permissible shear stress fs as well as the permissible bearing 
stress yi,, then evidently it must have a particular diameter such 
that Ps = Pb> The pitch will then be obtained by equating 
Pt to Ps or Pb. With this diameter of rivets and the pitch thus 
obtained, Pt = Ps ~ Pb and the joint will be equally strong in 
tension of plates and shearing and bearing of rivets. 

Equating Ps to P/,, we get, for a rivet in single shear, 

4 

It will be noticed that the expression for d is zl function 
of TT and it is impossible to adopt the diameter so obtained; 
the size has to be approximated to the nearest eighth of an 
inch. As soon as this is done, Py is no longer equal to Pb and 
the strength of the rivet is the lesser of Ps or Pb as already 
explained. 

The equations Pt = Ps — P^? 

i.e., {p d) tft = fs dt.fby to obtain the pitch and 
4 

diameter of rivets, have little practical value. 

In calculations for riveted joints, areas of circular sections 
ranging from to 1^" diameter are necessary. 

The following table will be found useful, for the purpose: 


Diameter 

Area 

Diameter 

Area 

i 

•049 

1 

•60 

3 

S 

•11 

1 

•7854 

1 

•1963 

u 

1-00 

1 

o 

cp 

li 

1-23 

? 

•44 




d.tfb 
X - 
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6. Riveted joints in boiler-shells: In designing the 

pd 

thickness of the boiler shell from the formula t — > the 

efficiency T) of the longitudinal joint is required. But the 
efficiency of the joint cannot be known until the thickness of 
the plates to be jointed is known. It is therefore usual to 
assume a suitable value for the efficiency of the longitudinal 
joint — about 70 to 75% — and design the thickness of plate 
required for the shell. Next, the longitudinal joint is designed 
as required and its efficiency calculated. If the efficiency of 
the actual joint is not less than the assumed value, the design 
will be satisfactory. 


Example 5, 

A boiler shelly 6 feet diameter^ has to withstand a steam pressure 
of 180 Ibjin^. Design the thickness of the shell for a permissible tensile 
stress in the plate of 6 tonsjin^.y assuming the efficiency of the longitudinal 
joint at 70%, 


Calculate the pitch of rivets required jor the joints which is to be 
double-cover^ double-riveted^ using /" rivets, P'or the rivets^ the 
permissible stresses are f = 5 tonslin^,^ and fh ■■= 10 fonslin^. Check 
the efficiency of the joint. 


For the necessary thickness of plate, 
^ pd 180 X 72 


2/.r) 2 X 6 X 2240 x -70 


- -6889", say, | 


3" 


If p is the pitch of rivets, the pull to be taken per pitch 
length is. 


Pf-= {p -d) t f, [p 1) A I . 6 - f {p 1) tons. 

The strength of a rivet in double shear is, 

Ps = 2 X ’7854 X 5 — 7*854 tons and in bearing, 

Pj = 1 X I X 10 - 7*5 tons. 

The safe pull on the plates for one rivet is thus 7*5 tons. 
Since two rivets are in charge of the pitch length, 

1) ^2 X 7*5 
••• (/'-I) ^3*33 

.'. p ^ 4*33. 
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Make p = 4". The efficiency of the actual joint will be 
b - d 4—1 

- -= —-— = 75% against the assumed value of 70%. 

p 4 

7. Riveted joints in structural steel work: In 

structural steel work, the problem is slightly different. The 
pull or push to be transmitted by a member of a roof <truss or 



Fig. 176 

bridge truss is known. The problem is to design the cross- 
section of the member and to provide a sufficient number of 
rivets of a given diameter to transmit the pull or push. If 
P is the action to be transmitted, the number of rivets necessary 
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will be given by n = -;— -:—, the strength of the 

strength oi one rivet 

rivet being Ps or Pb for the rivet, whichever is less. If this or 
a larger number of rivets is used, the joint is safe against failure 
of rivets. 


As for the sectional area required for the member, if it is 
in compression, Rankine’s or any other suitable empirical 
formula may be used. For a tension member, the section 
will be obtained from the relation P =f.A^ where/is the per¬ 
missible tensile stress and A is the net area of the weakest 
section, deducting rivet holes, so that the weakest section is 
designed to resist the pull P at the safe working stress. 

In the case of tension members of a roof truss, the number 
of rivets required for the joint is small and the section is usually 
weakened by one rivet hole only. In a bridge truss, however, 
the number of rivets required is large and the section will 
depend upon how these rivets are arranged. For instance, 
suppose a bridge diagonal is a flat, of thickness t, needing 9 
rivets to connect it by a butt joint to the gusset plate, we may 
arrange the rivets in three rows of three each as in fig. 176(fl) 
or, as shown in fig. 176(b). 


The rivets have thus been provided for. Now for the width 
of flat that is necessary to transmit a given pull F, it must be 
such that at the weakest section, the tensile stress does not exceed 
the working stress/. For the joint in 176 (< 2 ), the section is weakened 
by three rivets holes of diameter d. The width b of the flat 
must therefore be such that, 

P =f(b 3d).t 

For the joint in fig. 176(6), assuming the section 11, through 
the first rivet hole to be the weakest, the width of flat will be 
given by, 


p^fib ~d).t 

p 

or b — (— + d), which is less by 2d than if the first design 
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is adopted. In a long bridge diagonal, a reduction in the required 
width for the member, by a suitable grouping of rivets, is a 
consideration. We shall, therefore, adopt the second group¬ 
ing—known as diamond riveting, shown in fig. 176(A)—in 
preference to the chain-riveting shown in fig. 176 (a). 

In diamond riveting, section 11 , which is weakened by 
one rivet hole only, is usually the weakest, sections 22, 33, 44, 
[see fig. 176(A)] successively getting stronger. If ft is the limit 
of tensile stress for the plate, the pull required to tear the plate 
at section 11 is given by, 

P, =/, (A- d)t. 

To fail at section 22 by tearing of the plate, the rivet in 
front must first give way. The pull required for the failure 
of the plate at section 22 is given by, 

P^=:ft (A — 2d)t + strength of one rivet in front. 

Similarly, for failure at section 33 by tearing of the plate, 
the three rivets in front must give way, and therefore the pull 
required for tearing at section 33 is given by, 

Pg = ff(^b 3d) t + strength of three rivets in front. 

Similarly, 

P 4 z=zf{b — 3d) t + strength of six rivets in front, for 
failure at section 44. 

Of the pulls Pj, Pg, P 3 and P 4 usually P^ is the least, which 
means that the weakest section is 11. The efficiency of such 
a joint is the greatest, being, 

Pi (A -d)tft b^d 

^ “ p “ b.tft ~ b ' 

Such a joint thus provides the most economical arrangement 
of rivets. 

Example 6. 

A bridge diagonal, -J-" thick, has to transmit a pull of 42 tons. 
It is to be connected to a gusset plate by a double cover butt joint with 
rivets. Calculate the number of rivets that will be necessary and the 
width of flat required if the permissible tensile stress in the flat is 7 | 
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tonsfirfi., and the shearing and bearing stresses in the rivets are not to 
exceed 6 tonslin^., and 12 tons/in^., respectively. Sketch the joint and 
calculate its ejfidency. Calculate also the actual stresses induced in the 
jlat and the rivets. 

The strength of one rivet in double shear is, 

Pj = 2 X *44 X 6 = 5*28 tons. 

The strength of one rivet in bearing in plate is, 

P* = I X J X 12 = 4-5 tons. 

One rivet can take a pull of 4‘5 tons only. 

The number of rivets required will be, 

42 

« = — = 9*33, say, 10. 

4‘5 



Fig. 177 


Assuming the section to be weakened by one rivet hole 
only, 

Pt = {b- d)t.ft = (^ -1) X i X 7-5 = 42 tons. 

.-. J = *75 + 11-2 = 11-OS", say, 12'. 
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The efficiency of the joint = 


b-d 12 - 


11-25 

12 


b 12 

= 93-75%. 

Actual stresses induced in the joint: 

For rivets, since 10 rivets take up the pull of 42 tons, each 
rivet gets 4-2 tons. 

The actual shear stress induced in each rivet 

= o ^ -77 = 4-77 tons/in2. 

2 X -44 ' 

The actual bearing stress per rivet 


4-2 

f X i 


= 1T2 tons/in^. 


For the flat, if/j is the tensile stress at section 11, 

/i (12 -1) X J = 42 
.•. = 7-466 tons/in*. 

At section 22, the tensile stress in the flat will be given by, 
P = A2^f^{b 2d)t + ^ 

42 

/2 (12-2 x|) xi + -jp =:42 
.-. 5-25/8 = 37-8 
and /j = = 7-2 tons/in*. 


5-25 
At section 33, 


3P 


/> = 42=/3 (6 -3rf).# + - 

.-. /g (12 - 3 X I) x i + 3 x 4-2 = 42 
.-. 4-875/3 = 29-4 
29-4 

and /, = f— = 6-032 tons/in*. 

4-875 ' 

At section 44, 

P = 42 =/4 {b Ad) X < + ^ 
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6 y 42 

/4 (12-4 X i) X i = 42-^ 

••• 4-5/4 = 16-8 

and /a = = 3*734 tons/in^. 

4*5 

It is thus seen that sections 22, 33 and 44 are successively 
stronger. . 

Example 7. 

A tie~bar in a bridge consists of a flat 9" wide and f" thick and is 
connected to a gusset plate of the same thickness by a double cover butt 
joint. Design an economical joint if the permissible stresses are 8 tonsjin^. 
in the plate and 5 tonsjin^.^ for shear and 10 tonsjin^,, for bearing in 
rivets. Use rivets. 



Using the diamond grouping of rivets, the plate will be 
weakened by one rivet hole only. The maximum pull that 
can be transmitted at a tensile stress of 8 tons/in^., in the flat 
will be, 

P = (^b-d) t.ft = {9-l) X i X 8 = 48*75 tons. 

The strength of one rivet in double shear is, 

Pj = 2x *6x5=6 tons; and in bearing, 

= I X I X 10 = 6*56 tons. 
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The number of rivets necessary to transmit the pull of 48*75 
tons will be, 

48*75 

n = —-— = 8*13, say, 9. 


The efficiency of the joint is, 

i-d 9-1 65 

IQ - ^ - 9 - 72 - /o- 


In the previous question we worked out the actual stresses 
set up by sections 11, 22, 33 and 44 of the flat against a given 
pull. We may also estimate the comparative strengths of the 
sections as under: 

At the permissible stress of 8 tons/in^., in tension, the safe 
pull on section 11 will be given by, 

==/ (A - rf) X / = 8 (9 I) X I = 48-75 tons. 

At the same stress, the pull P 2 for section 22 will be, 

P,=/(i 2d) X / + strength of one rivet in front. 

= 8(9-2x|)x| + 6= 43*5 + 6 = 49*5 tons. 

Similarly for section 33, 

Pz-f{b 3rf) X / + strength of three rivets in front. 

= 8 (9 -3x|)xf + 3x6 
= 38-25 + 18 = 56-25 tons. 

And for section 44, 

P 4 =/ (6 3t/l X ^ + strength of six rivets in front 

= 8 (9 3x|)xf+6x6 

= 38-25 + 36 = 74-25 tons. 

The sections get progressively stronger. The maximum 
permissible pull which the flat will safely transmit is P^^ = 48-75 
tons at section 11 , which is the weakest. 


Example 8. 

Find the number of rivets necessary for the gusset plate of a steel 
stanchion transmitting a load of 150 tons. Thickness of plate 
diameter of rivets T; permissible stress in rivetSyfs = 6 tonslin^.j and 
Jb = 12 tonsjin^. 
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The rivets are in single shear. 
Pj = *7854 X 6 = 4*71 tons. 

= 1 X I X 12 = 9 tons. 

The number of rivets required is, 

n = = 31*85, say 32. 



The arrangement of rivets is shown in fig. 179. There are 
two gusset plates, one on either side of the flanges connecting 
the stanchion with the base plate by means of rivets and angle- 
cleats. 

8. Pitch of rivets in built-up girders: In a plate 
girder in which the section is built-up of plates connected with 
angles, it is necessary to calculate the pitch of rivets, particularly 
at the section where the shear force is maximum—usually at 
the supports. 

Consider a section at which the shear force is F. We have 
seen, in the study of beams, that a vertical shear stress across a 
beam section is accompanied by a horizontal shear of the same 
intensity. Let p be the pitch of rivet connecting the angles to 
the web plate. These rivets are in double shear. If R is the 
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strength of one rivet (which is Ps or Pi, for the rivet, whichever 
is less), the length of web plate to be placed in its charge must 


II I |f 1 I 


1 

h 

■ 

r 

■ 

-f-' -nj 

. 1 


1 

1 1 *4“ 1 -f-1 -f-1 -Hj 


'f" ' 

Fig. 180 


be such that the shear effect across it does not exceed P. Assuming 
for simplicity that the web takes the whole shear, the intensity 
of vertical and horizontal shear stress at the section is given by. 


q = —, where t is the thickness and A the depth over angles 
t.h 

of the web plate. If p is the pitch of rivets, the shear effect on 

F F i) 

a pitch length = q x p Xt=—rXpXt = 

t.h h 

... ^ ^ ji 

h 


or 


^R.h 

b — 

^ F 


The pitch of rivets connecting the angles and the flange 
plate will be the same. These rivets are in single shear; but, 
for each rivet connecting the angles to the web plate, there are 
two to connect the angles to the flange plates. 

The pitch varies inversely as the shear force at the section, 
being minimum where the shear force is a maximum. It is 
sufficient to calculate the minimum pitch of rivets required at 
the supports and to increase it judiciously at sections away from 
the supports. 
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Example 9. 

A plate girder, 50 feet span, depth of web 4 feet, is loaded with a 
uniformly distributed load of 3 tons per foot run. The web, which is 
i" thick, is connected to the flange plates by 4" x 4” x Y angles. Find 
the pitch of Y rivets required to connect the angles to the web plate near 
the supports. The permissible stress for rivets are f = 6 tonsjin^. 
and fb = 12 tonsjin^. 


For one rivet in double shear, 
Ps = 2 X ’6 X 6 = 7*2 tons. 


In bearing, 

f X ^ X 12 = 5-25 tons. 

R = 5-25 tons. 

The maximum shear at supports is, 


F = 


50 X 3 

2 


75 tons. 


The minimum pitch required is. 


P 


R.h 5-25 X 48 
~F ~ 75 


3-36", 


say, 3". 


If the pitch comes too small, two rows of rivets at double 
the calculated pitch may be provided. This will be near enough. 


9. Eccentric loading on rivets: If an eccentric load 
P comes on a group of rivets, the eccentricity of its line of action 
from the centre of gravity of the rivet system being e, it is equi¬ 
valent to an axial force P through the c.g. accompanied by a 
bending moment M = P.e. If the number of rivets is n, each 

P 

rivet will have to resist a ditect force — and a moment coming 

to its share from the bending moment M. If {x, y) arc the 
coordinates of the centre of any rivet, referred to the axes of 
symmetry through G, the centre of gravity of the rivet group 
(see fig. 182), it is assumed that the effect of the bending moment 
on the rivet is a tangential force F at right angles to the radius 
vector and proportional to it. 



Art, 9 1 


RIVETED JOINTS 


441 


Ffxr 

or F = k.r, / 

The moment transmitted to the rivet = F,r = The 

sum of all the moments transmitted by the rivets 
= = M j 





Fig. 182 

P 

Each rivet has to resist the resultant of the direct force — 

n 

and the tangential force F on it. This resultant may be obtained 
graphically as shown in fig. 182 or calculated. The vertical 
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component V of the resultant = Jp" cos6) and the horizontal 

component H = F sin6. The resultant = y/V^ + its incli- 

V 

nation cp to the horizontal being given by, tan(p = —. 


Example 10. 


A line shaft transmits a load of 2’4 tons across a bracket riveted to 
a stanchion as shown in fig. 181. The load eccentricity is 18". If 
the number of rivets is 8, arranged 4" centre to centre, vertically and 
horizontally, calculate the maximum shear intensity induced in any rivet. 


M — P.e = 2*4 y 18 = 43*2 ton-inches. 

P 2*4 

The direct load per rivet = - = = "3 ton. 

n 8 


Referring to fig. 181, for the rivets, 

Er2 = i {x^ +/)• = 4(22 + 62) + 4 (22 + 2^) 
= 160 + 32 = 192. 


The maximum shear effect F due to the B.M. will come 
on the rivets at the extreme ends, being. 


F = 


mV^O 43-2 X 6-325 


192 
0 = 71° 36' 


192 

tan 0 =-7 = 3 
sin0 = -9489 
COS0 = -3156 

F = - + Fcose = -3 + 1-423 X 
n 


— 1-423 tons 


•3156 


= -3 -449 = -749 tons. 

H = FsmQ = 1-423 x -9489 - 1-35 tons. 

Resultant force on the extreme rivets 
= V'7492 _|. 1.352 
= ^-561 + 1-822 = V2^ 

= 1-544 tons. 

If the rivet is in single shear, the shear intensity 

1-544 „ „ 

= —= 2-57 tons/in2 
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EXAMPLES XT 

(1) A double riveted lap joint in plates fthick is made with y 
rivets at y pitch. Estimate how the joint will fail and calculate its 
efficiency if the tearing strength of the plates is 32 tons/in*, and the 
shearing and bearing strength of the rivets are 20 tons/in*, and 40 
tons/in*, respectively. 

(By shearing of rivets: 48-9%.) 

(2) A double riveted double cover butt joint is used to connect 
plates Y thick. Using Unwin’s formula, select a suitable diameter 
of rivets and calculate the pitch if the permissible stresses are 6 J tons/in*, 
in tension for plates, 5 and 10 tons/in*, in shear and bearing respectively 
for rivets. What is the efficiencv of the joint? 

= r; 7) = 75%.) 

(3j plates are jointed together by a treble-riveted butt joint 

with two covers. The pitch of rivets in the outer rows is to be twice 
the pitch in the other rows. Using Y diameter rivets, calculate the 
necessary pitch if the permissible tensile stress in the plates is 8 tons/in*, 
and the shearing and bearing stresses in the rivets are not to exceed 
5 and 10 tons/in*, respectively. 

(Pitch of outer rows Sf'".) 

(4) Plates Y thick are jointed by a double riveted lap joint with 
Y rivets at 2Y pitch. If ft for the plates is 30 tons/in*, and fs and fb 



for rivets are 24 and 40 tons/in*, respectively, calculate the efficiency 
of the joint and state how it will fail. If this joint is strengthened by a 
cover plate as shown in fig.T83, calculate the efficiency of the streng¬ 
thened joint, if the pitch of f'' rivets in the outer rows is State how 
the joint will fail now. 

(56*32%; rivets will shear off. 70-7%; afiearing of rivets, 

(5) A boiler shell, 5 feet in diameter, is made of Y plates. The 
circumferential joint is a single riveted lap joint with Y diameter rivets 
at a pitch of 2 inches. If the ultimate tensile stress in plates is 28 
tons/in*, and the ultimate shearing and bearing stresses for the rivets 
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arc 20 and 40 tons/in^. respectively, calculate the efficiency of the joint. 
When the steam pressure in the boiler is 150 Ib/in*., what is the factor 
of safety of the circumferential joint? (4^3%; 6.) 

(6) In the above example, if the longitudinal joint is a double- 
riveted double cover butt joint, with Y rivets at V pitch, calculate its 
efficiency. Also, calculate the steam pressure that may be permitted 
in the boiler, using the stresses as above and a factor of safety of 4. 

(70-83%; 185 Ib/in^.) 

(7) A tie bar 8"" wide and Y thick has a lap joint as shown in 
fig. 184, made with Y rivets. If ft for the flat is 30 tons/in^. and/i and 



Fig. 184 

fb for the rivets are 20 and 40 tons/in^. respectively, calculate the pull 
at which the joint will fail and state where it will give way. Also 
calculate the efficiency of the joint. 

(72 tons; shearing of all rivets; 40%.) 

(8) At a joint in a roof truss, pulls of 9, 5 and 7 tons have to be 
transmitted axially across the tension members OA^ OC and OD 
respectively and a thrust of 4 tons across the strut OB^ as shown in 
fig. 185. Using I" rivets and Y' thick fiats for tension members, calcu¬ 



late their widths. Also calculate the number of rivets required to 
connect each member to the gusset plate if, the permissible stresses 
are 6 and 12 tons/in^. in shear and bearing for rivets and 7 tons/in^, in 
tension for flats. Sketch the joint. 

r OA\ w==5 rivets; OB\ n=3; OC: 1 

|n=3, b^2Y; OD: b=2Y> « = 4. J 

(9) A tension diagonal in a framed girder is 12'" wide and f'' 
thick attached to a gusset plate of the same thickness with 1 rivets. 
Design the joint so as to obtain the maximum strength if the permis- 
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siblc stresses are 7^ tons/in^. for tension in the flats, 5 and 10 tons/in*, 
for shear and bearing in rivets. What is the efficiency of the joint? 

(P = 61| tons; n = 9; y) = 91‘7%.) 

(10) A bridge diagonal has to transmit a pull of 70 tons and 
is connected to a gusset plate by a double cover butt joint. The thick¬ 
ness of the flat is 1 using I" rivets, find the number required for the 
joint with diamond riveting. Calculate also the width of flat and the 
actual shear and bearing stresses induced in the rivets, if the permis¬ 
sible stresses are 8 tons/in®, for tension in flat, 6 tons/in^. and 12 
tons/in*, for shear and bearing in rivets. 

(Jb = lO""; « = 10 rivets; 5*83 tons/in*.; 8 tons/in^.) 

(11) Calculate the thickness of a flat tie-bar of a bridge truss, 

10" wide if it has to transmit a pull of 52 tons. It is to be attached to 
a gusset plate f" thick by a double cover butt joint with rivets. 
Design an economical joint and state its efficiency if the permissible 
stresses are the same as in example 10. (|"; 8 rivets; 91*25%.) 

(12) A structural member is attached by a lap joint to a gusset 
plate by means of five rivets of f" diameter, symmetrically arranged 
as shown in fig. 186. The member has to transmit an axial pull of 



Fig. 186 

1\ tons and a clockwise moment of 15 ton-inches. Calculate the 
maximum intensity of shear stress induced in any rivet. (5*94 tons/in*.) 

(13) A group of 25 rivets, in diameter, is arranged in the form 

of a square at a pitch of 4" horizontally and vertically. The group 
has to resist a vertical pull of 50 tons acting at the c.g. of the system 
and also a moment of 150 ton-inches. Estimate the maximum shear 
stress in any rivet. (4*75 tons/in*.) 

(14) A plate girder, 60 feet span, has a web 4 feet deep and Y 
thick connected to the flange plate by 4"x4"xi" angles. If the equi¬ 
valent uniformly distributed load over the girder is 3| tons per foot 
run, calculate the minimum pitch for f" rivets to connect the angles 
and the web. The permissible stresses for rivets are 6 tons/in^. and 
12 tons/in*, for shear and bearing respectively. 

(Two rows at 4^ pitch.) 
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SHAFTS AND SPRINGS IN TORSION 

1. Torsion: When a cylindrical shaft is subjected to 
equal and opposite couples at the ends, it will either be in equili¬ 
brium or it will rotate at a uniform speed. In either case, it 
is subjected to torsion and the stresses set up by every cross-section 
are shear stresses. At any point in the cross-section of a shaft, 
there is a state of simple shear, the two planes of shear, i.e., the 
planes across which the stress is wholly tangential, being (i) the 
cross-section itself and (u) the plane through the point and the 
axis of the shaft. 

2. Torsional stresses and strains: A shaft trans¬ 
mitting power rotates at a uniform speed. Whether it rotates at a 
uniform speed or is at rest, the stresses and strains due to equal 
and opposite couples at its ends will remain the same. It is there¬ 
fore convenient to consider the shaft at rest in studying the stresses 
and strains. 

Consider, then, a shaft of length /, radius R, with one end 
fixed. 



Let a torque T be applied at the free end. The reaction at 
the fixed end will be a balancing couple of the same magnitude T. 

Consider the deformation of the line AB on the surface of 
the shaft. As the cross-section distorts through an angle 0, 
AB distorts into AB^, through an angle <p. If ^ is the intensity 
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of shear induced at the surface and the shear modulus of the 
material, we have, 


fs__ _ 05.0 _ 5.0 
~ AB ~ AB ~ I 


( 1 ) 


Consider, similarly, the deformation of an inside layer DC 
at a radius r from the central axis of the shaft, D being at the 
the fixed end. DC distorts to DCy^ through an angle (pj. If q 
is the shear intensity at radius r, we have, 

X _ „ = ^ m 

JV DC DC I . 


From (1) and (2), we get, 
q fs M.% , . , . 

- = — = —j—, which IS a constant.(3) 

T R I 


We therefore deduce that the intensity of shear stress at 
any point in the cross-section of a circular shaft subjected to a 
pure twisting moment is proportional to its distance r from the 
axis of the shaft, varying uniformly from zero at the axis to a 
maximum fs at the surface of the shaft. The central axis of 
the shaft is thus the neutral axis. 


Moment of Resistance: 

Consider an elementary ring of radius r and thickness Sr 
in the cross-section of the shaft. The intensity of shear stress 

fs 

q — ^.r. The resistance couple set up by the ring is equal to: 
R 

q X 2nrdr x r = ^ X r® X 2nrdt 
R 

= ^ X X Sa, 

R 

where 8a = 2Tzrdr is the area of the elementary ring. 
The total moment of resistance set up by the cross-section 
is given by, 

r, = S 4 X r^a = 

R R 
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The expression r^8a is the moment of inertia of the elementary 
ring about the central axis and represents the moment 

of inertia of the entire section about the central £ixis. Using the 
letter J for the moment of inertia, 



we get, 


r,./, X ^ 




J is called the polar moment of inertia of the section. 
Referring to article 5, Chapter V, 

Izz ~ ^xx “ 1 “ lyy 

Since Ixx = in a circular section, 

^zz ^ ^^XX 

••• 

For a solid circular section of diameter D, 

7t rcD* 


✓ ,7 = 2 X ^D* = 
64 


32 


For a hollow circular section of external diameter D and 
internal diameter d, 

J = 2 (i)4_^4). 

The relations (3) and (4) may be combined into one com¬ 
prehensive statement as under: 
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(5) 


I r R J . 

The close analogy between this expression for torsional 
stresses in a shaft and that for bending stresses in a beam viz., 

p f M . 

^ ^ — will be noticed. 

r dh I 

For a shaft of solid circular section, 

cr r J r TcZ)^ X 2 . ^ ’ 

... 7r -fs X-^ -fs X 32 X 2) ^ 16 ^ ■ 


For a shaft of hollow circular section, 
Tr 


^ J ^ T:{D*-d*) . Z) ^ 7t 

fs-x ^-fs y. 32 *2 ^ 16' 


D ■ 


The expression ^ corresponds to the expression or section- 

R djz 

modulus Z fo*" ^ beam and may be called the torsional section- 

modulus of the shaft section. 


From (5) above, the angle of twist of the shaft section may 
be stated as. 


T.l 

Jut 


fi i 

R'R” 


in radian measure. 


The anglejoLtwi&t in a shaft under torsion corresponds to 
deflect ion in a beam under transverse loading and is an indica¬ 
tion of the stiffness of the shaft. The expression JV,J corres¬ 
ponds to the expression E.I in beam deflections and represents 
the torsional rigidity of the shaft. To ensure adequate stiffness 
of the shaft, the angle of twist is usually limited to about 1^ in 
a length of 20 diameters. 


3* Power transmitted: design of shafts: If a shaft 
rotating at N r.p,m. transmits H horse-power, the average torque 
T in lb-feet units acting on it will be given by, 

^ average couple X angle turned through in one minute 
"" 33000 




450 


MECHANICS OF STRUCTURES 


[CL XII 


T X 2izN 


33000 

33000// 


lb-feet. 


For a shaft of a given section, transmitting a given horse¬ 
power at a given speed, the value of the torque transmitted can 
thus be worked out. The maximum shear stress fs induced in 
the section will then be obtained by equating T to the moment 


of resistance, i.e., fs X 


J 


taking care of the units employed. 


If the diameter of the shaft has to be designed for transmitt¬ 
ing a given H.P. at a given speed at a stress fs not exceeding a 
given limit, we know the values of T and f in the expression 

T =fs \ ^ and we solve for the torsional section-modulus 
R 

J u • 

-- that is necessary. 


It must be noted that T in the expression 


33000// 


represents 
shaft. In 


2izJL 

the average torque in lb-feet units acting on the 
designing the section, we do not design it for the average torque 
but the maximum that is likely to come upon it, so that the per¬ 
missible stress for the material is not exceeded. The value of the 
maximum torque is 30 to 40% higher than the average value. 


Example L 

A solid steel shafts 5" diameter^ transmits 120 H.P, at 180 R.P.M. 
Calculate the maximum intensity of shear stress induced and the angle 
of twist in degrees for a length of 25 feet. N - 72x10® Ibjin^. 


^ 33000 X 120 

2v: X 180 

or 42000 lb-inches. 


33000 X 120 X 7 
2 X 22 X 180 


- 3500 lb-feet, 


Equating, 

7-=/,x^fl3 
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42000 =fs -K 21 

lb 


fs = 7921 lb/in2 


fs I 7921 300 

R ^ y ~ 1-5 ^ 12 X 10® 


= -1320 radian = 7°34'. 


ExajHple 2. 

Find the H.P. transmitted by a shaft 2" in diameter at 150R.P.M. 
if the maximum permissible shear is 9000 Ibjin^. 

Moment of resistance at 9000 Ib/in*. 

=fs X ^-0^ = 9000 X X 8 = 4500tc lb-inches 
16 16 

= 37571 lb-feet. 


H.P. transmitted = 


7'x27tj\r 

33000 


37571 X 27r X 150 
33000 


33-66. 


Exan^le 3. 

A solid steel shaft has to transmit 80 H.P. at 200 R.P.M. The 
maximum torque transmitted in each revolution exceeds the mean by 30%. 
If the shearing stress is not to exceed 12000 Ibjin^., find a suitable 
diameter for the shaft. 

. _ 80 X 33000 ,, - 

Averaee torque T = —-— =2100 Ib-leet. 

27t X 200 

Trmx = l-3r = 1-3 X 2100 = 2730 lb-feet. 

= 32760 lb-inches. 


-. 32760 = 12000 x — x Z)3 

16 

>r i )3 ^ ^ 13.9 

TZ 


D = 2404", say, 


Exafhple 4. 

4^tlow steel shaft has to transmit 750 H.P. at 90 R.P.M. The 
maximum twisting moment may exceed the mean by 40%. Design a 
suitable section if the permissible shear is 12000 Ibjin^. The thickness 
of metal is to be T. 
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Let D be the external diameter of the shaft in inches; the 

internal diameter d = (Z) — 2) inches. 

, ^ 750 X 33000 

Average torque T — 


= 43750 lb-feet. 


Moment of resistance — fs 


27u X 90 
= 525000 lb-inches. 

7-„,a, = 1-4 r= 1-4 X 525000 
= 735000 lb-inches. 


R 


=/. 


7t (Z>4 - d*) 
16Z) 


1200071 (2i)2 ~ 4Z)-f 4) {AD 4) 




162) 


600071 

(D 

1) (2)2 

22) + 2) 



D 


Equating, 

6000TT 

{D 

1) (2)2 

22) -f- 2) 


D 


735000 


... z) 3_32)2.^ 4i) -2 - 39Z) 

.-. Z>3 - 32)2 - 35Z) - 2--0 

D = 7-6" satisfies the equation. 

.-. d = 5-6". 

A shaft 8" external diameter and 6" internal diameter will 
be satisfactory. 

Example 5. 

A shaft running at 180 R.P.M. has to transmit 130 H.P. The 
shaft must not be stressed beyond 9000 Ibjin^., and must not twist 
more than 1° in a length of 10 feet. Select a suitable diameter, taking 
N = 6000 tonslin^. 


_ 33000 X 130 
~ 27u X 180 

For strength, 


=- 3792 lb-feet or 45500 lb-inches. 


7-=/,Xt^C3 


71 


45500 = —2)3 X 9000 
16 
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Z)3 = 25-74 
and D = 2-952". 

For stiffness, 

T.l 

N.J 

n 45500 X 120 X 32 


0 


' ■ 180 “ 6000 X 2240 x 

m = 236-9 
and D = 3-932". 

4" will be a suitable size for the shaft. 



6 . 


3000 H.P. has to be transmitted at 60 R.P.M. If the safe allowa¬ 
ble stress is 12000 Ibjin^., find the necessary diameter for a solid sheft 
of circular section. If a hollow circular section is used with its internal 
diameter f the external diameter, calculate the saving in weight per foot 
length of the shaft. Density of the material — 480 lb. per cubic foot. 


r = 


3000 X 33000 
27t X 60 


X 12 == 3150000 lb-inches. 


For a solid section, 

3150000 - 12000 X 

10 

D3 = 1337 
/) = 11 - 02 ". 


With a hollow circular section in which 
we have. 


7t {D*-d*) 

16 D 


“T5(‘ + 4> (■ 


= fZ) 


_ 17571 
~ 16 ^ 




3150000 = 


12000 X 17571: 
16 X 16 X 16 


X 


/)» = 1955 
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and D = 12*5'' 

d = lD = 9-375''. 


Weight per foot length of solid shaft is, 


TT 


11 - 022 ' 


w 


1 4 ^ 144 


X 1 X 480 = 318 Ib-wt. 


Weight per foot length of hollow shaft is, 
TT 21-875 X 3-125 


“^2-= 4 X 


144 


1 / 480 = 179 Ib-wt. 


Saving per foot length of shaft is. 

179-139 Ib-wt. 


Wj^ — W2 ~ 318 


Percentage saving = 


139 

ITs 


100 - 43-71%. 


As is to be expected, a hollow shaft is better than a solid 
one because the material near the neutral axis in the case of a 
solid shaft is wasted. 


Example 7, 

shafts /" diametei and 3 feet long is rigidly fixed at the ends, 
A twisting moment of 200 lb feet is applied to it at a distance of 9" 
from one end. Calculate the fixing couples at the ends^ the maximum 
shear stress induced and the angle of twist of the section where the twisting 
moment is applied, JV = 12 ^ 10^ Ibjin^, 

Let I be the length of the shaft—^in this case, 36"—and let the 
section, at which the couple T of 200 lb-feet is applied, divide 
it into segments l^ and /g. If and are the fixing couples 
at the supports, 

T,+ T^=T .(_ 1 ) 

j The angle of twist 0 at the section at which the couple is 
I applied, is the same whether it is considered as part of segment 
or of segment /g. We have^^ 

i.e. .(2) 

Between equations (1) and (2), we solve for and 
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In this example, we have, 

Tj + Tg == 200 lb-feet. 

21Ty = OTg 
i.e. STj = Tg 

= 50 lb-feet. 

and ' Tg = 150 lb-feet. 

For the maximum shear stress in the segment /g, 

150 X 12 =/. X ^ X 13 " ' 

lb 


/, = 9166 lb-/in2. 

fs I 

The angle of twist 6 = -5 X -rr- 

R JV 

9166 9 

12 X 10« 

= -7877^ 


- -01375 


radian 


^ Keys and couplings: The pulley transmitting 
power is keyed to the shaft and if the key is not able to take up 
the twisting moment transmitted across it, it will shear off. If 
there is a joint in the length of the shaft by means of a coupling, 
the coupling must be strong enough to transmit the twisting 
moment from one length of shaft to the other, coupled to it. 
Otherwise, the bolts of the coupling may shear off. 

Let I and b be the length and width of the key; let the num¬ 
ber of bolts of diameter dt connecting the flanges of the coupling 
be n, arranged symmetrically at a radius Rt. If a twisting 
moment T is being transmitted by a shaft of diameter d (radius r), 
the shear stresses fs^fk and/^ set up in the shaft, key and bolt 
sections respectively can be easily calculated. 

The resistance set up by the key section is X / X 6 at 
radius r of the shaft. The moment transmitted by the key is 
therefore, T =fk X I X b x r. 

The shear force induced in a bolt section is fb X ^ X cPb 
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acting at radius Rb- The moment transmitted by each bolt 
= /i X X Rb. 

The total moment transmitted by n bolts in the coupling is, 
therefore, 

T = n xfb X ^dh X Rb. 

We have, therefore, 

T =fs X ==fk X I X b X r ^fbXnx jd% X Rb. 

lb 4 


'Rxample 8, 

A 3" diameter shaft transmits 120 H,P. at 150 R.P.M. A flanged 
coupling is keyed to the shaft by means of a key 5" long and 1" wide. 
The coupling has 6 bolts of diameter symmetrically arranged along 
a bolt circle of 10" diameter. Calculate the shear stresses in the shafts 
the key and the bolts of the coupling. 


120 X 33000 
271 X 150 


X 12 = 50400 lb-inches. 


50400 =/j X X 27 =/i X 5 X 1 x -if =/i x 6 x -44 x5. 
lb 

Solving, we have, 
fs = 9500 Ib/in2 
fk = 6720 lb/in2. 
fb == 3820 lb/in2. 


5. Combined bending and torsion: In the previous 
articles, we have studied the stresses and strains set up by the 
cross-section of a circular shaft to resist the action of a twisting 
moment on it. The section has usually also to resist a bending 
moment due to the weight of the shaft and pulleys between 
its support-bearings and also due to the pulls on the belts driving 
the pulleys. 

Let M and T respectively be the bending moment and 
twisting moment on the cross-section of a shaft of diameter d. 
Let us investigate the resulting stresses and strains. 
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Consider a point at radius r and at a distance j above or 
below the neutral axis XX. The effect of the bending moment 
M at the point is a direct stress p given by, 



The effect of the twisting moment T at the point is a state 
of simple shear given by, 

T X r 


At the point under consideration there is, thus, a state 
of direct stress p accompanied by a state of simple shear q. 
This case has been studied in Chapter 11. The position of the 

cy 

principal planes, through the point, is given by, tan 20 — — 

and the values of the principal stresses and are obtained 
from. 




Thus, we know the combined effect of M and T at any 
point in the cross-section. There are, however, only two 
points in the section viz., D and E [fig. 189(a)] on which the 
effect of each is a maximum. The bending stress fb at these 

iji. 

points is given by M — fb X Z-fb X compressive at 

D and tensile at E; while the shear stress fs is obtained from 


At D or Ey then, the state of stress consists of a direct stress 


fb = 

fs = 


32M 

Tzd^ 

167" 


, accompanied by a state of simple shear of intensity 




The position of the principal planes through the point is 
obtained from. 
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tan 26 = = ^ 

fb. Ad 

The principal stresses/j and /g ^re given by, 

/i=T+V t 

and/,-A = ]/m^+T‘'\ 



fb) 

Fig. 189 

The position of the principal planes and the principal 
stresses and /g acting at D have been marked in plan in 
fig. 189(A). It will be noted that/^ and /g are unlike stresses. 

The selection of a suitable diameter to resist given values 
of M and T may be made on one of the following hypotheses: 
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(i) Principal stress: 

If the maximum direct stress is the criterion for design, 
must not exceed the working stress / for the material. We 
have, 


/i = M + Vm^ + T^j =f 


_ 

M + + r® =/ X -r^, where / is the permissible 

16 

direct stress for the material. ^ 

(ii) Maximum principal strain: 

The major principal strain is. 


17 , 




Ee 


16 

Tid^ 


\m{\ -)+(!+ -) \/M2 + 7-2 1- 

m m J 


If the stress, which, acting alone, produces the same maxi¬ 
mum strain, is not to «t€€ed the working stress / for the material, 
we have, 

(1 -1) + (,+1)Vm^Tt-^}-/- 

or M{\ i) + (1 + i) + r2 -/ X 

mm lb 

(iii) Maximum shear stress: 

The m 2 (!ximum shear intensity f/ is given by, 

16 




+/.‘ 




4 ' Tzd^ 

If the criterion of design is the maximum permissible shear 
stress, we have, 


VM2 + 7-2 =// X 

(iv) Maximum strain energy: 

The strain energy in terms of /j and is, 

the strain energy at the permissible stress /, we have. 
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P 


m m 


■fs^ 


(S2MY 2{m + l)(l6Ty 
~\T:d^ J ^ m \Ttd^) 

1/4^2+r=-/x^. 

^ m lb 


Example 9. 


At a certain cross-section of a shaft 4'^ in diameter^ there is a 
bending moment of 20 ton-inches and a twisting moment of 30 ton-inches. 
Calculate the maximum direct stress induced in the section and specify 
the position of the plane on which it acts. If Poisson^s ratio is *5, 
find the stress which^ acting alone^ will produce the same maximum 
{i) strain (w) strain energy. 



16 X 30 
64?: 


= 2*387 tons/in^. 




32M 32 X 20 


izd^ 


647r 


= 3*183 tons/in^. 


The principal planes will be given by, 


tan 20 


fb^ M 20 


.*. 20 = 56^18' 

.*. 0j = 28°9' or 61^51' with the axis of the shaft 
and 02 = 118^9' or 28°9' with the axis of the shaft. 

/j='^ + +/,2 = 1-592 + 's/l-5922 + 2-3872 

= 1-592 + 2-869 = 4-461 tons/in* 

/2 = -| - +/a 2 = 1-592-2-869 = - 1-277 tons/in^ 


(i) Maximum strain is, 
e = 

E mE 
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Ee = /, = 4-461 + -3 X 1-277 


_ 4.344 tons/in*. 


’ 2E 2E ^ 2E 

•- p =f\+n- 


2/1/2 

2mE 

2/1/2 


m 


= (4-461)2 + (1-277)2 + 2 X 4-461 x 1-277 x -3 
= 19-90 + 1-63 -I- 3-42 
= 24-95 


f — 4-995 tons/in2. 


Example 10. 


A circular shaft transmits 80 H.P. at 120 R.P.M. It is 
supported in bearings 10 feet apait and at 3 feet from one bearing^ it 
carries a pulley exerting a transverse load of 8000 Ib-wt. on the shaft. 
Determine a suitable diameter for the shaft if (i) the maximum direct 
stress is not to exceed 6 tonsjin^., {ii) the maximum intensity of shear 
stress is not to exceed 3 tonsjin^.y {Hi) the stress whichy acting aloncy 
would produce the same maximum strain is not to exceed 6 tonsfin^.y 
(iv) the direct stress which acting alone would produce the same maxi- 

mum strain energy is not to exceed 6 tonslin^. — ~ •25. 

m 


T - 
M - 


80 A 33000 
27r X 120 X 2240 
8000 X 3 X 7 
10 X 2240 ^ 


< 12 = 18-75 ton-inches. 
12 = 90 ton-inches. 


(i) The major principal stress f is given by, 

M H- A/Af2+ -n =/i X ^ 


90 + a/902 + 18-752 = 90 + 91-93 = 181-93 =/i X 

If is permitted to go upto 6 tons/in2., 

X 6 = 181-93. 
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= 154-4 

and d = 5-364". 

(ii) If fs' is the maximum intensity of shear stress, 

VWTt^ =// X 

91-93 

If fs' is permitted to reach 3 tons/in^., we have, 

X 3 =91-93 

ID 

<P = 156-1 

and d = 5-384". 

(iii) If e is the major principal strain, 

E.e X = + 

If Ee is allowed to reach 6 tons/in^., we have, 

-iP X6 = Jx90+fx 91-93 

182-41 


n 

T6“ 


and 


= 67-5 + 114-91 
P = 154-7 
d = 5-369". 


(iv) If f is the direct stress which, acting alone, will 

produce the same maximum strain energy, 

^P.f= I/4M2 + 2J^L±J]. 7-2 

16 ^ m 

= V4: X 902 + -f- (18.75)2 

= 182-4. 

If f reaches 6 tons/in^., 

« 182-4x16 

P =---= 154-7 

6tz 

d = 5-369". 

The diameter of the shaft will be 5J". 
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6. Combined bending and torsion and axial thrust: 

Cases arise — such as the propeller shafts of ships, in which, 
besides resisting a bending moment and a torque, a shaft is 
subjected to direct thrust. When this is so, the direct stresses 
due to the bending moment and the axial thrust will be com¬ 
bined into a single resultant. At a point in the section of the 
shaft, there will thus be a direct stress equal to this resultant 
accompanied by a state of simple shear due to the twisting 
moment. Of the two points D and E in fig. 189, D is now the 
only critical point, since, the direct stresses due to the bending 
moment and the axial thrust are both compressive at D. The 
principal planes and principal stresses may be determined, 
as usual. 


Example 11. 

A propeller shafts 12'' external diameter^ 6" internal diameter^ 
transmits 2400 H.P. at 80 R.P.M. There w, at the same time^ a 
bending moment of 40 tonfeet and an end thrust of 25 tons, Fmd 
(:) the maximum principal stresses and their planes [ii) the maximum 
shear stress (Hi) the stress^ which acting alone, will produce the same 

maximum strain. Take — = -3. 

m 


^ (122-62) =- 84-9 in2. 

Tz D*-d* 7u 180 X 108 
32’ D 32^ 12 

159-1 in2. 

Torsional modulus of section = X ^ = 318-2 in^. 

16 D 

P 25 

Now, po =- = —^ = -2944 ton/in^. 

A 84-9 

-A/ 480 o /M /• 9 

ph = 3-016 tons/m2 

Maximum direct stress =»= -2944 + 3-016 

= 3-31 tons/in^. 


Area of section -= 
^ of the section = 
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The twisting moment transmitted 


2400 X 33000 
27t X 80 X 2240 


- X 12 =843‘75 ton-inches. 


The maximum shear stress will be given by, 

843-75 = 318-2 xfs 
fs = 2-653 tons/in^. 

(i) The position of the principal planes is obtained from, 


tan 28 


2 X 2-653 
3-31 


1-603 


28 = 58°2' 

8i = 29°l' 
and 82 = 119 °!'. 

= 1-655 Vl -6552 + 2-6532 

=: T655 + 3-127 =4-782 tons/in^., compressive. 
/2 = 1-655 - 3-127 = 1-472 tons/in^. 

i.e. 1-472 tons/in^., tensile. 

(ii) The maximum shear intensity 

= a/ 1-655^ -f- 2-653^ = 3-127 tons/in^. 

(iii) Maximum strain is, 

e . Ja. 

E mE 


.-. Ee =/i- = 4-782 + -3 x 1-472 

m 

= 5*224 tons/in^. 


7. Torsional resilience of shafts: When the cross- 
section of a member is subjected to a shear stress of uniform 
intensity we have seen that the strain energy stored in the 


member is ^ x volume. 
2JV 


In the case of a cylindrical shaft. 


the torsional stress varies from zero at the central axis to a 
maximum fs at the surface. At radius r, the shear intensity is 

fs 

given by <7 = ^ X r. If we consider an elementary ring of 
K 

thickness Sr over which the shear intensity is sensibly uniform, 
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the energy stored by the elementary shell will be Sa.l, 

where 8a = 2irrSr and I is the length of the shaft. 
r 

Substituting fs for g, the expression becomes, 

K 




2N.R^ 


X 2tzI X r^dr. 


D 


Integrating over a range from r = 0 to r = — for a solid 

shaft of diameter D, the shear energy stored in the shaft is 
given by, 

D 




N 64/?2 




fs^ 


X volume of the shaft. 
4jv 


For a hollow shaft of external diameter D and internal 
diameter rf, the range of integration will be from ^ to 

D 

. cu.. Tzfs^.l {D^ - d^) 

Shear energy - 


X X ; =£ X ^ X J I 

4j\r 4Z)2 4J\r Z>2 4 ^ ' 

f2 C/)2 _|_ (p) 

■■ 7 ^, X ^-rrs —- X volume of the shaft. 

4Jv 


8. Shafts of non>circiilar sections: The theory of 
torsion given in the preceding articles is applicable only to shafts 
of circular section. For non-circular sections, an exact study 
of the stresses and strains produced by a twisting moment is 
rather complicated. The problem was studied by St. Venant 
who obtained values of for a number of non-circular 

sections. The results may be summarised as under: 



466 MECHANICS OF STRUCTURES 

[Ch. XII 

Section 

Moment of resistance 

Angle of twist 
in radians 

Square: 

length of side, s 

•208j3./, 

7-11 T.l 

N.s^ 

Elliptic section: 
Major axis, rfj 

Minor axis, <^2 


16 {(R + dl) T.l 
TV' (R.dh ' JV 

Rectangular section: 
long side, a 
short side, b 


, aP + b^ T.l 

3a + 

aH^ ’W’ 

where k = (3 "645 — 

•06^), approximately. 
b 



For any solid symmetrical sections, including rectangles, 
the angle of twist 0 is, approximately, 

40f/ 77 4 • L r j r • 

0 where A is the area of section and J is 

the polar moment of Inertia. 

The maximum intensity of stress fs occurs at the point in 
the perimeter of the section at the shortest radius vector. 


Example 12. 


A shaft of square section running at 180 R.P.M., transmits 
power to a crane lifting 10 tons at a speed of 25 feet per minute. If 
the efficiency of the crane gearing is 64%, calculate the size of the 
shaft if the maximum permissible shear stress is 5500 Ibfin^. Calculate 
also the angle of twist in the shaft for a length of 10 feet if PI — 
12 X 10^ Ibjin^. 

Work to be supplied by the shaft pier minute 


10 X 2240 X 25 
•64 


= 875000 ft-lbs. 


r X 27c X 180 = 875000 
875000 


T = 


27r X 180 


X 12 = 9283 lb-inches. 
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Now, -208 fs. 

/. -208 X 5500 X 

or s 

0 


^ Closely coiled helical springs: axial loading: 

Consider a shaft of diameter d and length /, fixed at one end 
and subjected at the other end to a tangential effort W acting 
at a radius R. 

To find the stresses set up in the section of the shaft and 
the linear displacement of the point of application A at which 
the effort W is applied. See fig. 190. 



Fig. 190 


Twisting moment on all sections of the shaft = WR. 

T = WR = This gives the maximum intensity 

16 K 

of shear stress fs induced at the surface at any section of the shaft. 
The angle of twist of the section at <ffie free end is, 

^ ~ NJ ~ NJ 

The displacement A A' of the point of application of the 
effort will be. 


= T 
-9283 
= 8*114 

= 2*009", say, 2", 

7*1 ir./ 7*11 X 9283 X 120 180 

” JV.j4 “ 12 X 10« X 16 

= 2*363°. 
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WR\l Z2WM 
~ NJ ~ JI.Ttd* 


The amount of energy stored in the shaft will be given by, 

D T 16 W ^ 2 ^ 2 ./ /,2 TT ., , 

Resihence = * = ———-j— = 4— x - X I, 

^ J\r.nd* 4 


substituting 147? = fs.^d^. 

16 


If a straight shaft of length / and diameter d is coiled to 
a mean radius of R with n turns, it becomes a closely coiled 
spring, for which, 

I = 2nR.n, 2i^R being the length of one coil. 

If W is the axial loading on the spring, the twisting moment 
on any section of the spring is T = 147f. 



Fig. 191 


from, 


The shear stress fs induced in 


IVR =fs. 


TzeP 

16 " 


any section will be obtained 
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The angle of twist of the last section is, 
T.l WR.I 
N.J ~,NJ' 

The deflection 8 of the spring is, then, 
^ ^ WR\l nW.R\l 

- N.nd* 


MW.R^.n 

j\r.d* ’ 


substituting 2nR.n for /. 


The stiffness s of the spring will be the load per unit 
deflection. 

_W_ 

“ S “ m.64/?3 
Exd^ple 13. 

A closely coiled helical spring is made out of a ^ diameter steel 
rody the coils having 12 complete turns and a mean diameter of 4", It 
carries an axial pull of 50 Ib-wt. Calculate the shear stress induced 
in the section of the rod. If M = 12 X 10^ Ibjin^.y calculate the 
deflection under the pull and the amount of energy stored in the spring 
during the extension. 

T = W.R = 50 X 2 = 100 lb-inches. 


(I)" = -01035 in3. 


Since T 

1oF^^1035 xfs 
.'. fs= 9658 Ib/in*. 

MW.R^.n 64 X 50 X 8 X 12 
^ JNT.d* ~ 12 X 10« X (D* 

Energy stored = ^ ^ X 50 x 1 *295 


= 32-375 inch-lbs. 


1-295''. 


Exan^e 14. 

A truck weighing 2 tons and moving at 4 miles per hour has to be 
brought to rest by a buffer. Find how many springs, each of 18 coils, 
will be required to store the energy of motion during a compression of 
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9"? The spring is made out of I" diameter steel rod coiled to a mean 
diameter of 8 inches. N = 6000 tonsjin^. 

The K.E. of the truck to be absorbed by the buffer-springs 
W.v^ „ /176 V 1 968 _ 

= -27“^"^ W 64 = 900 

= 12*91 inch-tons. 

The axial load P, for each spring, for a compression of 
9" is given by, 

^ 64i>./23.n 64P X 64 X 18 


P = 


Xd^ 

3000 


6000 X 1 


ton. 


64 X 64 
Energy stored by one spring 


= iP.S = i X 


3000 


64 X 64 

The number of springs required 


X 9 = 3*296 inch-tons. 


12*91 

3*296 


= 3*916, say, 4. 


fyatpple 15. 

A weight W of 5 cwt. is dropped on to a closely coiled compression 
spring with 18 coils. Calculate the height of drop before striking so 
that the spring is compressed by 9". Diameter of rod 1"; mean dia¬ 
meter of coils 8"; N = 6000 tonsjin^. 

Let h inches be the height of drop and let P tons be the 
equivalent gradually applied load to produce the same com¬ 
pression. 

64.P.R^.n 64.P x 64 x 18 


Then 9 = 


P = 


3000 


6000 x 1 


tons. 


64 X 64 

Equating the energy supplied by the impact load to the 
energy stored, 

(A -f S) = JP.S. 
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or 


i (A + 9) = i X 


3000 
64 X 64 


= 3-296 


X 9 


A + 9 = 13-184 
A = 4-184". 


Example 16. 

Find the maximum permissible axial load for a closely coiled 
spring made out of Y square rod with 12 coils of 3" mean diameter 
if the maximum shear stress is limited to 45000 Ibjin^. Calculate 
also the dejlection under the load if M = 12 y. l(fi Ibjin^. 

T = ‘20S.^.fs = •208( X 45000 
= 146-25 lb-inches. 

T~ W.R. 

.-. 1-5W^ = 146-25 
or W --= 97-5 Ib-wt. 

7-11 T.l 7-11 X 146-25 x it x 3 x 12 

^ “ M.S* ~ 12 X 10« X (J)4 

= 2-51 radians. 

8 = /?.e = I X 2-51 = 3-765". 


10. Closely coiled helical springs: axial twist: 

Let a closely coiled helical spring be fixed at one end and sub¬ 
jected at the other end to a twisting cou ple M. about the central 
axis of the spring. Depending upon the sense of the couple, 
the coils will tend to bend or unbend, each cross-section resist¬ 
ing a bending moment equal to the couple M. 

Let n be the number of coils of mean radius R. If the 
bending moment M increases the curvature, let the mean radius 
of the coil decrease from R to R' and let n' be the resulting num¬ 
ber of coils. If / is the length of the wire forming the coiled 
spring, we have, 

/ = 2nR.n = 2nR'.n'. 

M 

Also -j- = E X change of curvature 
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‘(hk)-T 

2nEI in' - n) 


{n - «) 


where / is the usual moment of Inertia of the section about 
its neutral axis for bending. 

If <p is the total angle of bend, in radians, 

<p =2n {n 

Differentiating, 
dcp M 

Therefore, the change of curvature or angle of bend per 

M 

unit length is constant throughout and equal to 

hil 

For a wire of circular section of diameter d, the maximum 
bending stress / is given by, 

_ and the angle 9 is given by, 

M.l 64M/ mM.R.n . 

■»" £r “ 

For a wire of square section of side j, 

/ = ^ and 

\2M.l 2^-K.M.R.n 


The amount of strain energy stored in the spring will be 

/2 

\M. 9. In terms of the stress induced, it is X volume of 

oE 

p 

the spring wire, for circular section and ^ x volume, for, 
rectangular sections, as has been proved before. 


Example 17. 

The spring in example 13, is subjected to an axial twist of 75 
lb-inches. Calculate the increase in the number of turns and the bend¬ 
ing stress induced in the section. E = 30 x 10^ Iblin^. 
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I 

z 

f 

9 

Since, cp 
(n' ~ n) 
and n' 

11. Open coiled helical springs: (i) Axial loading: 

Let a be the angle of the helix of an open coil helical spring 
of mean radius R, diameter of section d and number of turns 
n. If W is the axial load, its moment WR may be resolved into 
two components: 

T = WR cosa, and 

M — WR sina about the axes X'X' and Y'T' at the centre 
0 in the section of the wire (fig. 192). T will act as a twist- 



y\ 


Fio. 192 

ing moment on the normal cross-section about the axis X'X' 
and M will act as a bending moment about the axis T'T', tend¬ 
ing to unwind the coil. 


^ ( 1)4 ^ .0009705 inL 


= -005177 inS. 


•005177 

75 X 2tc X 2 X 12 


dl2 

= ——— = 14490 lb/in2. 
-005177 ' 

M.l 75 X 2tc X 2 X 12 

IT ~ 30 V 10« X -0009705 

22-26°. 

2tz {n' n), 

•06183 

12-06183 turns. 


==27c X -06183 radians 
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If 6 is the angle of twist due to 7", 6 = 


T.l 

XJ' 


If 9 is the angular rotation due to M, <p = 


Md 

El' 


The deflection 8 of the spring under the axial load W 
can be obtained from, 

I iT.s = ^ r.e + 

or iy8 = T0 

Substituting for T and M, we get, 


== wr4— + — 1 
\nj ^ ei ] 


Since the length of the wire comprising the spring is, 
I — 2nR.n. seca, 

f cos V sin^al 


S = 2T:WR^.n. seca 


+ 


1 JVe/ ' El 

For a wire of circular section of diameter d, 
I 


—and J — -< 

64 32 


Substituting, 

^ 64WT?®.«.seca fcos^a 2 sin^al 

® =- J'- -{rAr + —1 

The angular twist 0' at the free end, about the axis OX 
will be given by. 


6 ' = 


R 


= W.Rl 


Jcos^a 


sin^a 1 

~Er\ 


64IT.i?®.«.secaJcos®a 2 sin^a\ 

“ 


J 


Similarly, the angular rotation 9 ' of the free end about 
the axis OY can be obtained by considering an element 8 / of 
the wire at 0 . 


Due to T = HTJcosa, 80 about the axis OX' 
^ TM WRcosoiM 
^ NJ ^ NJ ' 
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The component of this along the axis OT is, 
WR since cosa.S/ 


86 sina 


NJ 


Due to M = WR sina, 8 <p about the axis OT'. 

M.81 WR sina. 8 / 

, ~ El ~ El 

The effect of this is to unwind and therefore its component 
along OT may be stated as, 

WR&inx cosa.S/ 


— 6 epeosa = 


El 


Hence the resultant rotation 89 ' about OT due to both 
causes will be, 


S(p' = 80 sina - Scpcosa 

I 


WR^moL cosa S/' 


Sep' 

-irr- = WR sina cosa 

U 

<p' = iy/?/.sinacosa 


. 

{jj'~Ei\. 


\j^J El J 


[yj 


Stresses in wire of circular section diameter d: 

Due to M = WR sina, the maximum bending stress f in 
the normal section of the wire is given by, 

M=fZ 

j. 32 fK7?sina 


or 




Due to T — WR cosa. the maximum shear stress fs is 
given by. 


or fs = 


16)472 cosa 


7t<7® 


The principal stresses and /g will be given by, 

/i =‘^ + +fs^ = Vsin^a + cos*aj 



476 


MECHANICS OF STRUCTURES 


\Ch. XII 


\^WR 

TZCP 


(1 + sina) 


fi — 


f 


V 4 


+ /jr ^ 


161VR 


(1 sina). 


4 ■ Tzd^ 

The maximum shear stress fs' is given by, 

/ 1-/2 lewR 




1Z(P 


(ii) Axial torque: 

If an axial torque M about the axis of the coil is applied, 
its components will be M cosa about the axis OT' and M sina 
about OX'. If 9 ' is the total rotation at the free end about 
the axis OY, we have, 


9 ' = M./| 


,(Mcosa)^/ I j(Afsina)^Z 
2 FT I" 2“ 


El 


J^J 


cos^a 

IT 


sin^al 


M X 27ri?.wseca^ 


fcos^a 


+ ■ 


sin 




1 El ' NJ\ 


The axial extension caused by the couple may be deduc¬ 
ed by resolving the rotations, as before. 


= M.R sina cosa 
= M.27t/2^.«.sina 


-'(A i) 
(i-i) 


For a circular section of diameter d, 
, 64Mi?.nsecar2cos^a sin 


9 = 


A 




d* 

64Af/Z^.nsina f 1 
d* 


+ 


sin^a 


and 


f---} 

1JV £j 


Example 18. 

If the spring in example 13, is open coiled, the angle of the helix 

being 15°, calculate the deflection under the axial load of 50 lb., and 

the maximum intensities of direct and shear stresses induced in the 
section of the wire. 

T = IF./?.cosa = 50 X 2 X ’9659 = 96-59 lb-inches. 

M = IV.R.siax = 50 X 2 X -2588 = 25-88 Ib-inchcs. 
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64 X 50 X 2® X 12 X 1-035/ -9328 2 x •067\ 

(1)4 Vl2 X 10« ^ 30 X 10«/ 


64 X 400 X 1-035 

~ (I)" X 10« 

= 1-322". 


X -9864 


For the stresses, 



/ 25-88 \ 
V-005177/ 


= 5000 Ib/in®. 


96-59 
~ -01035 


= 9333 Ib/in®. 


The principal stresses are given by, 

/i +fs^ = 2500 + V25002 + 93332 

= 2500 + 9662 = 12162 Ib/in®. 

/2 = 2500 - 9662 = 7162 Ib/in®. 

The maximum intensity of shear stress // is given by 

// = = 9662 Ib/in®. 


Example 19, 

In the above example^ if the axial load of 50 lb. is replaced by an 
axial torque of 75 lb-inches^ calculate the angle of rotation about the 
axis of the coil and the axial deflection. 

, 64Mi?.wsecaf2cos^a sin^a 

64 X 75 X 2 X 12 X l-035r2 x -9328 -067 \ 

~ (1)4 I 30 X 10« 12 X 10«J 

= -4087 radian or 23-42°. 

^ _ 64Af/f®.nsinar 1 2 1 

^ ^ d* 1 ~ 'Ei 

_ 64 X 75 X 2® X 12 X -2588; 1 2 1 

“ (1)4 ll2 X 10« ' 30 X 10«J 

= -0503". 
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EXAMPLES XII 

^ (1) Calculate the diameter of shaft required to transmit 
60 H.P. at 120 r.p.m. if the maximum torque is likely to exceed 
the mean by 30%, for a maximum permissible shear stress of 
8200 Ib/in^. Calculate also the angle of twist for a length of 6 feet. 
jV= 12 X 106 ib/in2. (3"; 1-772°.) 

^ (2) A hollow circular shaft, lO'" external diameter, thickness 
of metal K, is transmitting power at 180 r.p.m. The angle of twist 
on a length of 10 feet was found to be -72°. Calculate the H.P. 
transmitted and the maximum shear stress induced in the section. 
A* = 6000 tons/in2. (2333; 3-142 tons/in*.) 

(3) A flanged coupling has six diameter bolts arranged 
symmetrically along a bolt circle of diameter lO'". If the shaft is V 
diameter and stressed to 12000 Ib/in^., calculate the shear stress in 
the bolts. (5026 Ib/in*.) 

/ (4) A steel shaft of solid circular section has to transmit 500 
H.P. at 210 r.p.m. The maximum shear stress is not to exceed 8000 
Ib/in^. and the angle of twist must not be more than 1° in a length 
of 8 feet. Select a suitable diameter. = 12x 10® Ib/in^. (5-144''.) 

(5) A square shaft has to transmit 80 H.P. at 150 r.p.m. 

Calculate the section required if the permissible shear stress is 
9000 Ib/in^. Calculate also the angle of twist on a length of 10 feet. 
A'= 12 X 10® lb/in2. (2-62" side; 2-313°.) 

(6) A 1" diameter circular steel shaft is provided with enlarged 
portions A and B as shown in fig. 193. On to this enlarged portion, 

1 " . . 
a steel tube — thick is shrunk. While the shrinking process is 

going on, the 1" shaft is held twisted by a couple of magnitude 50 




Fig. 193 


lb-feet. When the tube is firmly set on the shaft, this twisting couple is 
removed. Calculate what twisting couple is left on the shaft, the shaft 
and the tube being made of the same material. (C. U.) 

(465-1 Ib-in.) 
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(7) Compare the weight of a solid shaft with that of a hollow 

one to transmit a given horse power at a given speed with a given 
maximum shearing stress, the inside diameter of the hollow shaft being 
two-thirds of the outside diameter. (C. U.) 

(Solid: Hollow:: 1-554: 1.) 

(8) A V diameter shaft is subjected to a bending moment M and 

a twisting moment T. The magnitude of the maximum principal 
stress due to these moments is 7 tons/in^. If the maximum bending 
stress due to M is equal to the maximum shear stress due to T, 
evaluate M and T. (Af—27*16; 7'=54-32 ton-inches.) 

(9) An overhung engine crank measures 15"' from the centre 
line of the crank shaft to the centre line of the crank pin. The distance 
from the centre of the crank pin to the centre of the bearing is 9"', 
measured horizontally and the maximum thrust transmitted by the 
connecting rod at the crank pin is 8000 Ib-wt. Calculate the diameter 
of the crank shaft if the maximum shear stress in it is 12000 Ib/in^. 

(3-902". say, 4".) 

(10) A shaft, 4" diameter, transmits 120 H.P. at 150 r.p.m. 
It is supported in bearings 10 feet apart, and carries a pulley exerting 
a transverse pull of 1^ tons at 4 feet from one support. Calculate 
the maximum direct stress induced in the cross-section of the shaft. 

(7*313 tons/in*.) 

(11) A propeller shaft 8" in diameter transmits 3000 H.P. at 

240 r.p.m. The propeller weighing 10000 Ib-wt. is carried by the 
shaft overhanging the support by 15", propeller thrust is 30000 
Ib-wt., calculate the maximum direct stress induced in the cross-section 
of the propeller shaft. (9825 Ib/in*.) 

(12) A shaft, 10 feet long, 3 inches in diameter, is subjected to 

a twisting moment of 18000 lb-inches and carries in the centre a 
pulley weighing 500 lb. Assuming that the shaft is freely supported 
at the ends, determine the maximum intensity of shear stress. 
Neglect the weight of the shaft. (L. U.) 

(4420 Ib/in*.) 

(13) A hollow shaft is subjected to a torque of 200,000 lb-feet 

and a bending moment of 100,000 lb-feet. The internal diameter 
of the shaft is one-half the external diameter. If the maximum 
shear stress is not to exceed 5 tons/in*., find the diameter of the 
shaft. (L. U.) 

(10-91".) 

(14) A waggon weighing 2 tons is moving at IJ m.p.h. How 

many springs, each of 24 coils, will be required in a buffer-stop to 
absorb the energy of motion during a compression of 8"? The 
mean diameter of coils is 9", the diameter of the steel rod comprising 
the coils is f". JV = 12 X 10« Ib/in*. (5.) 
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(15) A closely coiled helical spring is made of steel wire Y diameter. 
The number of coil is 20 and the mean radius of each coil is y, 
Calculate the stiffness of the spring. jV* = 12 X 10® Ib/in*. 

(21-7 lb. per inch.) 

(16) A spiral spring made of Y diameter wire, has 20 close coils, 

each y mean diameter. Find the axial load the spring will carry if 
the stress is not to exceed 12 tons/in®. Also determine the extension of 
the spring and the work done per unit volume of the spring. ^^=5000 
tons/in*. (L. U.) 

(55 lb.; 5-431"; 16-13 inch-lbs.) 

(17) A safety valve of 3" diameter is to blow off at a pressure 

of 150 Ib/in^. by gauge. It is held by a close-coiled compression spring 
of circular steel bar. The mean diameter is 6" and the initial com¬ 
pression is 1". Find the diameter of the steel bar and the number of 
convolutions necessary if the shear stress allowed is 8 tons/in^. C=5000 
tons/in*. (C. U.) 

(-967" say, 1"; 6-1 turns.) 

(18) A helical spring is made of steel of square section Y side 

with 18 coils of 3" mean diameter. Taking A* = 12 X 10® Ib/in^., 
find the deflection under an axial load of 25 lb. and the shear stress 
induced. (1-45"; 11538 Ib/in*.) 

(19) A weight of 30 lb. is dropped on to a helical compression 

spring made of Y steel wire closely coiled to a mean diameter of 6" with 
20 coils. If the instantaneous compression is 5", calculate the height 
of drop. jV = 12 X 10® Ib/in*. (4-04".) 

(20) A weight of 50 lb. is dropped through a height of 30" on to 

a closely coiled compression spring which instantaneously compresses 
by 6" under the impact. If the diameter of the steel rod is I" and the 
mean radius of the coils is 4", find the maximum instantaneous stress 
produced by the impact and the number of coils in the spring. 
jV= 12 X 10® lb/in2. (12220 Ib/in*.; 29-29, say 30 turns.) 

(21) An open coil helical spring is made of Y steel rod coiled to 
a mean radius of V, If the number of coils is 12 and the angle of the 
helix is 30°, calculate the deflection under an axial load of 20 lb. 

= 30x10® lb/in2.; .V = 12 X 10® Ib/in^. (1-438".) 

(22) A steel shaft ABCD of circular section is 72" long and is 
supported in bearings at the ends A and D. AB = 27"; BC =18" 
and CD =27". The shaft is horizontal and two horizontal arms, 
rigidly connected to the shaft at B and C, project from it at right 
angles on opposite sides. The arm at B carries a vertical load of 
4000 lb. at 12" from the shaft axis and the arm at C carries a vertical 
balancing load at 15" from the axis. If the shearing stress is not to 
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exceed 5 tons/in*., determine the minimum permissible diameter for 
the shaft. Assume that the bearings give simple point support to 
the shaft. (L. U.) 

(3-695", say, 4",) 

(23) A steel shaft ABCD has a total length of 51" made up 
as follows: ^5 = 12"; 5C = 15" and CD = 24". AB is hollow, its 
outside diameter being 4" and its inside diameter d inches. BC 
and CD are solid, having diameters of 4" and 3-5" respectively. 
If equal opposite torques are applied to the ends of the shaft, find 
to the nearest 0-05", the maximum permissible value of d for the 
maximum shearing stress in AB not to exceed that in CD, 

If the torque applied to the shaft is 36 ton-inches, what is the 
total angle of twist? C = 5300 tons/in^. (L. U.) 

(rf = 3"; M38°.) 

(24) A hollow steel shaft has an external diameter of 9" and it 
was found that when running at 125 r.p.m. and transmitting 2950 
H.P., the angle of twist per foot length of shaft was 0-15 degree. If 
C is assumed to be 12 X 10® Ib/in^., estimate the internal diameter 
of the shaft and the maximum shearing stress. 

If the total strain-energy U is expressed as U = u X volume of 
shaft, find the value of u ; find also the strain-energy per cubic inch of 
material at the external surface of the shaft. (L. U.) 

(5-283"; 11780 Ib/in^; 3-886 inch-lb; 5-781 inch-lb.) 

(25) A solid steel shaft 2J" diameter is fixed rigidly and co¬ 

axially inside a bronze sleeve 3^" external diameter. Calculate 
the angle of twist in a 5 foot length of the composite shaft due to the 
action of a pure torque of 3-75 tons-inches. Take C for steel as 
5100 tons/in^., and for bronze 2700 tons/in*. (L. U.) 

(0-2816 degree.) 

(26) A tube with closed ends has an external diameter of 
1-5" and the thickness of the metal is 0-04". It is subjected simul¬ 
taneously to an internal pressure of 0-5 ton/in^. and an axial torque 
of 1-5 ton-inches. Find the magnitude and directions of the princi¬ 
pal stresses at the outer surface of the tube. Show on a sketch the 
directions of the principal planes and principal stresses relative to 
the axis of the tube. 

If the yield point of the metal in simple shear is 12 tons/in^., 
and the maximum shearing stress is assumed to be the criterion of 
failure, find the pressure at which failure will occur, the torque 
being kept constant at 1-5 ton-inches. (L. U.) 

i Pi- 9-156 tons/in^., tensile; —4-156 tons/in*., tensile; 1 
I = 13® 43'; 02 = 76® 17'; pressure, 2-547 tons/in®. J 
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(27) A closely coiled helical spring made from round rod is 
required to carry a load of 180 lb. for a maximum stress not exceed¬ 
ing 60000 Ib/in^., the spring stiffness being 45 lb. per inch. The 
diameter of the helix is 3-5'' and the modulus of rigidity for the mate¬ 
rial 12 X 10® Ib/in^, Calculate (a) the diameter of the rod to the 
nearest (b) the number of turns required in the spring. (L. U.) 

f y 

116^’ 7*42 turns. 

(28) A closely coiled helical spring of round section steel wire 
is required to have a stiffness of 45 lb. per inch and when carrying 
its maximum load of 60 lb. the shearing stress is not to exceed 50000 
Ib/in^. The spring is to fit freely in a recess If'" diameter. Find 
a suitable diameter for the wire from the gauge sizes given and also 
the mean diameter of the coil and number of turns. 

Gauge No.: 6 7 8 9 10 

Diam. of wire in inch: 0*192 0*176 0*160 0*144 0*128 

Take the modulus of rigidity as 5250 tons/in^. 

(L. U.) 

{d = O-ne"; D = l-S"; n = 9-285.) 

(29) A helical spring has a mean diameter of 2^ and consists 
of 12 turns of 0*25'" diameter wire. Initially the inclination of the 
turns is 7®. Calculate the axial and angular deformation caused by 
an axial ‘‘winding up” couple of 80 lb-inches. 

E = 30 X 10® lb/in2.; C = 12 X 10® Ib/in^. 

(L. U.) 

(S = 0*04992"; 4> = 1*32 radians.) 

(30) An open coiled spring of 5" mean diameter has 10 coils 
of diameter wire, at a slope of 30° to the horizontal, when the 
coil axis is vertical. Find expressions for the longitudinal extension 
8 and the rotation 0 for the joint application of an axial load W 
and an axial torque T. 

Hence find the axial load and torque necessary to extend the 
spring 0*2" if rotation is prevented, indicating whether the torque 
tends to wind or unwind the spring. 

E == 30 X 10® lb/in2.; jV = 12 X 10® Ib/in^. (L. U.) 

{W== 13*8 Ib-wt.; T- -3*52 lb-inches.) 
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ELEMENTS OF REINFORCED CONCRETE 

1. Reinforced concrete beams: In the study of beams, 
we have seen that a portion of the beam-section is necessarily 
under tension. Concrete, as a material, can resist compres¬ 
sion but it cannot be relied on to take tension. If concrete has 
to be used as a material for beams, it must be reinforced by a 
suitable material which will take tension, so that the two 
together can form a composite section to resist the compression 
and tension due to the bending moment at the section. Con¬ 
crete and steel form an ideal combination for a composite beam 
section, owing to the happy circumstance that concrete con¬ 
tracts in setting and so, grips the steel reinforcement. The 
combination is ideal for another reason, viz., that both materials 
have about the same coefficient of expansion. If the coeffi¬ 
cient had been different, with a change in temperature, the steel 
bars comprising the reinforcement would tend to work loose 
and slip past the enclosing concrete in which case, the condi¬ 
tion of the composite section, viz., that the concrete takes the 
compression while the steel takes care of the tension, would 
cease to operate, each material behaving separately as a beam. 
In the following articles, the concrete is supposed to be of 1:2:4 
mix., i.e., 4 parts by volume of aggregate, 2 parts of sand and 
one part of cement. For ordinary grade concrete, the ultimate 
crushing stress at 28 days’ tests, is of the order of 3000 to 4000 
Ib/in^, The working stress is therefore taken at 600 to 1000 
Ib/in^. The mild steel used in reinforced concrete has the usual 
strength viz., an ultimate stress of 28 to 33 tons/in^., so that 
the working stress is taken at 16000 to 18000 Ib/in^, 

2* Assumptions made in the simple theory: In 

the theory for stresses set up in a reinforced concrete beam- 
section which we shall discuss, certain fundamental assump¬ 
tions are made, which may be stated as under: 

(i) Sections which arc plane before bending remain 
plane after bending. 
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(ii) Concrete is effective only for the purpose of offering 
compressive stresses. No tension is taken by concrete. In 
other words, the tension on one side of the neutral axis of the 
beam-section will be resisted entirely by the steel reinforcement. 

(iii) The modulus of Elasticity for concrete bears a cons¬ 
tant ratio with that for steel. If Es and Ec are respectively the 

moduli for steel and concrete, the modular ratio =m, a. 

Ec 

constant. 


3. Singly reinforced rectangular beam: Consider 
a beam of rectangular section of width b and carrying reinforce¬ 
ment of sectional area At at a distance of d from the top edge; 



- h - 

T 


T 


y 

1 

d 


n 

V 

r 



i i 

(d-n) 

± 

\ 


(o) (b) 

Fig. 194 



d is called the “effective” depth of the beam, the portion of 
concrete below the bars forming a cover. 

The position of the neutral axis: 

Let n be the distance of the N.A. from the top edge. Consi¬ 
der an elementary strip of the section Sa at a height y above 

y 

the N.A. From assumption (i) The strain e = —, i.e., the 
strain is proportional to the distance from the neutral axis. 
The maximum compressive strain will occur at the 
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top edge. Below the neutral axis, the strain follows the same 
straight line law, the value of the strain et at the centre of the 
reinforcing bars being given by, 

(d~n) 


The variation of the strain is shown in fig. 194(i). If the 
elastic limit is not exceeded, stress is proportional to strain. 
Therefore, p — Ec X e. The variation of stress is a straight 
line variation as shown in fig. 194(f). If c is the maximum 
intensity of compressive stress, 
c = Ec \ Cc. 

If t is the intensity of tensile stress induced in the steel-rods, 
t = Es X et. 

We have, therefore, 

e, n Et c me 

et d — n El t t 

We get the relation. 


The elementary thrust 8C on the elementary strip Sa is 
p.Za. The total thrust C in the compression area, 

— 2SC = average intensity of stress X compression area, 
since the section is rectangular. 

= \c.b.n. 

The total pull T in the reinforcing rods, 

= t.At. 

Since C — T, we have, 

\c.b.n = t At .(2) 


Between equations (1) and (2), eliminate j and solve for 

n which gives the position of the N.A. 

^mAt 


We have. 


bn 
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Putting p = y 7 , the ratio of the steel sectional area and 


bd 

the concrete section, we get, 

n 2mp.b.d 
d n bn 
n* + 2mp.nd = 2mp.(P 

(-) =2mp. 


Putting - 
a 


the equation simplifies to, 


n( + 2mp.n^ = 2mp 
(n^ + mp)^ ^ m^p^ + 2Tnp 

Wj = ^ = V nfip^ + 2w2/? mp .(3) 

Moment of Resistance: 

The moment of resistance Mr — C or T x lever arm a 
of the couple. The total thrust C acts at the c.g, of the compres- 

n 

sion triangle of stress, i.e., at - from the top. The total pull 

6 

T acts at the centre of the reinforcing rods. The lever arm 

77 

a is, therefore, given by, a d —. 

o 

Since wc know the value of n for a given section, the value 
of a is also known: 


Mr 


c.b.riM 


tAi.a, where a -= {d 



Given the cross-section of a beam with its reinforcement, 
the values of the stresses set up in concrete and steel to resist 
a given bending moment can now be worked out. 


Example /. 

A reinforced concrete beam JO" wide and 20" deep has four 1" 
diameter reinforcing bars placed with their centres 2" above the bottom 
side of the beam. At a certain cross-section it has to resist a bending 
moment of 500000 lb-inches. Calculate the stresses induced in the 
concrete and steely taking the modular ratio m ^ 15. 
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elements of reinforced nOMnpp.T iA 


At = 4X•7854=3'1416 in^.; 


mp 


15 X 3-1416 
10 X 18 


= -2618 


effective depth^20-2=18''. 


2mp -- -5236 

mY = *0686 

Vnfip'^ + 2mp = \/-5922 = -7695 

Wj = ^ = a/ trfip^ + 2m/i — mp — -7695 - -2618 = -5077 
n ^ -5077 X 18 = 9-1386". 


a^d J = 18 - 3-0462 = 14-954". 

3 

Mr — I c.b.n.a — \ c 10 X 9-14 X 14-95 = 500000 
c = 732 lb/in2 


Also 


me n 

t d—n 

15 X 732 9-14 

t ~ 8-86 

t = 10640 lb/in2. 


Example 2. 


A reinforced concrete beam 8" wide and 18” deep including 2" 
cover has three reinforcing bars in diameter. Find the position of the 
neutral axis and the safe moment of resistance if c and t are not to exceed 
750 and 18000 Ibjin^., respectively. Take m = 18. What uni¬ 
formly distributed load will the beam carry over a span of 16 feet? 

At = 3 X -6 = 1-8 in^.; effective depth = 16". 


mp 


18 X 1-8 
8 X 16 


== -2531 


2mp = -5062 
= -0641 
+ 2mp = -5703 


V m^p^ + 2mp = -7552 


^ = ^mY + 2»i/> - m/> = -7552 - -2531 = -5021 
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n = -5021 X 16 = 8-034". 

a^d J = 16 2-68 = 13-32". 

3 

TfflC 71 

Since — = -—when c == 750 Ib/in^., the corresponding t 

^ , 18 X 750 8-034 

mli be given by. -^ 

7-966 . „ 

*’• ^ ^ o ’ noA ^ 13500 or 13390 Ib/in^., which being less than 

0*034 

18000 Ib/in^., is permissible. 

The moment of resistance is, 

Mr =^tAt.a = 13390 x 1-8 x 13-32 = 321000 Ib/inches. 

If the beam is freely supported over a span of 16 feet, carry¬ 
ing a load W uniformly distributed over it, the central moment is, 
Wl IT X 16 

= — X 12 Ib-in. -- ^ - > 12 = 24H^ lb-inches. 

8 8 

Equating the bending moment to the moment of resistance, 
24H^ = 321000 

W ~ 13375 Ib-wt. or 836 lb. per foot run. 


Example 3. 

A reinforced concrete beam 12^' wide and 22" deep including a 
two-inch cover has to carry a uniformly distributed load of 1500 lb. 
per foot run including its own weight over a span of 20 feet. What 
area of steel reinforcement must be provided if the maximum stress in 
concrete is not to exceed 700 Ibjin^.? What will be the correspond¬ 
ing stress in steel? Take m — 15. 


The maximum bending moment to be resisted will be, 


Wl 30000 X 20 

_ X 12 --r- 


X 12 = 900000 lb-inches. 


The moment of resistance, 

Mr = \c.b.n. {d J) = i X 700 X 12 X n (20 - J) 
3 3 
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Equating, 


4200n (20 |) - 900000 

3 

n{m~n) = 643 
rfi — QOn + 643 — 0 
{n - 30)2 _ 900 ^ 643 - 257 
n-30 =-16-03 
or ;z = 13-97", say, 14". 
me n 

Since — = --, when c ~ 700 Ib/in^, the correspond- 

t a — n 

ing t will be given by, 

15 .. 700 _ H 
t 6 

i - 45(»^b/in2. 


Also, 


since C ~ 


\c.h,n -- i.At 

I y 700 X 12 X 14 = 4500.^/ 


At = 


14 X 14 
15 


13 in2 


Economic percentage of reinforcement: The 

workiril stress for mild steel is about 16000 to 18000 lb/ir^| 
In the above example, when concrete is stressed to 700 Ib/in^., 
the corresponding stress in the steel reinforcement is only 4500 
lb/in2. As a design, therefore, the section is very wasteful, as 
the steel, which is capable of offering a stress of 16000 to 18000 
Ib/in^., is called upon to offer only 4500 Ib/in^. and as many as 
13 sq. inches have to be provided for the steel sectional area. 

In an economical design, the concrete section and the steel 
reinforcement provided should be so proportioned that both 
the materials should reach the maximum permissible stresses 
when the given bending moment comes upon the section. 

We shall now work out these proportions for a singly 
reinforced beam of rectangular section, for given values of the 
permissible stresses and a given modular ratio. 
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(i) c = 1000 Ib/in®.; t - 18000 Ib/xn®.; m = 15. 
me n 

t d - n 

Substituting the limits for c and /, 

K 15 X 1000 - 

J^n ^ 18000 ^ ^ 

n — = -455^ 

The lever arm a — d ^ d (\ — ^ = 

a ' ‘ 33 

= •848</. 

Since \c.b.n = t.At = t.p.b.d 

^ X 1000 X - 18000.j) 

/'=W = l-26%. 

The moment of resistance is, 

1 ‘26 28 

Mr = t.At.a = 18000 x — x W x ^d = mbd^. 

lUU 66 

(ii) c = 750 lb/in2 ; t = 18000 Ib/in^.; m =r 15. 

me n 

t d — n 


Substituting the limits for c and t, 
n 15 x 750 


d n 18000 



n=y ^ •385rf 


n 5d 3Ad 

The lever arm a == d - = d — = — 

3 39 39 


Since ^.b.n = t.At = t.p.b.d, we have, 
^ X 750 X ^ = 18000 X p 

_ 375 X 5 -8 

^ ~ 13 X 18000 ~ Too 
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The 


moment of resistance is, 

•8 

Mr — t.At.a -- 18000 x x bd 
= 126 i</ 2 . 


fiii) c - 750 lb/in2.; / ^ 18000 Ib/in' 
me n 
t d n 


Substituting, 


n 

d - n 
n 


18 X 750 
18000 

7 


A3d 


3 ^ 


3 

4 


d 

7 


7 


- -se*/. 


\(.b.n — t At = t.p.b.d 
r. h 750 i- - 18000// 


^ “ 560 - 


Mr = t.At.a -- 18000 — x bd x 

(iv) r = 600 lb/in2.; t = 16000 Ib/in®.; 
me n 
t d — n 


Substituting, 

n 15 X 600 9 

d n~ 16000 16' 

n — ^d = -SSd. 

a = d~^^d- ■l2d = -SBd 
\e.b.n = t.At = t.p.b.d 

I X 600 X ^ - 16000 X p 



\\ m — 18. 


= 138W^. 
m = 15. 
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108 

16000 


•675 . 


100 


i.c., •675°,, 


Mr — t.At.a — 16000 '' 


•675 


100 

95-04 b(P, say, 956^2 


bd 


■88d 


Example 4. 

For the beam in example 3, calculate the effective depth and the 
necessary reinforcement, keeping the width as 12". The permissible 
stresses are c — 700 Iblin^.; 1 — 18000 Ibjin^.; m — 15. 
me n 
t d — n 

n 15 X 700 

d- n ~ 18000 

n=^^d^-37d 

a =d-^^ -811 d. 

6 

Since, \c.b.n = t.A^ t.p.bd 
i X 700 X ^ = 18000/> 
p = -7163%. 

Mr = \c.b.n.a = ^ x 700 i v x ■811d 
= 113-1 bcF. 

Equating the bending moment to the moment of resistance, 
113-1 = 900000. 

Since 6 = 12", 

_ 900000 

” 113-1 X 12 
d = 25-75" 

*7163 

At = — Q - X 12 V 25*75 = 2*214 sq. inches. 

Provide 4 numbers diameter bars. 

Example 5. 

A reinforced beam of rectangular section, span 20 feet, carries a 
uniformly distributed load of 500 lb, per foot run, inclusive of its own 
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weight. If the permissible values of c and t are 750 and 18000 Iblin^., 
respectively and m — 15, design a suitable section. 


Maximum B.M. = 


m 

8 


X 


12 


500 X 20 X 20 

8 


X 12 


= 300000 lb-inches. 


The moment of resistance for an economical section with 
the given stresses and the modular ratio of 15 is 126irf®. 

Equating, 126A«/® = 300000. 

If we make the effective depth d twice the width b, we have, 

63^/3 = 300000 
d = 16-82'' 
and A-8-41''. 

The necessary reinforcement At is -8% of the concrete 
section. 

.4, - X 8-41 X 16-82 = 1-132 in^. 

A beam 9" wide and 18" deep including 1^" cover with 
four f" diameter rods for reinforcement will do. 


5. Design of slabs: In the ordinary beam and slab 
construction, the slab can be dealt with as a beam of rectangu¬ 
lar section, while the beam consists of the web below the slab 
and a portion of the slab so that it is a beam of T-section. This 
section will be studied later. 


Consider a slab freely supported over a span 1. It is suffi¬ 
cient to consider a foot width of the slab so that i = 12". If 
W is the uniformly distributed load on the slab, the maximum 


Wl 

bending moment M = —. 

8 


The necessary effective depth 


for the slab and the reinforcement can be calculated on the basis 
of an economic rectangular section. 


If the permissible stresses are c=750 Ib/in^., and ^ = 18000 
Ib/in^., with a modular ratio of 15, 

Mr - 126W2. 
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Equating it to the bending moment M, we have, 
mbd^ = M 

M M 




126i 1512 


, since b = 12". 


=y 


M 

1512‘ 


The reinforcement will be *8% of the concrete section. 

If we take the permissible stresses as 600 Ib/in®., and 16000 
Ib/in^. for concrete and steel with m = 15, 

Mr = 95M2 



M 

1140’ 


since d = 12 " 



The reinforcement will be *675% of the concrete section. 


Example 6. 


Design a slab, freely supported over a span of 10feet, to carry 
a floor load of 180 lb. per sq.foot, inclusive of its own weight. The 
permissible stresses are c — 750 Iblin^., t = 18000 Ibjin^. and m — 15. 


Taking a foot width of slab, 

Wl 180x1x10x10 

^ = T ' '2--8- 


12 27000 Ib-inchcs. 


Equating, 


126irf2 = 27000 
. ■ 27000 

“ 1512 


17-85 


effective depth d = 4-226", say, 4^". 


With a f" cover to protect the reinforcement the total 
depth of slab will be 5". 
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Per foot width of slab, 

4 ^ X 12 X 4-25 = -408 in^. 

Using f" rods, spacing centre to centre will be given by, 

^ = 3-24" say 3" 

•408 ^ ’ 

Using Y rods, the spacing will be, 

•1963 x 12 

= 5^8 , say, 5i centre to centre. 

•408 i 


Example 7. 

A floor slab is continuous over beams spaced 12 feet apart centre 
to centre. It has to carry a load 150 lb. per sq. foot^ exclusive of its 
own weight. Using the same stresses and modular ratio as in example 
6y calculate the thickness of slab and the reinforcement required. 


Per foot width of slab. 

Live load =-150 x12x1= 1800 Ib-wt. 


Dead load = 12 )''6 x 12 = 864 Ib-wt., assuming the 
slab to be 6" thick and taking the density of concrete as 144 lb. 
per cubic foot. 

Total load W = 2664 Ib-wt. 


Wl 

Maximum bending moment M = — <12 


2664 x 12 
10 


X 12 = 38370 Ib-inchcs. 


126 M 2 == 38370 
38370 

d = 5-037. 


25-37 


With about an inch cover, the slab will be 6* thick. 
« 

Per foot width of slab. 


A, 


-8 

m 


X 12 X 5-037 in2. = -4837 in*. 
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Using Y diameter rods, the spacing will be, 

•1963 x 12 . 1 // 

--= 4-871 , say, 4| centre to centre. 

6. Short columns under axial loading: Since con¬ 
crete and steel are resisting the load jointly, the strain in the 
two materials will be the same. If c is the stress in concrete, 
the corresponding stress in steel will be m,c. If A is the area of 
column section and As that of the steel reinforcement, the 
safe axial load will be, 

P =: c {A-- As) + mc.As 
= c {A + (m ~ 1) As}. 

This formula has been used in Chapter I for solving 
example 10. 

The Code of Practice, however on practical considerations, 
specifies the following simple formula: 

P —fc Ac +fsAs^ where fc = 760 Ib/in^., for concrete of 
1:2:4 mix, fs = 18000 Ib/in^., for steel, Ac = the cross-sectional 
area of concrete, not including any finishing material applied 
after the column is cast and As ~ the sectional area of com¬ 
pression reinforcement. In countries where the standards of 
material and workmanship are steadily improving, the stresses 
specified in the formula are allright. It is safer however, to use 
values offc= 600 Ib/in^. and fs ~ 13500 Ib/in^. 

The reinforcement, As should not be less than *8% nor 
more than 8% of the column area. Depending upon the 
size of the column, the main reinforcing bars may vary from 
to 1^" in diameter. The minimum cover of concrete for 
the bars should be 1" or the diameter of the bar, whichever is 
greater. 

At suitable intervals, the longitudinal reinforcing bars 
must be provided with binders or stirrups to prevent buckling. 
These vary in size from Y V diameter and should be spaced 
at not less than 6" nor more than 12" centre to centre. 

Detailed study of columns and footings will be taken up 
later. 



CHAPTER XIV 


STRESSES IN FRAMES: STATIC LOADING 

1. Method of sections: Stresses in perfect frames 
under static loading can be obtained graphically by drawing 
the usual stress diagrams known as Maxwell’s diagrams. We 
shall obtain the pulls and pushes in the members of a loaded 
truss, by analysis, using the Method of Sections to evaluate 
them. 

There is nothing special about the method of sections, 
which is only an application of the usual statical laws of equili¬ 
brium to a portion of a framed structure. Consider, for 
example, the French truss shown in fig. 195. 



Let the section XX^ cutting the numbers FC, EC and Z>G, 
divide the truss into two portions and Since the truss 

is in equilibrium, each portion or is in equilibrium under 
the system of forces acting on it. For the portion for in¬ 
stance, the system consists of the upward reaction of 3500 Ib-wt. 
at the support ^4, the three vertical loads of 1000 Ib-wt. each 
at the joints and the pulls pushes and Pg exerted by 

Pj on A^ at the sections where XX cuts the truss. These seven 
forces keep the portion A^ of the truss in equilibrium. The 
algebraic sum of the resolved parts of these forces in any 
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direction must be zero; likewise, the algebraic sum of their 
moments about any point must be zero. To evaluate the 
pull in the tie DG, let us take moments of the forces about the 
apex C. We have, 

Pg X 12 = 3500 X 24 - 1000 (6 + 12 + 18) 

Pg = 7000 — 3000 = 4000 Ib-wt. tensile. 

To evaluate Pg, the pull in EC, we take moments about 
A. Since /_CAD — /_ACD, we have, 

Pg. JC.sine = 1000 (6 + 12 + 18) 

.•. Pg X 24 sec0. sin6 = 36000 

.•. Pg tanO = 1500 

or Pg = 3000 Ib-wt. tensile, since tan 6 = 

Similarly to obtain Pj, the thrust in FC, take moments 
about the joint D. 

Now AC = 24 sec0 

and AD AC. sec0 -- 12 sec^O =12(14 tan20) 

= 12 (1 + i) = 15 feet. 

Taking moments about D, 

Pi X 15sin0 = 3500 x 15 - 1000 (15 - 6) - 1000(15 - 12) 
+ 1000 (18-15) 

= 52500 - 9000 - 3000 4- 3000 
= 43500 

.-. P, X 15 X -U =43500 
V5 

— 2900 \/5 = 6500 Ib-wt., compressive. 

It will be noticed that the effectiveness of the method 
consists in selecting the section XX in such a manner that it 
divides the truss into two portions and by cutting only 
three members of the truss. Then, to evaluate the pull or 
push in any one of these members, we take moments about 
the intersection of the other two so that the pulls or pushes 
across them do not figure in the equation of moments, leaving 
only one unknown to be solved. 

We shall now apply this method to a few trusses under 
steady loads. 
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2. Pratt truss: Span 120 feet; eight panels of 15 feet 
each; height of truss 20 feet; unit loading at the lower joints. 



Fig. 196 


There is a unit load—say one ton—at each lower joint. 
The reactions at the supports will be tons each. We shall 
work out the stresses in the members of the panel TgXg. Let 
the section aa divide the truss into two parts and let us consider 
the equilibrium of the portion on the left. To evaluate the push 
in the member take moments about the joint Lg. We 

have, 

WgWs xA = 3|x3a lx 2 a--lXfl = where a is 

the width of each panel and h is the height of the truss and 
M 2 W 3 is the stress in the member. 

1-ba 7-5 X 15 _ 

^ 2*^3 —-20-~ 5-625 tons, compressive. 


It will be noticed that the expression 7 •5a represents the 
bending moment due to the load system at the joint Z 3 . It is 
evident that the push in the member is equal to the 

bending moment at the opposite joint divided by the height 
of the girder. 


Similarly, to obtain the pull in the member we take 

moments about the joint We have, 

/g/g X A = 3^ X 2a 1 X a = 6 a = Mxj 2 


j j Mu 2 6a 6 X 15 


4-5 tons, tensile. 
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For stress in the dJag'onal UJL^, resolve the system of forces 
vertically. We get, 

sin 6 = 3 | — 1 -1 = shear force in the panel 
= 1 ^ tons, 6 being the inclination of the diagonal to the 
horizontal. 

M 2/3 == 1^ cosecO == X -f- = 1*875 tons, tensile. 

Thus, the stress in the diagonal f/ 2-^3 ~ -P'cosecO, where 
F is the shear force in the panel stress in the vertical 

t/gZgj consider the section bb. Resolving vertically, 

Mg/g = 11= shear force in the panel 

= 1^ tons, compressive. 

From these type calculations for stresses in the members 
of the panel we are now in a position to state that, (i) the 

stress in any chord member is given by the B.M. at the opposite 
joint divided by the height of the girder, (ii) the stress in any 
diagonal = Fcosec 6 , where F is the shear force in the panel 
and (iii) the stress in a vertical = F, where F is shear force in 
the adjoining panel. 

All the diagonals except the first and the last are in tension. 
The first and the last diagonals, as arranged in fig. 196, will be 
in compression. 

The verticals are usually in compression. For the truss 
shown in fig. 196, the first and the last vertical will be in tension, 
the pull being equal to the load at the joint. The middle 
vertical will have no stress. 

A framed girder is, after all, a beam, whose sections have 
to resist the two actions, viz., the bending moment and the 
shear force. From the above calculation, it will be clear that 
the chord members resist the bending moment, while the 
bracing — verticals and diagonals — resists the shear force. 

We may complete the calculations as under and calculate 
the stresses: 

a = 15 feet; h = 20 feet; tanG = ^ 

Afui = Mli — 3^ X a = 3-5a A = 3*5 ^ ^ ~ f 

= 2*625 
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= Afi. 2 = 3-5 X 2a-1 X a = 6 a -^A=6x^=4-5 
Mug = Mug = 3'5 x3o-lxo — lx 2a=7-5a 

^A=7-5xi?,=5-625 

3 ^u 4 =^ 3*5 X ^a —|(a -|” 2a -j— 3a) = 8 a 

-=-^= 8 X 55 = 6 . 

The shear forces in the panels have been shown in fig. 196, 
with the conventional signs. 

3-5 cosecO = 3-5 x = 4-375 
2-5 cosecO = 2-5 x 1-25 = 3-125 
1-5 cosecO = 1-5 X 1-25 = 1-875 
•5 cosecO = -5 X 1-25 = -625. 

Table of Stresses 
Compression + ; tension - 


Member 

Stress 

Member 

Stress 


+ 4-5 


+ 6-0 

U^Us 

-f 5-625 


+ 5-625 


+ 6-0 

u,u, 

+ 4-5 

LqL^ 

- 2-625 


- 5-625 


2-625 

^5-^6 

-4-5 


4-5 


- 2-625 

■^3-^4 

- 5-625 

iyLg 

- 2-625 

U-^L^ 

-3-125 


- 0-625 


- 1-875 


- 1-875 

U,L, 

- 0-625 

U,L, 

-3-125 

U,L, 

+ 4-375 

U,L, 

+ 4-375 


+ 1-5 


+ 0-5 


+ 0-5 


+ 1-5 


- 1 

U,L, 

- 1 


= 0 
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3. Warren girder: Equilateral triangles, six bays of 
20 feet each, loaded at the lower joints as shown. 


Mmamma 


f<i-35T 


15T 


120-0 


6 PANELS OF 10 EACH 


Fig. 197 

The width a of each panel = 20 feet. 

The height h of the girder = 10 3 feet. 

For the reactions at the supports, taking moments, 
about Zq, 

/?2 X = 5 A a 15 X 2a -\ 20 x ia + 25 X 4a -f 15 x 5a 
= 270a 
/?2 - 45 tons 
and =- 35 tons. 

Consider the panel 
Section aa. 

Resolving vertically, 

Wg/i sin0 = 35 5 = 30 tons = shear in the panel. 

2 

Wg/i = /^cosecO = 30 x —jz - 20 y/i tons, compressive. 

y/o 

Section bb. 

Resolving vertically, 

W 2 / 2 sin 6 = 35 5 = 30 tons = shear in the panel. 

2 

uj >2 = -f'cosec0 = 30 = 20\/3 tons, tensile. 

The stresses in the diagonals of the panel are Fcosec0, as 
before. Only one diagonal is in compression, while the other 
is in tension. 
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We may now complete the calculations and tabulate the 
stresses. 


Mvi = 35 / - = 17-5fl 


tV/lj = 35 X a 

"ia ^ a 

M„2 = 35 X y 5 X 2 = 50fl 
= 35 y 2a - 5 x a = 65a 
Mug = 35 X y - 5 X y - 15 X 2 =- 72-5a 
Ml 3 — 35 ' 3a 5 2a - 15 x a = 80a 


^ h 


A/u4 = 45 
Mi ,4 = 45 2a 15 V a = 75a 


15 . y -25 y I =77-5a 


35 

V3 

70 

V3 

100 

V3 

130 

V3 
145 

V'3 
160 

V3 

155 
^ V3 

150 

V3 
120 

^73 

90 

V'3 
45 

V3 

The shear forces in the panels have been marked in fig. 
197, with the conventional signs. 

« 70 

35 cosccO - —777 

V3 

. 60 

30 coseca — 


if 

T 


3(2 

= 45 X y 
Ml 5 = 45 X a 


= 45 - ^ 


15 X - = 60a 


15 cosec0 


5 cosec6 = 


45 cosecG = 


•v/3 

30 

V3 

10 

V'3 

90 

V3 
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Table of Stresses 
Compression + ; tension — 


Member 

Stress 

Member 

Stress 


+ 70/a/3 


- 35/\/3 


+ 130/^3 


- 100/\/3 


+ 160/\/3 


- 145/\/3 


+ 150/\/3 


- 155/V3 


+ 90lV3 

■^4^5 

- 120/V3 



^5-^6 

- 45/V3 


- 70/A/3 

L,U, 

+ 70/\/3 


~ 60/^3 

LiU^ 

4- 60/V3 

% 

- 30/V3 


+ 30,\/3 
+ 10/V3 

4- 60/a/3 


- 10/\/3 



- 60/V3 


hu. 

- 90IV3 


+ 90/\/3 


4. Warren girder: Equilateral triangles. Six bays 
of 20 feet each, loaded at upper and lower joints as shown. 



Fig. 198 

The only thing to note in a ’barren truss loaded at upper 
and lower joints is that, in any one panel, there are two values 
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of shear, one for the left hand half and the other for the right 
hand half, the change being due to the load at the upper joint 
in' the panel. For instance, in the panel L 1 L 2 , the values are 
18 tons and 15 tons. For the stresses in the diagonals, there¬ 
fore, we have, 

/jMg = 18 cosecO = SG/VS tons, compressive, and 
/gWg == 15 cosec6 == SO/a/s tons, tensile. 

The shear forces in the panels have been noted in fig. 198, 
with the conventional signs. 

The calculations may now be completed and the stresses 
tabulated, as usual. 

Muj =29 - I = 14-5 y a -i-A = 29/V3 

= 29 X a-3 X ^ = 27-5a „ = 55/V3 

A/u 2 = 29xy 3ya-8x^ = 36-5a „ = 73/Vs 

A /,2 = 29 X 2a - 8fl - 3 (|+ y) = 44a „ = 88/V3 

= 29Xy-8(^+y)-3(a+2a)=47-5a „ = 95/VS 

= 29 X 3a - 8 (a + 2a) - 3 (| + y + y) 

. = 49-5a „ = 99/V3 

The corresponding moments in the right hand half of 
the truss will be the same owing to uniform loading. 

For shear stresses, 

29 cosec 0 = 58/ V'3 
26 cosec 0 = 52/ \/ 3 
18 cosec 0 = 36/ V3 
15 cosec 0 = 30/ VS 
7 cosec 0 = H/'n/S 
4 cosec 0 = 8 / 1/3 
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Table of Stresses 
Compression 4 ; tension 



Pratt truss: With inclined chords, loaded as shown. 



Fig. 199 


The reactions at the supports are — 50 "8 tons and 
i ?2 • 49*2 tons. 
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tan 


11 

20 


= -7 


01 = 35° 
sin 01 = *5736 
cos 0j = ‘8192 
tan 02 = 1 = 1-1 
02 = 47° 44' 
sin 02 = *74 
cos 02 = '6726. 


We shall work out the stresses in the members of the panel 
L^L 2 - If 9 is the inclination of with the horizontal, 


tan 


sin 

cos 


22-14 

9 21° 48' 

9 = -3714 
9 = *9285. 


- -40 


Produce t/gC/j to meet at O. Then, from similar 

triangles, 


Olg _ 20 20 

~ 22 - 14 ~ 8' 

OU = ^ > 22-55 feet. 

^ 8 

OLf, - 55 40 = 15 feet. 

Section aa. 

Taking moments about f/j, 

/j/g X 14 = 50-8 X 20 

/j/g = ~ tons, tensile. 


Taking moments about 
«j «2 X OZgsinq) = 50-8 x 40 15 x 20 

«iH2 X 55 X -3714 = 1732 
1732 

- cnTA ~ 84*76 tons, compressive. 
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Taking moments about 0, 

Mjfg X 01,2 ~ X 15 — 15 X 35 = 237 

237 

= 55 X -5736 = 


Section bb. 

For stress in the vertical take moments about O. 

We have, 

W 2/2 X OZ 2 = 50-8 X 15 - 15 X 35 ^ 20 X 55 = - 863 
863 

:= 15*7 tons, tensile. 


^ 2^2 


55 


The student should complete the calculations for stresses 
in the remaining members, as an exercise. 


6. Cantilever truss: Warren type, loaded as shown. 



0 =60° 


sinO = •\/3/2 
cosec 6 = 2/^3 


■^U2 ~ ^ ^ 2 

^A= 1/V3 

=1 Xfl-|-2x~ = 

„ = 4/V3 

Mui = 1 x -^^—y 2 {a — 4*5^ 

» = 9/^3 

A/lq = 1 x2fl+2(— + fl + “^) = 6^ 

„ =16/V3 
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The shears in the panels and have been noted 

in fig. 200. 

1 X cosec e = 2/a/3 
3 X cosec 6 = 6/\/3 
5 X cosec 0 = 10/V^ 

7 X cosec 6 = 14/V3 

The stresses may be tabulated as under: 

Table of Stresses 

Compression +; tension— 


Member 

Stress 

Member 

Stress 


- 16/a/3 

LoLy 

+ 9/a/3 


- 4/\/3 

\ 

+ l/\/3 


- lo/Vs 

LxU^ 

+ 6/\/3 


- 2/V3 


+ 14/V3 


7. Cantilever truss: Triangular type, loaded as shown. 



Fig. 201 
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tanO^ = f = '4 
ei=21°48' 
sinOj = '3714 
cosOj = "9285 
tanO^ = T = "8 
O 2 = 38° 40' 
sinOg = *6248 
cosOg = *7608 

Panel CD. 

de sinOj = 500 

de = 500 cosecO, = f = 1346 lb., tensile. 

cd = de cosOj = 500 cotOj 

= 500 X -f- = 1250 lb., compressive. 

Panel BC. 

Section aa. 

Taking moments about E, 
be y. 2 — 500 X 5 

be = 1250 lb., compressive. 

Taking moments about B, 
ef X BD sinOi = 500 x 10 + 1000 x 5 = 10000 
.-. «/ X 10 X -3714 = 10000. 

Taking moments about Z), 
be,BD. sinOj == 1000 x 5 
X 10 X -3714 = 5000 
he == 1346 lb., compressive. 
ce = 0. 

Panel AB. 

Section bb. 

Taking moments about F, 

X 4 = 500 X 10 + 1000 X 5 
ab = 2500 lb., compressive. 
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Taking moments about A, 

gf X AD sinOi = 500 x 15 + 1000 x 10 + 1000 x 5 
X 15 X -3714 = 22500 
22500 

^ =^4038 lb., tensile. 

15 X -3714 

Taking moments about Z), 

af X AD sinOg = 1000 X 5 + 1000 x 10 

fl/ X 15 X *6248 = 15000 

. 15000 „ 

— rs-?o7o = 1600 lb., compressive. 

15 X ’6248 


Section cc. 


Taking moments about D, 

A/ X 10 = 1000 X 5 
.*. bf = 500 lb., compressive. 

The stresses in all the members of the truss have been deter¬ 
mined. 


8. Steel-trestle, Mrith two tiers, loaded as shown: 

If 0 is the inclination of AB and to the vertical, 

tane = -1667 
24 

0=9° 28' 
sin6 = -1645 
COS0 = *9864 
secG = 1*014. 

(i) Vertical loading, as shown. 

Since the vertical loads are symmetrically arranged, the 
stresses in the diagonals BA^ and CB^ will be zero. 

ab == 40sec6 -- 40 x 1-014 = 40-56 tons, compressive 

= ab sin6 ~ 40 tan0 == ^’ == 6-67 tons, compressive. 
be ~ b^c^ = (40 + 3) sec0 = 43 X 1-014 
== 43-60 tons, compressive. 
bb-^ = 3 tan0 = 3 x ^ ^ ton, compressive 
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(ii) Horizontal loading, as shown. 
Top-tier. 

aa^ = 2 tons, compressive. 
ah =0. 



Section xx. 

Taking moments about B. 

X cos6 = 2 X 24 
X 16 X -9864 = 48 

. aibj^ = 3 X 1*014 = 3*042 tons, compressive. 
Taking moments about 0, 

X 14*4 = 2 X 24 
48 

ba. = rrr = 3*33 tons, tensile. 

1 14*4 
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Section jj. 

Taking moments about 0, 

Ail X 48 = 2 X 24 + 4 X 48 = 240 
AAj = 5 tons, compressive. 

Bottom tier. 


Section zz- 


Taking moments about 
be X BB-y COS0 = 2 y 24 
48 

be = — - - = 3 X T014 = 3-042 tons, tensile. 

16 X -9864 


Taking moments about C, 

byCy X 24 COS0 = 2 x 48 +4x 24 = 192 


b^c^ = 


192 


= 8 >< 1-014 


24 X -9864 

= 8-112 tons, compressive. 


Taking moments about 0, 

cby X 36-8 = 2 x 24 + 4x 48 = 240 
240 

cby = = 6-52 tons, tensile. 

3o’o 


The stresses in all the members have thus been evaluated. 
It will be noticed that a trestle is just a vertical cantilever in 
so far as horizontal loading is concerned. 


9. K-truss, loaded as shown: This truss is a perfect 
frame and there is no difficulty about calculating the stresses 
in the members. 

We shall investigate the stresses in the members of the 
panel study the joint M^. There are four 

forces acting at the joint, two along the vertical two 

along the diagonals and MjL^, Resolving horizontally, 

horizontal component of rric^^ = horiz. component mg/g. 
If Mg is placed at the middle of the vertical, the inclination 
0 of either diagonal to the horizontal is the same being 
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tan''^ — in this case. It is evident that the stresses and 

^ 2/3 will, therefore, be equal, being a push and an 
equal pull. 

Now, study the section aa. 

Taking moments about I/g 

X 30 = 45 X 40 - 10 X 20 = 1600 
44 = 53-33 tons, tensile. 

Wgt/g = 53-33 tons, compressive, by taking moments 

about Lg- 



Fig. 203 

Section bb. 

Resolving vertically, 

sin0 + m 2 U^ sin0 = 45 — 10 — 10 — 4 = 21 tons, being 
the shear F in the panel. 

Since numerically, we have 

^ 3/3 = 7 W 2 M 3 = JFcosec0 = yX~ = 17-5 tons. 

At the joint ^ 3 , resolving the forces vertically, 

^ 3 ^ + 10 = sin0 = J X 21 
^ 3/3 ==0-5 tons, compressive. 

Finally, at the joint resolving the forces vertically, 
+ 4 = TWgWg sin0 = J X 21 
-*- ^ 3^.3 = 6-5 tons, tensile. 
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The computation of stresses in the remaining members 
is left as an exercise. 


10. Space frames: Problems on elementary space 
frames like sheer legs, tripods, etc., are easy to solve. The 
method essentially consists in reducing three-dimensional forces 
at a joint to just three forces by replacing some of the forces by 
a resultant, if necessary. 


If a point is in equilibrium under the action of three forces, 
they must necessarily be coplanar. Let and be three 

forces actions at a point 0, along OA^ OB and OC respectively 
and keeping it in equilibrium. We can reduce the system to 
two forces, viz., (i) P^ acting along OA and (ii) a force J?, which 
is the resultant of Pg ^.nd P 3 . R must pass through 0 and its 
line of action must lie in the plane of OB and OC. Since P;^ 
and R keep the point 0 in equilibrium, they must be equal and 
opposite and act along the same straight line, i.e. OA must 
lie in the plane of OB and OC. The proposition is thus proved. 
The statical problem of three forces at a point is then solved by 
the use of the triangle of forces or by using Lame’s formula. 


2 


3 


sina. 


sinafl 


sina. 


where a^, ag and oc^ are the angles 


between the lines of action of the forces Pg — P3, P3 — P^ 
and Pj - Pg respectively. 


11. Sheer legs: Each leg of a pair of sheer legs is 15 
feet long. The feet are placed 12 feet apart, the line joining 
them being 24 feet from the foot of the guy-rope. If the guy- 
rope is 32 feet long, find the thrust in each leg and the pull in 
the guy-rope when a load of 10 tons is suspended from the head. 
What is the overhang of the load? 


Let OA and OB represent the sheer legs and OC the guy- 
rope. See fig. 204(f). The head 0 is in equilibrium under 
four forces, (i) the load acting vertically, (ii) the thrust Pj^ 
along the leg AO, (iii) the thrust along the leg BO and (iv) 
the pull Pg acting along the guy-rope OC. 
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By symmetry and these thrusts can be replaced 

by their resultant R acting along DO, in the plane BOA, D 
being the middle point of AB. 





The system of forces now reduces to three, viz., the verti¬ 
cal load W, the pull Pg of the guy-rope and the resultant R. 
These must necessarily lie in one plane, which is the vertical 
plane through OC, as shown in fig. 204(»). 

To construct the triangle COD, the two sides CD and OC 
have been given. CD = 24 feet and OC, the length of the guy- 
rope is 32 feet. The remaining side OD = V OA^ — AD^ — 
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Vis® - 6 ^ = a/ 189 = 13’75 feet. The triangle COD can 
now be constructed. 

The length OD can also be obtained graphically as shown 
in fig. 204(m). Set olT AB = 12 feet to scale, with OA = OB 
= 15 feet to the same scale. Join 0 to D, the middle point 
of AB. Use the length OD so obtained to construct the tri¬ 
angle COD in fig. 204(u), in which three forces are acting at 
0, viz., the vertical load W — 10 tons, the pull in the guy- 
rope OC and the resultant thrust R along DO. 

Draw the triangle of forces abc, as in fig. 204(in), ab re¬ 
presents W, be the thrust R and ca the pull Pg. Scale off Pg 
which is 5*7 tons, while R is 13*3 tons. 

To get the components Pj and Pg of R along AO and BO, 
set off Od [along OD in fig. 204(iiV)] to scale, to represent 13*3 
tons. Complete the parallelogram Oedf, with Od as diagonal. 
Then P, = Of to scale and P, = Oe to scale. Each thrust is 
7-27 tons. 

The overhang of the load is given by DE in fig. 204(ri). 
It is 5*4 feet. 


The results could have been obtained by calculation as 
under: 


In fig. 204(n), 

OC2 + CD2-0^2 _ 322 + 242-189 1411 

~ 2.0C.0CD ~ 2.32.24 ~ 1536 

= *9184 

0 = 23° 18' and 90 6 = 66 ° 42' 


Also, 

CD +DE = CE 

.*. CD + OD cos<p = OC.cosO 

i.e. 24 -t- 13*75 cos(p = 32 cos0 


.*. 13*75 cos<p = 32 X *9184 - 24 = 29*4 - 24 = 5*4 


.*. cos 9 


5*4 

13 ^ 


= *3927 


<p= 66 ° 52' and 90 - - <p = 23° 8 ' 
9 ■ - 0 = 43° 34'. 
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Using Lame’s theorem, 

P, R 


W 


sin 23° 8 ' 


^3 = 


R = 


sin 66 ° 42' 
10 X -3927 
•6892 

10 X -9184 
^6892 


sin 43° 34' 
= 5-70 tons 

= 13*32 tons. 


The components of R along AO and BO will be given by, 
R = 2P^ cosW, where /.40Z) = / iSOZ) = 


sin W = 


AD 

AO 



= -4 


W = 23° 36' 
and cos W= *9164 

13-32 =2Pi X -9164 

= 7*27 tons = Pg? by symmetry. 

The overhang DE — OD cos 9 =5*4 feet. 


12. Derrick crane: The vertical post OA of a derrick 
crane is 15 feet high and is supported by ties OB and OC so that 
the feet A^ B and C form an equilateral triangle, on level ground, 
each side being 20 feet. The jib AD is 24 feet long, while the 
tie OD is 14 feet. A load of 10 tons is suspended from D. 
Calculate the stresses in the members when the plane OAD 
is inclined at 15° to its central position. 

Let OF be the trace of the plane OAD on the plane BOC 
and let AF be its trace on the plane ABC, If E is the middle 
point of PC, AF makes an angle of 15° with AE. See fig. 205 (m). 

Let Pj, Pg, P3, P4 and P^ be the stresses in the vertical post 
OA^ the ties OB and OC, the tie OD and the jib AD^ respectively, 
due to the load W = \Q tons at the crane-head D, 

The joint O is in equilibrium under the pull P 4 in OZ), 
the thrust in AO and the pulls Pg and P 3 along the ties BO 
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and CO respectively. and Pg may be replaced by a single 
resultant R, which must necessarily lie in the plane of its compo¬ 
nents. viz., plane BOC. 



Fig. 205 


The joint 0 is now in equilibrium under the three forces, 
and R and these must lie in the same plane, viz., the plane 
AOD. The line of action of R, the resultant of Pg and Pj, is 
therefore the trace OF of the planes BOC and AOD. 
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In Bg. 205(iV), the lines of action of the forces have been 

set off in the plane FOBA. OA is 15 ft.; OD = 14 ft. and AD 
= 24 feet. AF may be scaled off from fig. 205 (tit) or calculated. 

AE = lOVS = 17-32 feet and AF = AE sec 15° = 

•9659 

- 17-93 feet. 

Construct the stress-diagram abdc for the joints D and 0. 

For the joint ab ~ W = \0 tons; be represents the pull 
P4 in the tie OD and ca represents the push in the jib. From 
the stress diagram, = 9*33 tons and P5 = 16 tons. 

For the joint 0, cb represents the pull P^ in the tie OZ). 
bd represents the resultant pull R and dc represents the thrust 
P^ in the vertical post AO, From the diagram, /? = 11*3 tons 
and Pj = 3*8 tons. 

To split up R into its two components Pg ^3 ^long BO 
and CO respectively, construct the triangle POC, with BC == 
20 feet as base and BO = OC — 25 feet, which is the length of 
each tie. See fig. 205 (m). Join OF, Along OP, set off Oe 
= 1T3 tons to scale. Complete the parallelogram Ofeg with 
Oe as the diagonal. Of represents P^ and Og represents Pg. 

The stresses in all the members have thus been found. 

They can be calculated as under: 

In fig. 205(n), let /_OAD = 6, / OZ)/l — 9 and 

afoa 


Then, 

^ 152 + 242- 142 605 

“ 2.15.24 ~ 

0 = 32° 50' 

142 + 242-152 547 

cos<p - 2.14.24 “6^ 

cp=35°31' 

.-. e+ 9=68° 21'. 



Art. 13^^ 


STRESSES IN FRAMES: STATIC LOADING 


521 


M . w 17-93 

Also, tan^ — = —— =r= 1-195 

OA 15 

V = 50° 5' 


At the joint D, 

fV ^ _ Fs 

sin 9 sin 0 sin (0 -f- ?) 


and 


10 X -5422 
•5809 

10 X -9294 
•5809 


= 9-335 tons 
-- 16 tons. 


At the joint 0, 

_ 

sin 161° 44' 


P, ^ H 

sin 50° 5' sin 111° 39' 


Pi 

R 


9-335 X -3133 
•7670 

9-335 > -9294 
•7670 


= 3-81 tons. 
— 11-31 tons. 


13. Tripod: OA, OB, OC, of length 10, 11 and 12 feet 
respectively form the legs of a tripod, with the feet resting on 
level ground so that AB = 8 feet; BC = 9 feet and CA = 10 
feet. Find the thrust in each leg when a load of 10 tons is sus¬ 
pended from 0. 

The point 0 is in equilibrium under the vertical load W 
and the thrusts P^, P^ and P^ along the legs AO, BO and CO 
respectively. These four forces can be reduced to three viz., 
(i) the thrust P^ along AO, (ii) the vertical load W and (iii) the 
resultant R of the thrusts P^ and Pg. 

The line of action of R must lie in the plane BOC, R being 
the resultant of Pg P^- B®ing one of the three force keep¬ 
ing the point 0 in equilibrium, its line of action must also lie 
in the plane of the other two forces, viz., Pj and W, i.e. in the 
vertical plane through AO. 

Its line of action is therefore OE, the trace of the vertical 
plane through AO on the plane BOC. 
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To obtain 0£, it is sufficient to get the projection D of the 
point 0 on the ground. We can then join AD and produce 
it to meet BC at thus fixing E. 




Construct the triangle ABC^ making AB == 8 feet, BC = 9 
feet and CA = 10 feet, to some convenient scale, as in fig. 206 (m). 
The triangle ABC is the plan of the feet of the three legs 
of the tripod on level ground. Now swing the plane BOC 
about BC until it lies level on the ground. In other words, 
construct the triangle BOC^ making BO = 11 feet and CO = 
12 feet, to the same scale. 

Likewise, swing over the planes CO A and AOB on to level 
ground about the axes CA and AB respectively. The three 
planes are shown dotted in fig. 206(m). 
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If we, now, pick up any one of these planes, say BOC and 
swing it back to its original position about BC, the path traced 
out by the projection of 0 on the ground will be the perpendi¬ 
cular from 0 on BC, The locus of D is, thus, the perpendicular 
from 0 on BC. Similarly D lies on the perpendicular from 
0 (of the triangle OAB) on AB, or from 0 (of the triangle OAC) 
on AC. The point D is thus located and so is E. 

Next, construct the plane AOE. On ADE as base, con¬ 
struct the triangle AOE as in fig. 206 (m). Through Z), draw 
the perpendicular to AE. With centre A and radius equal to 
AO ~ 10 feet in this case, strike off an arc cutting the perpen¬ 
dicular through D at 0. Join OE. 

W acts along OD\ acts along AO; and R, the resultant 
of Pg ^3 along £0. Draw abc the triangle of forces, 
ab representing the load W = 10 tons. Then be represents 
R and ca represents the thrust Pj. 

Along OE in fig. 206(m), set off Od to scale to represent R. 
To get its components along BO and CO, complete the para¬ 
llelogram Oedf. Then eO represents Pg and fO represents Pg. 

EXAMPLES XIV 

(1) The dimensions and loading of a bridge truss are shown 
in fig. 207. Using an analytical method, find the forces in the four 
members meeting at the joint U^. (L. U.) 


U 



Six panels (§>14 ft. each. 
Fig. 207 


r 104*7 tons, compression; = 31*25 tons, tension; 

[ MgZg = 4*43 tons, compression; ttgWg = 94*23 tons, compression. 
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(2) Find the loads in members CF and FG of the pin-jointe« 
frame shown in fig. 208, when a unit vertical load acts at each c 
the joints 5, C and D and half a unit vertical load at A and E, 

The frame is symmetrical about the vertical centre line; A, 

C, Dy E are equallv spaced and BH^ CG, DF are perpendicular 
AE, ' (L. U 



r gk = 2*273 tons, tension; cf = 1*214 tons, tension. | 
1 = 2*65 tons, tension. J 

(3) Fig. 209 shows a pin-jointed cantilever crane, the tensioi 
in the cable being one ton. Using the method of sections, calculat 
the forces in the members AB^ AG and GH and state whether the 
are tensile or compressive. (L. U 



( ah — \ ton, tensile; ag == *177 ton, compressive; 
1 =2*186 tons, compressive. 





Ex. XIV] 


STRESSES IN FRAMES: STATIC LOADING 


525 


(4) The braced frame shown in fig. 210 is simply supported 
it J and F and carries four 1-ton loads at C, D and E. 

Determine the forces in the members Cj^ CD^ CH and JH. 

(L. U.) 


1T 



r cj = 2-83 tons, compressive; cd = *2484 ton, compressive; 1 
] ch — 1*728 tons, tensile; jA = 1 ton, compressive. J 

i (5) Determine by the method of sections or any other analy- 
ical method, the forces in the five members meeting at the joint G 
'f the truss shown in fig. 211. (L. U.) 


11.2T 1t-2T 11-2T 



Fig. 211 


gh gf = 3*9 tons, tensile. 

= 11.9 tons, tensile. 
gc = 11*2 tons, compressive. 
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(6) The roof truss shown in fig. 212 is symmetrical about ^ 
centre-line; the main tie is horizontal and the height of the trus^ 

12' 6". The rafters are divided into four equal lengths by the stm 
which are perpendicular to the rafters. The joint at A is to » 
regarded as hinged to the support while that at B is to be consider^* 
as resting on a roller. The vertical loads are downward and t 
inclined loads are perpendicular to the rafters and upward; all loa» 
are in pounds. Determine by calculation: (a) the reactions a. 
A and B in magnitude and direction (b) the forces in the members 
CE and EF stating for each whether it is tensile or compressive. 

(L. U 



f Va = 956 lb. ^ ; Ha ^ 250 lb., \ 

I 7b = 767 lb. ce — 176*64 lb. compressive. I 
= 1768 lb., tensile. j 

(7) A load of 200 lb. hangs supported by three wires AD, BP 

and CD, the point of attachment being D. The ends A, B and C of 
the wire form an equilateral triangle of side 6 feet in a horizontal 
plane. The length of AD is 6 feet, of BD 5 feet and of CD 5' 6". 
Find the tension in each wire. (L. U.) 

I = 56 lb.; db = \\2 lb.; dc = 84 lb. } 

(8) A tripod with three 5-feet legs having a common ball-join 
is set up on a uniform slope. The feet form an equilateral triangli 
with 6-ft. sides, with two of the feet in a line of steepest slope and 
having a difference in level of one foot. Find the load induced in 
each leg by a load of 100 lb. hung from the ball-joint. (L. U.) 

{ 61, 34, 44 lb. \ 
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